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Resumo: Esta é uma versdo escrita bastante informal da comunicagéo
com o mesmo titulo apresentada na sessdo de Geometria e Topologia do
Encontro Nacional da Sociedade Portuguesa de Matematica em 2014. No
semindrio foi introduzido um novo método para a classificagdo de espagos
homogéneos naturalmente redutiveis, método este que é baseado em técnicas
de geometria Riemanniana com tor¢ao. Estas técnicas permitem reproduzir,
de forma mais simples, as ja conhecidas classificacdes em dimensoes 3, 4 e 5.
Em dimensao 5, tor¢ao paralela genérica define uma estrutura quase-Sasaki.
Foi anunciada a classificagdo em dimensao 6 e estabelecida a relagdo com
a geometria de estruturas quase complexas. Este é trabalho conjunto com
Ilka Agricola (Universidade Philipps em Marburg, Alemanha) e Thomas
Friedrich (Universidade Humboldt em Berlim, Alemanha).

palavras-chave: espacos homogéneos naturalmente redutiveis; conexoes
com tor¢ao anti-simétrica; estruturas geométricas.

1 Introducao

A classificacio de espacos simétricos por Elie Cartan em 1926 foi uma das
suas grandes contribuiges para a matematica, relacionando de forma tnica
a teoria algébrica de grupos de Lie e as nocbes geométricas de curvatura,
isometria e holonomia. No entanto, a classificacdo de espacos homogéneos
na sua completa generalidade parece ser verdadeiramente impossivel. Existe
bastante literatura dedicada a certas classes de espacos homogéneos, como
por exemplo, espagos isotropicamente irredutiveis, espagos com curvatura
positiva ou espagos compactos de dimensao muito baixa. Esta nota é so-
bre uma dessas classes de espacos homogéneos — os espacos naturalmente
redutiveis. A investigagdo aqui exposta sucintamente é parte integrante do
artigo [AFF14].
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46 CLASSIFICAGAO DE ESPAGOS NATURALMENTE REDUTIVEIS

2 Espacos naturalmente redutiveis

Do ponto de vista algébrico, estes espagos sao definidos como sendo varieda-
des Riemannianas M = G /K munidas de uma agao transitiva do grupo de
Lie G, um subgrupo do grupo das isometrias de M, e de um complemento
redutivo m da subélgebra de Lie £ relativamente a algebra de Lie g tal que

(X, Y]m, Z2) + ([X, Z]m,Y) = 0, (1)

para todos os X,Y,Z € m e o produto interno é o induzido pela métrica
Riemanniana g de M. Exemplos classicos destes espagos incluem espagos si-
métricos irredutiveis, espagos homogéneos isotropicamente irredutiveis, gru-
pos de Lie com métrica bi-invariante e espagos 3-simétricos. Nem sempre
é possivel decidir facilmente se um determinado espago homogéneo é ou
nao naturalmente redutivel, uma vez que é necessario considerar todos os
grupos de isometrias transitivos e encontrar um complemento da subdlge-
bra do estabilizador de um ponto que satisfaga a condig¢do dada em . 0]
nosso estudo de espagos naturalmente redutiveis usa uma descricdo alter-
nativa e permite-nos obter resultados sobre G-estruturas nao s6 para tais
espacos mas também para um classe maior de variedades — variedades com
torcio anti-simétrica paralela. E um facto bem conhecido que um espaco
homogéneo que satisfaz a equacao ¢é tal que a conexao canénica V¢ de
M = G/K tem tor¢ao anti-simétrica T € A>M. Por outro lado, um resul-
tado classico de Ambrose e Singer afirma que a tor¢ao T e a curvatura R¢ de
V¢ sdo Vparalelas, [AS5§]. Por estas razoes, dizemos que uma variedade
Riemanniana (M, g) é naturalmente redutivel se for um espago homogéneo
M = G/K munido de uma conexao métrica com tor¢ao anti-simétrica 1" tal
que a torcdo e a curvatura R sdo paralelas, isto é, VI' = 0 = VR. No caso
de M ser completa, conexa e simplesmente conexa, as duas nocoes de es-
pago naturalmente redutivel sdo coincidentes, [TV83]. A partida, encontrar
uma conexao com tor¢ao nas condigoes referidas serda também ele um pro-
blema nao muito simples. No entanto, este problema pode ser abordado do
ponto de vista das G-estruturas. Recordamos que para uma variedade Ri-
emanianna munida de uma G-estrutura, uma conexao caracteristica é uma
(G-conexao com torgao anti-simétrica. Existem classes bastante amplas de
variedades para as quais sabemos existir uma conexao caracteristica com
tor¢ao paralela, por exemplo: variedades Sasaki, variedades nearly Kihler e
variedades Gy nearly parallel.
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3 Classificagao e estrutura geométrica

A classificagdo de espagos naturalmente redutiveis foi obtida anteriormente,
em dimensdo 3, por Tricerri e Vanhecke, [TV83], e em dimensoes 4 e 5 por
Kowalksi e Vanhecke, [KV83] e [KV85], respetivamente. A abordagem con-
sistiu em derivar formas normais para o tensor de curvatura, seguindo-se a
torgdo como consequéncia. Com esta abordagem bastante computacional,
obter classificagbes em dimensoes mais altas parece ser genuinamente im-
possivel, além de nao fazer transparecer a estrutura geométrica dos espagos
em questdo. Em contraste, a nossa estratégia estd focada na tor¢do como
objeto fundamental, sendo que a filosofia é a seguinte: para uma 3-forma
de tor¢ao suficientemente ndo degenerada, a conexdo procurada é a conexao
caracteristica de uma G-estrutura adequada. Além disso, a holonomia de
tal conexao esta longe de ser genérica, o que permite fazer uso sistematico
da chamada construcido de Nomizu.

Outro objeto fundamental no nosso estudo é a 4-forma op(X,Y, Z, W) =
g(T(X,Y), T(ZW))+g9(T(Z,X), TY,W))+9(T(Y,Z), T(X,W)) e o caso
degenerado corresponde a o = 0. Para dim M > 5, apresentamos uma
resultado que classifica esta situagao em todas as dimensoes: essencialmente
M é um grupo de Lie com métrica bi-invariante ou o seu dual simétrico.
Usando os métodos descritos, facilmente se reobtém a classificacdo em di-
mensio 3 — espacos de curvatura constante: R3, S* e H?; ou grupos de Lie
com uma métrica invariante por translagoes a esquerda: SU(2), a cobertura
universal de SL(2,R) ou o grupo de Heisenberg H3. A nossa construgio
é particularmente eficiente em dimensao 4; neste caso, qualquer torcao pa-
ralela T # 0 define um campo vetorial que induz uma decomposicao local
num produto. Em dimensdo 5, no caso nao degenerado, o dual métrico
de xop define uma direcdo particular no fibrado tangente e apresenta-se
como candidato a vetor de Reeb de uma estrutura de contacto. Temos duas
possibilidades para o grupo de isotropia de T: ISO(7)=SO(2) x SO(2) ou
ISO(T)=U(2). Provamos que uma variedade de dimensdo 5 com tor¢ao
paralela é quase Sasaki no primeiro caso e a-Sasaki no segundo. No pri-
meiro caso, uma tal variedade é automaticamente naturalmente redutivel,
enquanto que no segundo caso, existem varios contra-exemplos de variedades
Sasaki ndo homogéneas. Terminamos este caso com a rederivacdo da lista de
todas os espagos homogéneos 5-dimensionais: SU(3)/SU(2), SU(2,1)/SU(2),
o grupo de Heisenberg H®, ou um espaco do tipo (G1 x G2)/SO(2) onde G4
e G2 sdo os grupos de Lie da classificacdo em 3 dimensoes.

O nosso resultado principal é a classificacdo completa dos espagos redu-
tiveis 6-dimensionais. A observacao crucial é a de que a torcdo induz uma
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2-forma, *op, que pode ser vista como um endomorfismo anti-simétrico do
fibrado tangente e como tal é candidato a estrutura quase complexa. A
caracteristica de tal endomorfismo pode ser 0, 2, 4 ou 6. O caso em que
car = 0, é o caso degenerado. No caso em que car = 2, temos que M é o
produto de dois espacos naturalmente redutives de dimensao 3, os grupos de
Lie da classificagao tridimensional. O caso em que a car = 4 ndo é possivel.
Finalmente, o caso em que a car = 6 é efetivamente o caso em que obte-
mos uma estrutura quase complexa de tipo W; & W3;. Uma variedade com
torgao paralela ou é do tipo Wy (nearly Kdhler) ou, caso contrario, é auto-
maticamente naturalmente redutivel. No primeiro caso, as variedades que
sdo também homogéneas sao naturalmente redutives e sao elas S6, S3 x S3,
CP3 e a variedade flag F(1,2) = U(3)/U(1)%. No segundo caso, em que a
componente em W3 nao se anula, obtemos a seguinte lista que cobre todas
as possibilidades: SL(2,C) vista como uma variedade real, S* x §3, §3 x R3,
S? x R3 e um certo grupo de Lie nilpotente (para o qual a 4lgebra de Lie ¢
dada por R? x R3 e o colchete de Lie por [(vy,w1), (va,ws)] = (0,v1 X v2)).

Agradecimentos — Este trabalho foi financiado pelos projetos 1388 “Re-
presentation Theory” da DFG e pelos projetos PEst-C/MAT /UI0013/2011
e PTDC/MAT/118682/2010 da FCT.
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Resumo: Apontamento sobre a construcido de métricas com simetria esfé-
rica em fibrados vectoriais riemannianos sobre variedades riemannianas.

Abstract: A note on the construction of metrics with spherical symmetry
on Riemannian vector bundles over Riemannian manifolds.
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1 Geometria dos fibrados vectoriais

E bem conhecido que os fibrados vectoriais  : E — M sdo também vari-
edades diferenciaveis. Com efeito, as aplicagoes de trivializagdo induzem as
necessarias cartas, do mesmo grau de diferenciabilidade sobre as intersec-
¢oes. Em cada fibra 7—1(z) = E,, x € M, tais cartas sdo ainda aplicacdes
lineares, pelo que se pode identificar naturalmente T, F, com E,. Ou seja,
T(E,) = E, x E, e, mais ainda, pode-se verificar que V := kerdr C TFE
coincide com o subfibrado tangente as fibras, pelo que em suma V ~ 7*FE.
Por outro lado, tem-se a sucessao exacta de fibrados vectoriais sobre F

0—V-—TEYS "TM — 0. (1)

Dada uma conexdo D" : I'(M;E) —s T'(M;T*M ® E), esta permite-
nos construir um subespaco dito horizontal H” Y cTE complementar do
vertical V, que se identifica por sua vez com 7*T'M por via de dr. Assim

obtemos .
TE=H"" @V ~a"TM & E . (2)

Desde logo E admite um campo vectorial tautolégico &, vertical por na-
tureza e definido como & = e € V, Ve € E. Tal campo parece variar apenas
ao longo das fibras de F; com efeito, em m := dim M direcgdes horizontais
nao varia de todo. Nao desvirtuando quaisquer definicbes candnicas, temos
o subespaco horizontal e projeccao

HP" =kern*D’¢  mDyE=Y, VWY EV. (3)
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50 FIBRADOS VECTORIAIS ESFERICAMENTE SIMETRICOS

Fazemos agora nova suposicao, a de a variedade M estar munida de uma
conexao linear VM, ou seja, uma conexao definida no fibrado tangente de
M. Respeitando as projecgoes e isomorfismos indicados em , obtém-se de
imediato, bem definida, uma conexao linear sobre a variedade F. Admitimos
assim que D* = V" @& 1*D" est definida em TE.

A seguinte proposi¢ao pode-se provar em duas linhas, apenas com o que
ja se introduziu. Mas por ser tao fundamental em tudo o que segue optamos

E
por um retorno as cartas. Sendo R” o tensor de curvatura de DE,
E
RP(X,Y)e = DyDye— DyDxe—Diyye, ¥YX,Y €TM, (4)

E
notamos R o tensor definido por R¢(X,Y) = 7 RP (X,Y)¢, VX,Y € TE,
o qual como se espera provém da curvatura de D" .

Proposicao 1.1. A torsdo de D* wverifica
% M
0" =27V @ RS (5)

Demonstragdo. Tomemos um carta x = (z!,...,2™) num aberto U de M
e um referencial {€q}q=1,. % de £ no mesmo dominio, onde k£ é o ranque
de E. Escrevamos os simbolos de Christoffel Vgi(?j = I‘f\;[’hﬁh e Dgiea =
Ff;’ﬁ eg, com as convengoes usuais. Temos em particular uma carta (x,y)
em 71 (U) ~ U x R¥ que permite escrever £ = y®m*e, ~ y*d,. Derivando
¢ na direccdo de um qualquer vector X = X'0; + Y0, tangente a F,
encontramos a decomposicao de X:

X = (X'0; - X'y°T5 95) + (X'y°Ti” +YP)og

Ou seja os vectores 7°09; 1= 0; — yaFfa’ﬁ 0 formam em cada ponto uma base

de HDE e os vectores Jg = m*eg uma base de V. Obviamente dn(9;) = 0;.

Queremos provar que D%Y — D& X — [X,Y] = R(X,Y) — aceitemos
desde logo que V" tem torsdo nula, pois o caso geral é pouco mais compli-
cado. Primeiro,

D}.8; = W*ngﬂ*arFﬂ*Dg(Z/ariEoﬁﬁaﬁ)
Exy
M,h_x or; E.prE,
= Ty "7 0n + y“ (8;3 +Fiaﬁfjﬂ7>av .

Mo M,h M,h . .
Como V¢ simétrica, Iy = 1557, resulta em mais uma linha que

TP (8;,0;) = R(9;,0;). De facto, o tensor R¢ é nulo se alguma das entradas
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for vertical. Deixa-se ao cuidado do leitor a demonstracao das igualdades

e

D}0a =Dy 0, =119 e  Djds=0
que permitem finalmente concluir o resultado em geral. ]

Vemos assim uma interpretagdo da torsdo como expressao da curvatura,
ou vice-versa, fenémeno comum da geometria diferencial como teoria si-
multdneamente una e plena de ubiquidades. A introducdo de tensores e
derivadas covariantes permite fazer o estudo da geometria de E de forma
avancada, independente de coordenadas, focada em novas estruturas globais.

2 Meétricas esfericamente simétricas

Continuando a tomar (E, DE) da seccao anterior, suponhamos que o fibrado
vectorial E vem ainda munido de uma métrica g, € I'(M;S2E*), definida
positiva, com a qual a conexdo dada é compativel, isto é, DEgE =0, e
suponhamos que a variedade base M é uma variedade riemanniana com
métrica g,,. Podemos entao introduzir uma estrutura pseudo-riemanniana
. p Sobre E respeitando a decomposicao e escrevendo

gy p = P11 g,, B e*P21g, (6)

onde ¢1,p2 € CF(R) sdo duas quaisquer fungdes escalares em E. Cha-
mamos métrica esfericamente simétrica aquela em que 1,2 dependem
apenas de um parametro, a saber, o raio-quadrado r = r(e) = [|e||2, Ve € E.

No caso das definidas positivas, tais métricas foram introduzidas em
formulacao geral em [3] (ndo encontramos outra referéncia), no seguimento
de outros estudos de exemplos concretos por varios gedmetras ([I], 2, 4} [5])
e conhecidos fisicos como [6].

Como r = [|€]12, resulta que dr(X) = 2(6, 7*Dx€), = 2(,X), (no-
tamos e.g. (X,Y),, = m*g,, (X" Y")). Usando a conexdo de Levi-Civita
provinda da métrica g,,, pode-se construir D*. Obtemos uma conexao mé-
trica D = D* + C, com a mesma torsao, somando certo tensor simétrico

CxY = a(@(X)Yh + &)X+

7
+c <X7 Y>]M£ =+ 62<X’ Y>E€ + b(fb(X)Yv + gb(Y)Xv) : ( )

O seguinte teorema generaliza [3, Theorem 1.1] ao caso pseudo-riemanniano.
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Teorema 2.1. D é uma conexdo métrica (Dg,, , =0) se e so se

a =2y} ¢ = T2p,e2P172) b=2ph=—cy . (8)
Finalmente a conexao de Levi-Civita de g,, , coincide com
M,E . 1 ¢
Vy Y:DXY+CXYj:AXY—§R (X,Y) (9)

onde A ¢ o tensor definido para o caso riemanniano em [3].

Como exemplo das métricas esfericamente simétricas recordamos a cons-
trucao de Bryant-Salamon sobre E = A2T*M — M*, de holonomia nao
s6 contida mas igual ao grupo de Lie excepcional Gy quando M = S* ou
CP?. A métrica é definida por

-9
N - (&)
Sup = \/283sr + ¢ g, D 72&2% — ™9y (10)
0 1

onde é,é > 0 e s = Scal”™ /12. Em [2] mostram-se outras métricas G
semelhantes. Aqui deixamos em perspectiva o estudo do caso de holonomia
Gy dos split-octonides, associada a métrica de assinatura (3,4).

(Investigacdo financiada parcialmente pelos fundos FEDER, programa COMPETE,
através da FCT Projecto PTDC/MAT/118682/2010.)
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1 Introduction

In this article, we present one of the main results in [CFLO], about the ho-
motopy equivalence between two related moduli spaces of representations
of a free group F, on r generators. These are the G-character variety
X, (G), consisting of the closed orbits in the conjugation quotient space
Hom(F,,G)/G, where G is a real reductive group, and the related quotient
space X, (K) = Hom(F,, K)/K, where K is a maximal compact subgroup of

'A.C., CF. and A.O. were npartially supported by FCT projects
PTDC/MAT/120411/2010, MAT-GEO/0675/2012 and the Reseacrh Unit PEst-
OE/MAT/UI4080/2011, Portugal; S.L. was partially supported by U.S. NSF grants DMS
1107452, 1107263, 1107367 - Gear Network, and 1309376, and the Simons Foundation
grant 245642.
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G. One application of this result was the computation of the Poincaré poly-
nomials of some of these character varieties, for non-compact G. We also
studied the relation between the topology and geometry of the character
varieties X, (G) and (the real points of) X, (G), where G is the complexifica-
tion of G, making explicit use of trace coordinates. We provided a detailed
analysis of some examples (real forms G of G = SL(2, C)), showing how the
geometry of these spaces compare, and how to understand the deformation
retraction in these coordinates. We also briefly described the Kempf-Ness
sets for some of these examples. We thank the referee for the comments
leading to improvements of this paper.

2 Complex and real character varieties

Let F) be a rank r free group (r € N) and G be a complex reductive algebraic
group defined over R. We also assume G irreducible. The G-representation
variety of F, is defined as R, (G) := Hom(F,, G). There is a homeomorphism
between R, (G) and G", given by the evaluation map which is defined over
R, if R, (G) is endowed with the compact-open topology (as defined on a
space of maps, with F, given the discrete topology, and G the Euclidean
topology from some affine embedding G C C", n € N), and G" with the
product topology. As G is a smooth affine variety defined over R, R, (G) is
also a smooth affine variety and it is defined over R. Consider now the action
of G on R, (G) by conjugation. This defines an action of G on the algebra
C[R,(G)] of regular functions on R,.(G). Let C[R,(G)]S denote the sub-
algebra of G-invariant functions. Since G is reductive the affine categorical
quotient may be defined as X,(G) := R,.(G)//G = Spec,..(C[R,(G)]F).
This is a singular affine variety (irreducible and normal, since G” is smooth
and irreducibleED, whose points correspond to the Zariski closures of the or-
bits. Since X,(G) is an affine variety, it is a subset of an affine space, and
inherits the Euclidean topology. With respect to this topology, in [FL], it is
shown that X, (G) is homeomorphic to the conjugation orbit space of closed
orbits (called the polystable quotient). X,(G), together with that topology,
is called the G-character variety. Let us define the conditions on a real Lie
group G, for which our results will apply.

Definition 2.1. Let K be a compact Lie group. We say that G is a real
K -reductive Lie group if the following conditions hold: (1) K is a maximal
compact subgroup of G; (2) there exists a complex reductive algebraic group

2 In Subsection 2.2 of [CFLO] it was accidentally stated that X,(G) is not necessarily
irreducible; this is generally the case when F. is replaced by a finitely generated group I'.
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G, defined over R, such that G(R)o € G € G(R), where G(R) denotes the
real algebraic group of R-points of G, and G(R)y its identity component (in
the Euclidean topology); (3) G is Zariski dense in G.

We note that, if G # G(R), then G is not necessarily an algebraic group
(consider for example G = GL(n,R)p). When K is understood, we often
simply call G a real reductive Lie group. All classical real matrix groups, as
well as all complex reductive Lie groups, are in this setting. As an example

which is not under the conditions of Definition ﬂ, we can consider SL(n, R),
the universal covering group of SL(n,R). For n > 2 it is not a matrix group,
and so does not satisfy our definition, since all real reductive K-groups are
linear.

As above, let K be a compact Lie group, and G be a real K-reductive
Lie group. In like fashion, we define the G-representation variety of F.:
R, (G) :=Hom(F,, Q). Again, R, (G) is homeomorphic to G". Similarly, as
a set, we define X, (G):=R,.(G)//G to be the set of closed orbits under the
conjugation action of G on R, (G). We give X,.(G) the quotient topology on
the subspace of points with closed orbits in R, (G). This quotient coincides
with the one considered by Richardson-Slodowy in [RS| Section 7], and it is
a non-trivial result in [RS|] that this quotient is always Hausdorff. It is like-
wise called the G-character variety of F,. even though it may not even be a
semi-algebraic set. However, it is an affine real semi-algebraic set when G is
real algebraic. For K a compact Lie group, with its usual topology, we also
define the space X,(K):=Hom(F,, K)/K=K"/K, called the K-character
variety of F,.. Since the K-orbits are always closed and K is real algebraic,
this construction is a special case of the construction above. So it is Haus-
dorff and can be identified with a semi-algebraic subset of RY, for some
d. Moreover, it is compact, being the compact quotient of a compact space.

3 Cartan decomposition and deformation to the
maximal compact

Let g denote the Lie algebra of G, and g€ the Lie algebra of G. We will
fix a Cartan involution of g€ which restricts to a Cartan involution, 6, of
g. This choice allows for a Cartan decomposition of those Lie algebras. In
paricular, g = ¢ @ p with ¢ = 1 and 0|, = —1. Furthemore, £ is the Lie
algebra of a maximal compact subgroup, K, of G. The Cartan involution
of g lifts to a Lie group involution © : G — G whose differential is # and
such that K = Fix(©) = {g € G : ©(g9) = g}. The multiplication map
provides a diffeomorphism G ~ K x exp(p). In particular, the exponential
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is injective on p. If we write ¢ = kexp(X), for some k € K and X € p,
then ©(g)~'g = exp(2X). So define (O(g)~'g)! := exp (2tX), for any real
parameter ¢.

Proposition 3.1. The map H : [0,1] xG — G, H(t,g9) = fi(g) =
9(©(g9)"tg) =2 is a strong deformation retraction from G to K, and for each
t, fr is K-equivariant with respect to the action of conjugation of K inG.

By Proposition[3.1] there is a K-equivariant strong deformation retraction from
G'to K, sothereisa K-equivariant strong deformation retraction from G onto K"
with respect to the diagonal action of K. Thisimmediately implies:

Corollary 3.2. Let K be a compact Lie group and G be a real K -reductive
Lie group. Then X,(K) is a strong deformation retract of R, (G)/K.

4 Kempf-Ness set and deformation retraction for
character varieties

As before, fix a compact Lie group K, and a real K-reductive Lie group G.
Suppose that G acts linearly on a complex vector space V, equipped with
a Hermitian inner product (,). Without loss of generality we can assume
that (,) is K-invariant, by averaging.

Definition 4.1. A vector X € Visa minimal vector for the action of G on V
if | X||<|lg-X |, for every g € G, where ||-|| is the norm corresponding to ().

Let KN¢ = KN(G,V) denote the set of minimal vectors. KN is known
as the Kempf-Ness set in V with respect to the action of G. It is a closed al-
gebraic set in V. The Kempf-Ness theory also works for closed G-subspaces.
Indeed, let Y be an arbitrary closed G-invariant subspace of V, and define
KNE := KNgNY. The next theorem is proved in [RS, Proposition 7.4,
Theorems 7.6, 7.7 and 9.1].

Theorem 4.2. The quotient Y//G is a closed Hausdorff space and if, in
addition, Y is a real algebraic subset of V, it is also homeomorphic to a
closed semi-algebraic set in some R*. Moreover, there is a K -equivariant
deformation retraction of Y onto KNL.

To apply the Kempf-Ness theorem to our situation, we need to embed
the G-invariant closed set Y = R, (G) = Hom(F,,G) = G" in a com-
plex vector space V, as follows. As G is a complex reductive algebraic
group, G and G can embedded in some GL(n,C) and GL(n,R), respec-
tively. In this case, the Cartan involution is given by #(A) = —A?, so that
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O(g) = (¢~ 1)t. From now on, we will assume this situation. We can obtain
the embedding of K" (r € N) into the vector space given by the prod-
uct of the spaces of all n-square complex matrices, which we denote by V.
Precisely, V := gl(n,C)" = C™. The adjoint representation of GL(n,C) in
gl(n, C) restricts to a representation G — Aut(V) given by ¢g-(X1,...,X,) =
(X197, ...,9X,g7Y), g€ G, X; € gl(n,C). Moreover, this yields a repre-
sentation g — End(V) of the Lie algebra g of G in V given by the Lie brack-
ets: A-(Xq,...,X,) =(AX1—X14,.. ., AX,— X, A) = ([A, Xq],...,[4, X}])
for every A € g and X; € gl(n,C). In what follows, the context will be clear
enough to distinguish the notations of the above representations. We choose
an inner product (,) in gl(n,C) which is K-invariant, under the restriction
of the representation GL(n,C) — Aut(gl(n,C)) to K. From this we obtain
an inner product on V, K-invariant by the corresponding diagonal action
of K: (X1,...,X,),(Y1,....Y,)) = Xi_ (X3, Y;) for X;,Y; € gl(n,C). In
gl(n,C), (, ) can be given explicitly by (4, B) = tr(A*B). So by Theorem
Proposition [3.1] and Corollary [3.2] we have the following theorem:

Theorem 4.3. The spaces X,(G) and X, (K) have the same homotopy type.

In particular, the homotopy type of X,.(G) depends only on the maximal
compact subgroup K of G.

In our setting, the Kempf-Ness can be explicitly described as the closed set
given by:

Proposition 4.4. KNG = {(g1,--,9,) €G": S0 1 g5gi= 0199} }
In particular, we have the inclusion K™ = Hom(F,, K) C KNE.

For G algebraic, there is a natural inclusion of finite CW-complexes X, (K) C
X,(G) (see Lemma 4.9 of [CFLO]). Using this result, Proposition 4.4 Theo-

rem and Whitehead’s Theorem we achieve the main result: (see Section
6. of [CELOJ for an example)

Theorem 4.5. Thereis a strong deformation retraction from %, (G) to X, (K).

References

[CFLO] A. Casimiro, C. Florentino, S. Lawton, A. Oliveira, “Topology of moduli
spaces of free group representations in real reductive groups”, Forum Math,
DOI: 10.1515/forum-2014-0049.

[FL] C. Florentino and S. Lawton, “Topology of character varieties of Abelian
groups”, Topology and its Applications, Vol. 173 (2014), pp. 32-58.

[RS] R. W. Richardson, P. J. Slodowy, “Minimum vectors for real reductive alge-
braic groups”, J. London Math. Soc., (2) Vol. 42, No. 3 (1990), pp. 409-429.

Encontro Nacional da SPM 2014, Geometria e Topologia, pp. 53



MoDULI SPACES IN HIGHER GAUGE THEORY

Roger Picken
Center for Mathematical Analysis, Geometry and Dynamical Systems
Mathematics Department, IST, Universidade de Lisboa,
e-mail: roger.picken@tecnico.ulisboa.pt

Resumo: Por analogia com a teoria de gauge usual, descrevemos espacgos
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Abstract: By analogy with ordinary gauge theory, we describe moduli
spaces of flat connections in higher gauge theory.
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1 Moduli spaces in higher gauge theory

This article describes work done in separate collaborations with Jodo Faria
Martins, Jeffrey Morton and Diogo Braganca [3, 5l [1].

Let {U;}icr be a good open cover of a manifold M. Recall that a 1-
bundle, i.e. a principal G-bundle with connection, may be given in terms
of transition functions g;; : U;; — G, (Us; denotes U; N Uj) and local
connection 1-forms A; € A'(U;, g), where g is the Lie algebra of G. Likewise
a 2-bundle with structure 2-group G = (G, E,d,>) (where G and E are
two Lie groups - see below for the definition) is described by transition
functions g1 : Uyjp — E and  h;; @ Uj; — G, and transition 1-forms
nij € A (Ujj,¢), as well as local connection 1- and 2-forms 4;; € AY(Ujj, g)
and B; € A%(U;,¢). Various relations hold, such as the well-known cocycle
condition for g;;. For the continuation of this hierarchy to 3-bundles, see [4].

We will approach (Lie) 2-groups as crossed modules of groups.

Definition 1.1 A Lie crossed module (G, E,d,>) is given by a pair of
Lie groups E, G, together with a group homomorphism 0: E — G and
a left action > of G on E by automorphisms, such that O(X > e) =
X0(e)X ™t for each X € G,e € E, and d(e)> f = efe™! for each e, f € E.

A class of examples comes from central extensions of groups: 1 - A — H LA

K — 1 gives rise to a crossed module: £ = H 9 K = G with lifted action
k> h = hhh =1 for any h' such that O(h’) = k (well-defined since A = ker 0
is central in H). There is a corresponding definition of a differential crossed
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module of Lie algebras: 0: ¢ — g and > : g xe¢ — ¢ where J is a Lie
algebra morphism and g acts on ¢ by derivations.

The algebra associated to crossed modules is naturally 2-dimensional.
Consider squares, or 2-cubes, of the form

Z e Y (1)

X

where X,Y,Z,W € G and e € E, such that d(e) = XYW ~1Z~!. We can
define operations of horizontal and vertical multiplication of 2-cubes, in such
a way that they satisfy the interchange law: when evaluating a two-by-two
array of 2-cubes, we may multiply horizontally then vertically, or vice-versa,
and get the same result. Thus we can evaluate consistently the product of
any rectangular array of 2-cubes. This construction with 2-cubes is called
the double groupoid of the crossed module, with a single object, horizontal
and vertical morphisms in GG, and squares in F.

For 1-bundles the parallel transport along a path is a product of fac-
tors in G, like g12(), the transition function evaluated at x € Uje, and
P exp fm Aj, the “path-ordered” exponential of the connection 1-form A;
along a path p; contained in U; (which is defined as the solution of an ODE).
Likewise the evaluation of surface transports for 2-bundles is carried out by
evaluating an array of 2-cubes coming from constituent points, paths and
2-paths, using transition functions and path/surface-ordered integration of
1- and 2-forms [3].

Setting e = 1 in , we have a commuting 2-cube, equivalent to the
equation XY = ZW. In the same way, we may define commuting 3-cubes
of six 2-cubes and use them to express equations for crossed modules [2] 3].
Similarly there are notions of commuting 4-cubes and beyond.

Gauge transformations for 1-bundles are given by h; : U; — G, and
their action on transition functions, connections and transports may be ex-
pressed in terms of commuting 2-cube equations, e.g. g;j(z) — géj(:z:) =
hi(x)gij(z)hj(x)~1.  Gauge transformations for 2-bundles are given by
hij : Ujj — G and n; € AY(U;,¢). Their effect on transition functions,
connections and transports is given in terms of commuting higher cubes.
We will be analysing them shortly from a slightly different perspective.

For 1-bundles we recall that the moduli space of flat connections mo-
dulo gauge transformations is given by Conn/Gauge = Hom(7 (M), G)/G,
using the correspondence between connections and holonomies. G acts via
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the adjoint action on the values of a homomorphism. Pursuing such finite-
dimensional models for quotients of infinite-dimensional function spaces, it
is convenient to consider manifolds endowed with a cell structure, e.g. a 2-
sphere with one 0-cell, one 1-cell and two 2-cells. Then we define the set of
connections Conn to be the set of assignments g : {1-cells} — G, such that
for each 2-cell a flatness condition holds (the product of the 1-cell assign-
ments around the boundary is 1). Conn is acted on by the group of gauge
transformations, Gauge, whose elements are assignments ~ : {0-cells} — G,
with pointwise group multiplication. The action is expressed, as before,
via commuting 2-cube equations, e.g. for a 1-cell ¢ from x to y, we have
Ge = Gl = VageVy

We now sketch work with Jeffrey Morton [5] generalizing this picture
to 2-bundles. The category (in fact a groupoid) of connections Conn
has as objects assignments {1-cells} — G, and as morphisms assignments
{2-cells} — E, such that for each 3-cell in the manifold a commuting 3-
cube equation holds. The category Conn is acted on by the 2-group of
gauge transformations, Gauge, given by assignments {0-cells} — G and
{0-cells} — E. The action on connections is given by a commuting 3-cube
equation for each 1-cell and a commuting 4-cube equation for each 2-cell.

To express this precisely we need a general notion of the action of a
2-group on a category. Recall that the action of a group G on a set X,
i.e. a homomorphism ¢ : G — Aut X, may be given by a function QAS :
G x X — X such that we have the commuting diagram in the category Set
on the left below (m is the multiplication map). From this we construct the
transformation groupoid X/G. By analogy, the action of a 2-group G on
a category or groupoid C is described by a functor $: G xC — C such
that we have the (strictly) commuting diagram in the category Cat on the
right below. From this we construct the transformation double category, or
double groupoid, C//G. We expect that this does not depend on the cell
structure up to a suitable notion of (higher) Morita equivalence.

GxGx X oy x Gxgx % g
Idgxqgl J{q@ Idgxél lcﬁ
Gx X — X GxC—— C

As a simple example, we compare the 1- and 2-gauge theory of M = S*,
with one 0-cell and one 1-cell: Conn/Gauge = G//G for 1-gauge theory
(where G acts on itself by the adjoint action), and Conn/Gauge = G /G for
2-gauge theory (using the 2-group adjoint action of G on G - see [5]).
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When the groups G and E are finite, the possible flat connections and
gauge transformations are also finite in number (assuming M has a finite
number of cells). In [I] we looked at counting invariants for surfaces with
boundary and a given cell structure. These invariants, with nice properties,
were obtained by counting the number of compatible colourings of the 1-
cells with elements of G and the 2-cells with elements of F, satisfying a
compatibility analogous to for each 2-cell. They are of the form:

BT
e 1
GV|E]® 2

colourings

where v is the number of 0-cells, e is the number of 1-cells, and |G| and
|E| denote the respective number of elements. In the light of higher gauge
theory, one is tempted to interpret this invariant as the volume of the moduli
space of flat connections modulo gauge transformations modulo higher gauge
transformations.
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