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Resumo: Neste trabalho revemos alguns resultados relacionados com o estudo de isometrias por pedaços. Introduziremos embeddings de uma transformação de troca de intervalos numa isometria por pedaços, discutiremos
a renormalização de uma isometria por pedaços particular e provaremos a
existência de curvas invariantes para estas transformações.
Abstract: In this survey we review recent results on the study of the dynamics of piecewise isometries. We will introduce embeddings of an interval
exchange transformation into a piecewise isometry, discuss the renormalization of a particular piecewise isometry and finally show that invariant curves
exist for such transformations.
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1

Introduction

An interval exchange transformation (IET) is a bijective piecewise order
preserving isometry f of an interval I ⊂ R, where I is partitioned into subintervals {Iα }α∈A , indexed over a finite alphabet A of d ≥ 2 symbols, so
that the restriction of f to each subinterval is a translation. IETs were studied for instance in [20, 28]. Masur [22] and Veech [28] proved independently
that a typical IET is uniquely ergodic while Avila and Forni [12] established
that a typical IET is either weakly mixing or an irrational rotation.
Piecewise isometries (PWIs) are higher dimensional generalizations of
one dimensional IETs. They have been defined on higher dimensional spaces
and Riemannian manifolds [5, 17]. In this paper we consider orientation
preserving planar piecewise isometries with respect to the standard euclidean
metric. Let X be a subset of C and P = {Xα }α∈A be a finite partition of
S
X into convex sets (or atoms), that is α∈A Xα = X and Xα ∩ Xβ = ∅
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for α 6= β. Given a rotation vector θ ∈ TA (with TA denoting the torus
RA /2πZA ) and a translation vector η ∈ CA , we say (X, T ) is a piecewise
isometry if T is such that
T (z) := Tα (z) = eiθα z + ηα , if z ∈ Xα ,
so that T is a piecewise isometric rotation or translation (see [16]).
For a given PWI we may partition X into a regular and an exceptional set
[7]. If we consider the zero measure set given by the union E of all preimages
of the set of discontinuities D, then its closure E (which may be of positive
measure) is called the exceptional set for the map. The complement of the
exceptional set is called the regular set for the map and consists of disjoint
polygons or disks that, if X is compact, are periodically coded by their
itinerary through the atoms of the PWI. There is numerical evidence that
the exceptional set may have positive Lebesgue measure for typical PWIs [5].
In [18], the author shows that this is the case for certain rectangle-exchange
transformations.
Even when the exceptional set has positive Lebesgue measure, there is
numerical evidence that Lebesgue measure on the exceptional set may not
be ergodic - there can be invariant curves that prevent trajectories from
spreading across the whole of the exceptional set [7]. In [3, 7], the existence
of a large number of these invariant curves, apparently nowhere smooth, are
investigated.
In [1] Adler, Kitchens and Tresser found renormalization operators for
three rational rotation parameters for a non ergodic piecewise affine map of
the Torus. Lowenstein and Vivaldi [21] gave a computer assisted proof of
the renormalization of a family of piecewise isometries of a rhombus with
one translation parameter and a fixed rational rotation parameter. Hooper
[19] investigated a two dimensional parameter space of polygon exchange
maps, a family of PWIs with no rotation, invariant under a renormalization
operation. In [2] the authors showed how to construct minimal rectangle exchange maps, associated to Pisot numbers, using a cut-and-project method
and prove that these maps are renormalizable. The maps described in these
papers are PWIs with no rotational component, exhibiting very particular
behaviour among more general PWIs, making it difficult to generalize their
techniques.
In this survey we present recent results on the study of the dynamics of
planar piecewise isometries. We introduce a new notion of renormalization to
study a class of PWIs called Translation Cone Exchange Transformations.
We also introduce the notion of embedding IETs into PWIs and use IET
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renormalization techniques to establish the existence of invariant curves for
PWIs which are not the union of line segments or circle arcs.

2

Interval exchange transformations

In this section we recall some notions of the theory of interval exchange
transformations following [13], [27] and [29].
As in [13, 29], let A be an alphabet on d ≥ 2 symbols, and let I ⊂
R be an interval having 0 as left endpoint. In what follows we use the
d
notation RA ' Rd and RA
+ ' R+ . We choose a partition {Iα }α∈A of I into
subintervals which we assume to be closed on the left and open on the right.
An interval exchange transformation (IET) is a bijection of I defined by
(1) A vector λ = (λα )α∈A ∈ RA
+ with coordinates corresponding to the
lengths of the subintervals, that is, for all α ∈ A, λα = |Iα |. We write
P
I = I(λ) = [0, |λ|), where |λ|
! = α∈A λα .
π0
(2) A pair π =
of bijections πε : A → {1, ..., d}, ε = 0, 1,
π1
describing the ordering of the subintervals Iα before and after the application
of the map. This is represented as
π=

α10 α20 ... αd0
α11 α21 ... αd1

!

.

We call π a permutation and identify it, at times, with its monodromy invariant π̃ = π1 ◦ π0−1 : {1, ...d} → {1, ...d}. In algebra literature it is common
to reserve the term permutation for the monodromy invariant π̃, however,
unlike the present notation, this would not be invariant under the induction
and renormalization algorithms used in the study of IETs. We denote by
S(A) the set of irreducible permutations, that is π ∈ S(A) if and only if
π̃({1, ..., k}) 6= {1, ..., k} for 1 ≤ k < d.
Define a linear map Ωπ : RA → RA by
(Ωπ (λ))α∈A =

X
π1 (β)<π1 (α)

λβ −

X

λβ .

(1)

π0 (β)<π0 (α)

Given a permutation π ∈ S(A) and λ ∈ RA
+ the interval exchange transformation associated is the map fλ,π that rearranges Iα according to π, that is
fλ,π (x) = x + υα , for any x ∈ Iα , where υα = (Ωπ (λ))α . We write f = fλ,π
and also denote an IET by the pair (I, fλ,π ).
Given (λ, π) ∈ RA
+ × S(A) and for ε = 0, 1, denote by βε the last symbol
in the expression of πε . Assume the intervals Iβ0 and Iβ1 have different
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lengths. Let I (1) be the interval obtained by removing the smallest of these
intervals from I. The first return map of fλ,π to I (1) is again an IET,
fλ(1) ,π(1) . This defines a map R(λ, π) = (λ(1) , π (1) ) called Rauzy induction.
We assume the infinite distinct orbit condition (IDOC), introduced by Keane
in [20], which assures that the iterates Rn are defined for all n ≥ 0. We
(n)
denote Rn (λ, π) = (λ(n) , π (n) ) and by {Iα }α∈A the partition of the domain
I (n) of fλ(n) ,π(n) .
The Rauzy class (see [29]) of a permutation π ∈ S(A), is the set R(π)
of all π (1) ∈ S(A) such that there exist λ, λ(1) ∈ RA
+ and n ∈ N such
that Rn (λ, π) = (λ(1) , π (1) ). A Rauzy class R can be visualized in terms
of a directed labelled graph, the Rauzy graph (see [27]). Its vertices are in
bijection with R and it is formed by edges that connect permutations which
are obtained one from another by R and are labeled respectively by 0 or 1
according to the type of the induction. A path % = (%1 , ..., %n ) is a sequence
of compatible edges of the Rauzy graph, that is, such that the starting vertex
of %i+1 is the ending vertex of %i , i = 1, ..., n − 1. We say a path is closed if
the starting vertex of %1 is the ending vertex of %n . The set of all paths in
this graph is denoted by Π(R).
The Rauzy cocycle BR (λ, π) is a matrix function such that each entry
(n)
(n)
(n)
(BR (λ, π))α,β of BR (λ, π) counts the number of visits of Iα to Iβ during
the Rauzy induction time.
The projection of the Rauzy cocycle on the Torus TA ' RA /2πZA is
given by
BTA (λ, π) · θ = BR (λ, π) · θ mod 2π,
A
for any (λ, π) ∈ RA
+ × R, n ≥ 0 and θ ∈ T .
A translation surface (see for instance [12], [28]), is a surface with a finite
number of conical singularities endowed with an atlas such that coordinate
changes are given by translations in R2 . Given an IET it is possible to
associate, via a suspension construction, a translation surface, with genus
g(R) only depending on the combinatorial properties of the underlying IET
(see [28]).

3

Translated cone exchange transformations

In this section we present a result on the renormalization of a particular
family of PWIs which we designate by Translated cone exchange transformations following [24].
Consider a family of dynamical systems F = {fµ : X → X} parametrized by µ ∈ P, where P is called the parameter space of F. A renormaBoletim da SPM 77, Dezembro 2019, Matemáticos Portugueses pelo Mundo, pp. 105-118
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lization scheme for F is a decreasing chain of subsets of X, X = Y0 (µ) ⊃
Y1 (µ) ⊃ Y2 (µ) ⊃ ..., together with a renormalization operator R : P → P
such that the first return map of a point in Yn+1 (µ) under iteration by
fRn (µ) : Yn (µ) → Yn (µ) is given by fRn+1 (µ) : Yn+1 (µ) → Yn+1 (µ). Renormalization is a powerful tool in the study of nonlinear maps (see [10]), such
as diffeomorphisms of the circle [26], one-frequency Schrödinger cocycles [11]
and analytic unimodal maps [15].
Set ω = (ω1 , ..., ωd ) ∈ W, where W is the open polytope defined by
W=




d
X



j=1

ω ∈ Rd+ : 0 <

ωj < π




,

(2)



π |ω|
and let ϑ = −
, where |ω| is the `1 norm of ω.
2
2
In order to introduce the family of TCEs, consider a partition of the
upper half plane H into d + 2 cones P = {P0 , P1 , . . . , Pd , Pd+1 }, where Pj =
{z ∈ C : arg(z) ∈ Wj }, and Wj for j = 0, . . . , d + 1 are defined as

[0, ϑ),
for j = 0,



 [ϑ, ϑ + ω ] ,
for j = 1,
1
Pj
Pj−1
Wj =

ω
],
for j ∈ {2, ..., d},
ω
,
ϑ
+
(ϑ
+

k=1 k
k=1 k



(π − ϑ, π],

for j = d + 1.

We set ν = tan(ϑ). Note that ν depends on |ω|, and when necessary to
stress this dependence we write ν = ν(|ω|).
Let G : H → H be the following family of translation maps
G(z) =



 z − 1,

z−

η0,


 z + η,

z ∈ P0 ,
z ∈ Pj , j ∈ {1, ..., d},
z ∈ Pd+1 ,

depending on the parameters ϑ, η and η 0 with ϑ > 0, η ∈ R+ \Q and 0 <
η 0 < η.
Consider a permutation π ∈ S({1, ..., d}) with a monodromy invariant
π̃, and let θj (ω, π̃) be the angle associated to the monodromy invariant π̃
for the cone Pj for j = 1, . . . , d. We have
θj (ω, π̃) =

X
π̃(k)<π̃(j)

ωk −

X

ωk .

k<j

Let E : H → H be the following family of maps
(

E(z) =

z,
z ∈ P0 ∪ Pd+1 ,
iθ
(ω,π̃)
j
ze
, z ∈ Pj , j ∈ {1, ..., d},
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Figure 1: On the left a partition P with d = 5. On the right the action of
map E on this partition with π̃(1) = 4, π̃(2) = 3, π̃(3) = 2 and π̃(4) = 1.
depending on θj (ω, π̃). This map also depends on ω and ϑ as the partition
elements Pj depend on these parameters. Note that we have
ϑ + arg (E(z)) = fω,π (arg(z) − ϑ),
for z ∈ Pj , j = 1, ..., d. Hence E exchanges these cones according to the
monodromy invariant π̃.
From the translation and exchange families of maps we get our family
of TCEs, F : H → H, given by
F (z) = G ◦ E(z).
We define the central cone Pc of F as
Pc = P1 ∪ ... ∪ Pd ,
the first hitting time of z ∈ H to Pc , as the map k : H → N given by
k(z) = inf{n ≥ 1 : F n (z) ∈ Pc },

(4)

and the first return map of z ∈ Pc to Pc , as the map Fc : Pc → Pc such that
Fc (z) = F k(z) (z).

(5)

The typical notion of renormalization may not capture all possible self
similar behaviour in PWIs. TCEs apparently exhibit invariant regions on
which the dynamics is self similar after rescaling. Thus, we say a TCE is renormalizable if Fc , the first return map to Pc described above, is conjugated
to itself by a scaling map.
Theorem 3.1 ([24]) For all ω ∈ W, η = 1/(k + Φ) and η 0 = 1 − kη
with k ∈ N, there is an open set U containing the origin such that F is
renormalizable for all z ∈ U , that is
Fc (Φ2 z) = Φ2 Fc (z).
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The proof of this theorem uses a one dimensional approach to the study
of these TCEs. We define sequences coding information related to the first
return map of a given line contained in the cone Pc . We are then able
to relate the renormalizability of a map of this family with the periodicity
of these sequences and indeed, for the parameters in the statement of the
theorem, these are proved to be periodic. As a consequence of this we show
that for these parameters Fc is a PWI with respect to a partition PFc of
countably many atoms.
We say that a collection of atoms B ⊆ P is a barrier for a PWI (T, P) if
S
X\ B∈B B is the union of two disjoint connected components A1 , A2 such
that
A1 ∩ T (A2 ) = T (A1 ) ∩ A2 = ∅,
and for any P ∈ P such that P ⊆ Aj and T (P ) ∩ ( B∈B B) ∩ Aj = ∅ then
S
T (P ) ∩ ( B∈B B) = ∅, for j = 1, 2.
Denote the ray in H passing through the origin and with slope a ∈ R by
S

La = {z ∈ H : Im(z) = aRe(z)},

(7)

and by ∂P the union of the boundaries of the elements of the partition P
and by Lν and L−ν , respectively, the rays P0 ∩ P1 and Pd ∩ Pd+1 .
For ω ∈ W, η = 1/(k + Φ) and η 0 = 1 − kη, k ∈ N, we denote by
A(η, η 0 ) the subset of W such that for all ω ∈ A(η, η 0 ) there are d0 ≥ 2,
0
λ ∈ Rd+ , π ∈ S({1, ..., d0 }) and a continuous embedding γ of fλ,π : I → I
into Fc : Pc → Pc such that
i) the collection B = {P ∈ PFc : P ∩ γ(I) 6= ∅}, is a barrier for Fc ,
ii) γ(0) ∈ L−ν and lima→|λ| γ(a) ∈ Lν ,
iii) γ(I) ⊂ Φ2 U , where U is the open set from Theorem 3.1.
In the next theorem we show, as a consequence of Theorem 3.1, that the
existence of one continuous embedding of an IET into a first return map
Fc of a TCE, satisfying the property that the image of the embedding is
contained in a barrier, implies the existence of infinitely many embeddings
of the same IET into Fc , as well as infinitely many bounded and forward
invariant regions.
Theorem 3.2 ([24]) Let η = 1/(k + Φ), η 0 = 1 − kη with k ∈ N and
assume that A(η, η 0 ) is non-empty. For all ω ∈ A(η, η 0 ),
i) There exist sets V1 , V2 , ..., which are forward invariant for Fc and y ∗ > 0
such that for all z ∈ Pc , satisfying 0 < Im(z) < y ∗ , there is an n ∈ N for
which z ∈ Vn .
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ii) For all n ∈ N there exist constants 0 < bn < bn such that for all
z ∈ Vn and k ∈ N,
bn < |F k (z)| < bn .
(8)
iii) There exist infinitely many continuous embeddings of IETs into Fc .
The proof of Theorem 3.2 relies on the Jordan curve Theorem, and on
the properties of the barrier containing the image of the embedding in order
to prove the existence of one invariant set V1 . Then the renormalizability of
F implies the existence of infinitely many such sets.

4

Embedding interval exchange transformations
into piecewise isometries

Recently [9], we developed a new mechanism that allow us to study the
dynamics of PWIs using tools from IETs - embeddings - and we used combinatorial properties of IETs to prove that in order for a PWI to realize a
continuous embedding of an IET with the same permutation its parameters
must satisfy a particular condition. In this section we give an overview of
these mathematical tools.
It is commonly accepted that the phase space of typical Hamiltonian
systems is divided into regions of regular and chaotic motion [14]. Area
preserving maps which can be obtained as Poincaré sections of Hamiltonian
systems, exhibit this property as well, with KAM curves splitting the domain
into regions of chaotic and periodic dynamics (see for instance [23]). A
general and rigorous treatment of this has been however missing. Area
preserving PWIs that have been studied as linear models for the standard
map (see [4]), can exhibit a similar phenomenon. Unlike IETs which are
typically ergodic, there is numerical evidence, as noted in [7], that Lebesgue
measure on the exceptional set is typically not ergodic in some families of
PWIs - there can be non-smooth invariant curves that prevent trajectories
from spreading across the whole of the exceptional set. These curves were
first observed in [3] for an isolated parameter and later found in [7] to be
apparently abundant for a large family of PWIs.
We now relate the existence of invariant curves to the general problem
of embedding IET dynamics within PWIs. We start by introducing some
definitions.
An injective map γ : I → X is a piecewise continuous embedding of (I, f )
into (X, T ) if γ|Iα is a homeomorphism for each α ∈ A such that γ(Iα ) ⊂ Xα
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γ ◦ f (x) = T ◦ γ(x),

(9)

and
for all x ∈ I. In this case note that γ(I) ⊂ X is an invariant set for (X, T ).
If γ is a piecewise continuous embedding that is continuous on I, we say
it is a continuous embedding (or embedding when this does not cause any
ambiguity). Otherwise we say it is a discontinuous embedding.
We say γ is a differentiable embedding if it is a piecewise continuous
embedding and γ|Iα is continuously differentiable. We characterize certain
differentiable embeddings as, in some sense, trivial: given I 0 ⊆ I we say a
map γ : I 0 → C is an arc map if there exists ξ ∈ C, r, a > 0 and ϕ ∈ [0, 2π)
such that for all x ∈ I 0 ,
γ(x) = rei(ax+ϕ) + ξ.
We say an embedding γ : I → C of an IET into a PWI is an arc embedding if
there exists a finite partition of I into subintervals such that the restriction
of γ to each subinterval is an arc map. We say an embedding γ of an IET
into a PWI is a linear embedding if γ is a piecewise linear map. Moreover an
embedding is non-trivial if it is not an arc embedding or a linear embedding.
Figure 4 shows an illustration of a non-trivial embedding.
From the definitions it is clear that the image γ(I) of an embedding is
an invariant curve for the underlying PWI and that if the embedding is nontrivial this curve is not the union of line segments or circle arcs. For any IET
it is straightforward to construct a PWI in which it is trivially embedded.
The same is not true for non-trivial embeddings, for which results have been
much scarcer.
We say a d-PWI is a PWI with a partition of d atoms. Similarly, a d-IET
is an IET with a partition of d subintervals. In [9] we showed that there
are no non-trivial continuous embeddings of minimal 2-IETs into orientation
preserving planar PWIs.
Theorem 4.1 ([9]) A minimal 2-IET has no non-trivial continuous embedding into a 2-PWI.
The next theorem states that a 3-PWI has at most one non-trivially continuously embedded minimal 3-IET with the same underlying permutation.
Theorem 4.2 ([9]) A 3-PWI has at most one non-trivially continuously
embedded minimal 3-IET with the same underlying permutation.
The proofs of Theorems 4.1 and 4.2 rely on the use of combinatorial
properties of IETs to prove that in order for a PWI to realize a continuous
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(a)

(b)

Figure 2: An illustration of the action of a PWI T with rotation vector θ ≈
(4.85, 0.92, 1.31, 1.28) on its partition and on an invariant curve γ(I). The
map γ, estimated using technical tools from [25], is a non-trivial embedding
of a self-inducing IET associated to the monodromy invariant π̃(j) = 4 −
(j − 1), j = 1, ..., 4 and a translation vector of algebraic irrationals λ ≈
(0.43, 0.34, 0.12, 0.11).
embedding of an IET with the same permutation, its parameters must satisfy
a necessary condition which may be found in [9].

5

Existence of invariant curves

In this section we show that almost every IET with an associated translation
surface of genus g ≥ 2 can be non-trivially and isometrically embedded in a
family of piecewise isometries giving an overview of the technical tools used
to prove the main results following our work in [25] .
In order to prove the main result presented in this section, we need to
define the Breaking operator Br: given an ordered sequence J = {Jk }k of
subintervals of I, an angle ϕ ∈ [−π, π) and a piecewise linear map γ : I → C
the image of Br(ϕ, J) · γ is a piecewise linear curve, obtained from γ(I) by
rotating the segments γ(Jk ) by ϕ,
(

Br(ϕ, J) · γ(x) =

γ(x) · eiϕ + k (ϕ, J), x ∈ Jk ,
γ(x) + k (ϕ, J),

x ∈ Lk ,

where k (ϕ, J) and k (ϕ, J) are determined by continuity and L = {Lk }k is
the ordered sequence of subintervals determined by I\J.
(n) = {J (n) }
Given (λ, π) ∈ RA
k<r(n−1)
+ × S(A), consider the sequence J
k
k (I (n−1) \I (n) )}
obtained by ordering the collection of sets {fλ,π
k<r(n−1) , where
k
(n−1)
(n)
(n)
r(n − 1) is the smallest r ≥ 1 such that fλ,π (I
\I ) ⊂ I . Recall that
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(b)

Figure 3: Action of the operator Br: (a) shows the image γ(I) of a piecewise
linear curve; (b) shows the image Br(ϕ, J) · γ(I) , with ϕ = π4 and J =
{J1 , J2 , J3 }.

(a)

(b)

Figure 4: Action of a 4-PWI θ-adapted to a self-similar 4-IET. The curve
depicted is γθ (I) and it is the image of a non-trivial embedding of the IET
into this PWI.
BTA is the projection of the Rauzy cocycle on the Torus defined in the
introduction. Given θ ∈ TA let
θ(0) = θ,

(n)

θ(n) = BTA (λ, π) · θ,

(m)

With β1,m = (π1 )−1 (d), we define the breaking sequence of curves
(n)
{γθ (x)}, by
(0)

γθ (x) = x,

(n)



(n−1)



(n−1)

γθ (x) = Br θβ1,n−1 , J (n) · γθ

(x),

x ∈ I.

Denote by Θ0λ,π the set of all θ ∈ TA such that:
(n)

• for all n ≥ 0, γθ

: I → C is an injective map;

• there exists a topological embedding γθ : I → C such that
(n)

γθ (x) = lim γθ (x),
n→+∞

x ∈ I.
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Given θ ∈ Θ0λ,π , we say that a PWI T : X → X together with a partition
{Xα }α∈A is θ-adapted to (λ, π) if for all α ∈ A,
1. Xα ⊇ γθ (Iα ) ;
2. For any z ∈ C, we have T (z) = Tα (z), for all z ∈ Xα , where


Tα (z) = eiθα z − γθ

P

π0 (β)<π0 (α) λβ





+ γθ fλ,π (

P

π0 (β)<π0 (α) λβ )



.

Given (λ, π) ∈ RA
+ × R it is possible to associate, via a suspension construction, a translation surface, with genus g(R) ≥ 1 depending only on the
Rauzy class R.
The next theorem states the existence of invariant curves for PWIs which
are not unions of circle arcs or line segments.
Theorem 5.1 ([25]) For almost every IET (I, fλ,π ) with a Rauzy class R
satisfying g(R) ≥ 2, there exists a set W ⊆ TA of dimension g(R) such
that for all θ ∈ W there exists a map γθ : I → C, which is a non-trivial
embedding of (I, fλ,π ) into any PWI that is θ-adapted to (λ, π).
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