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Resumo: Discutimos a célebre demonstracao do Ultimo Teorema de Fermat
e as dificuldades que surgem ao tentar aplicar a mesma estratégia de prova
sobre corpos de niimeros. Terminamos com uma amostra dos resultados
conhecidos no caso de corpos quadraticos.

Abstract We overview the celebrated proof of Fermat’s Last Theorem and
the challenges that arise when trying to carry it over to number fields. We
conclude with a sample of the known results for quadratic fields.
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1 Introduction

The search for a proof of Fermat’s Last Theorem (FLT) is one of the ri-
chest and more romantic stories in the history of Mathematics. Remarkable
progress in number theory as, for example, the origin of what is now alge-
braic number theory and some incredible breakthroughs in the Langlands
program, have come to light due to this pursuit.

Theorem 1 (FLT) The integer solutions to the Fermat equation
2" +y"t+2"=0 (1)
with n > 3 are trivial, i.e., they satisfy ryz = 0.

The cases n = 3 and n = 4 of FLT were respectively solved by Euler
and Fermat. From this it is easy to see that we only have to prove it
for n = p > 5 a prime. If (a,b,c) is a solution, then by scaling we can
suppose that ged(a, b, c) = 1; we call such a solution primitive. The Fermat
equation, viewed as defining a curve in P2, has genus (p — 1)(p — 2)/2, and
a celebrated theorem of Faltings tells us that there are only finitely many
primitive solutions to , for each fixed n = p. Despite the efforts of many
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great mathematicians through 350 years, it was only in 1995 that a complete
proof was published. In this paper, we will discuss this modern approach to
FLT due to Hellegouarch, Frey, Serre and Ribet which culminated in Wiles’
proof [24] and created a new way of tackling Diophantine equations known
as the modular method.

2 The modular method

The proof of FLT is based on three main pillars: Mazur’s irreducibility
theorem, Wiles’ modularity theorem for semistable elliptic curves over Q
and Ribet’s level lowering theorem. Explaining these pillars will involve a
detour into some of the most fascinating areas of modern number theory:
elliptic curves, Galois representations, modular forms and modularity. For
a comprehensive introduction to these topics we suggest [3, 21], 22]. For an
overview and history of various methods to study the Generalized Fermat
equation x" + y? = 2P we refer to [I], which we follow closely in this section.

2.1 Elliptic curves

Let K be a field. The simplest definition of an elliptic curve E over K is: a
smooth curve in P? given by an equation of the form

E sz + a1ryz + a3y22 = 22 + asx’z + agx® + a5z3, (2)

with a1, a9, a3, aq and ag € K. If the characteristic of K is not 2 or 3, then
we can transform to a much simpler model given by the affine equation

E : Y =X34+aX +0, (3)
where a and b € K, whose disriminant is
Ap = —16(4a® + 270%).

We call a Weierstrass model of E with discriminant Ag. The require-
ment that E is smooth is equivalent to the assumption that Ag # 0. There
is another very important quantity attached to an elliptic curve called the
j-invariant which can be computed from the model by the formula

. (—48a)?
JE = 7AE .

Note however that jg is an invariant of the isomorphism class of E over K,
the algebraic closure of K, and so independent of the choosen model.
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There is a distinguished K-point, the ‘point at infinity’, which we denote
by oco. Given a field L O K, the set of L-points on F is given by

E(L) = {(x,y) € L? : y* = 2% + az + b} U {o0}.

It turns out that the set E(L) has the structure of an abelian group with oo as
the identity element. The group structure is easy to describe geometrically:
three points Py, Py, P3s € E(L) add up to the identity element if and only if
there is a line ¢ defined over L meeting E in P;, Py, P3 (with multiplicities
counted appropriately). The classic Mordell-Weil Theorem states that for a
number field K the group E(K) is finitely generated. For a model as in (3)),
the 2-torsion subgroup FE[2] consists of the points with y = 0 plus oo. It
turns out that the proofs by Euler and Fermat of FLT for n = 3,4 are simply
special cases of what are now standard Mordell-Weil group computations,
as discussed in [I, Examples 1 and 2].

2.2 Modular forms

Let H={z € C : Im(z) > 0}. Let kK and N be positive integers and set

To(N) = {(Z Z) €SLy(Z) : ¢=0 (mod N)},

which is a subgroup of SLs(Z) of finite index. The group I'g(NN) acts on H
via fractional linear transformations

<a b) : H — H, zr—>az+b

c d cz+d’

The quotient Y5(N) = I'g(N)\H has the structure of a non-compact Rie-
mann surface. This has a standard compactification denoted Xo(N) and
the difference Xo(N) \ Yo(IN) is a finite set of points called the cusps.

A modular form f of weight k and level N is a function f : H — C that
satisfies the following conditions:

(i) f is holomorphic on H;

(ii) f satisfies the property

(5 = e+ afsce) @

for all z € Hand (2%) € To(N);
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72 AsymprroTtic FLT

(iii) f extends to a function that is holomorphic at the cusps.

It follows from these properties, and the fact that one of the cusps is the
cusp at i0o, that f must have a Fourier expansion

f(z) = Z cnq"  where q(z) = exp(2miz). (5)
n>0

It turns out that the set of modular forms of weight k£ and level IV, denoted
by My(N), is a finite-dimensional vector space over C. A cusp form of
weight k and level N is an f € My(N) that vanishes at all the cusps. As
q(ico) = 0 we see in particular that a cusp form must satisfy ¢y = 0. The
cusp forms naturally form a subspace of My(N) which we denote by Sk(N).
There is a natural family of commuting operators T;, : Sa2(N) — Sa(N)
(with n > 1) called the Hecke operators. The eigenforms of level N are
the weight 2 cusp forms that are simultaneous eigenvectors for all the Hecke
operators. Such an eigenform is called normalized if c; = 1 and thus its

Fourier expansion has the form

f=aq+)) g™

n>1

2.3 Modularity

Let E/Q be given by a model where the a; € Z, and having (non-
zero) discriminant Ap € Z. Carrying out a suitable linear substitution, we
generally work with a minimal model: that is one where the a; € Z and with
discriminant having the smallest possible absolute value. Associated to E
is another, more subtle, invariant called the conductor Ng, which we shall
not define precisely, but we merely point that it is a positive integer sharing
the same prime divisors as the minimal discriminant; that it measures the
‘bad behavior’ of the elliptic curve £ modulo primes; and that it can be
computed easily through Tate’s algorithm [22, Chapter IV]. In particular,
the primes p not dividing Ng are the primes of good reduction while those
satisfying p||Ng are the primes of multiplicative reduction.

Now let p{ Ag be a prime. Reducing modulo p a minimal equation ([2))
we obtain an elliptic curve E over Fp. The set E (IFp) is an abelian group as
before, but now necessarily finite, and we denote its order by #E’(Fp). Let

ap(E) =p+1—#E(F).

We are now ready to state a version of the modularity theorem due to Wiles,
Breuil, Conrad, Diamond and Taylor [2, 23, 24]. This remarkable theorem
was previously known as the Shimura—Taniyama conjecture.
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Theorem 2 (The Modularity Theorem) Let E/Q be an elliptic curve
with conductor Ng. There exists a normalized eigenform f = q+ > coq"™ of
weight 2 and level Ng with ¢, € Z for all n, and such that for every prime
p1Ag we have ¢, = a,(E).

For an elliptic curve E and an eigenform f as in this theorem we will
also say that f corresponds to E via modularity.

2.4 Galois representations

Let E be an elliptic curve over C. The structure of the abelian group E(C)
is particularly easy to describe. There is a discrete lattice A C C of rank 2
(that is, as an abelian group A ~ Z?) depending on E, and an isomorphism

E(C) ~C/A. (6)
Let p be a prime. By the p-torsion of E(C) we mean the subgroup

Elp] ={Q € E(C) : pQ = 0}.

It follows from @ that

E[p] ~ (2/pZ)?, (7)
which can be viewed as 2-dimensional IF,-vector space. Now let E be an
elliptic curve over Q. Then we may view E as an elliptic curve over C, and
with the above definitions obtain an isomorphism E|p] ~ (Z/pZ)?. However,
in this setting, the points of E[p] have algebraic coordinates, and are acted
on by Gg := Gal(Q/Q), the absolute Galois group of the rational numbers.
Via the isomorphism , the group G acts on (Z/pZ)?. Thus we obtain a
2-dimensional representation depending on E/Q and the prime p:

Pey @ Go— GLa(F,). ®)

We say that the pg , is reducible if the matrices of the image pg, ,,(Gg) share
some common eigenvector. Otherwise we say that pp , is irreducible. We
have now given enough definitions to be able to state Mazur’s theorem; this
is often considered as the first step in the proof of FLT.

Theorem 3 (Mazur [15]) Let E/Q be an elliptic and p a prime.
(i) If p > 163, then pg,, is irreducible.

(ii) If E has full 2-torsion (that is E[2] C E(Q)), square-free conductor
and p > 5, then pg , is irreducible.
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2.5 Ribet’s level lowering theorem

Let E/Q be an elliptic curve and associated mod p Galois representation
PEp : Go — GLa(FFp) as above. Let f be an eigenform. Deligne and Serre
showed that such an f gives rise, for each prime p, to a Galois representation
Prp  Go = GLa(Fyr), where r > 1 depends on f. If E corresponds to f
via the Modularity Theorem, then pg ,, ~ by, (the two representations are
isomorphic). Thus the representation pg , is modular in the sense that it
arises from a modular eigenform. Recall also from the Modularity Theorem
that, if f corresponds to F via modularity, then the conductor of E is equal
to the level of f. Sometimes it is possible to replace f by another eigenform
of smaller level which has the same mod p representation. This process is
called level lowering. We now state a special case of Ribet’s level lowering
theorem. For a prime ¢, we let vy(x) denote the ¢-adic valuation of x € Q.

Theorem 4 (Ribet’s level lowering theorem [18]) Let E/Q be an el-
liptic curve with minimal discriminant A and conductor N. Let p > 3 be
prime. Suppose that (i) the curve E is modular and (ii) the mod p repre-
sentation pr, is irreducible. Let

where M, = H L. (9)
(||N,
plve(d)

Then pg, ~ Py, for some eigenform g of weight 2 and level Np.

We now know, by the Modularity Theorem that all elliptic curves over QQ are
modular, so condition (i) in Ribet’s theorem is automatically satisfied. We
include it here both for historical interest but also because analogous level
lowering results are available over other fields and modularity of all elliptic
curves is still an open question over general fields.

2.6 The proof of Fermat’s Last Theorem

Suppose p > 5 is prime, and a, b and ¢ are non-zero pairwise coprime integers
satisfying (1)) with n = p. We reorder (a, b, ¢) so that

b=0 (mod2) and da’=-1 (mod4). (10)
We consider the Frey—Hellegouarch curve which depends on (a, b, ¢):

E: Y =X(X—d")(X+) (11)
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whose minimal discriminant and conductor are:

R

oA

Note that the conductor is square-free; conditions ensure that 2 || V.
The 2-torsion subgroup of F is E[2] = {o0, (0,0), (a?,0), (=b7,0)} C E(Q).
As p > 5, we know by part (ii) of Mazur’s irreducibility theorem that pg ,,
is irreducible. Moreover, F is modular by the Modularity Theorenﬂ and so
the hypotheses of Ribet’s theorem are satisfied. We compute N, = 2 using
the recipe in @D It follows that pg,, ~ P, ,, where g has weight 2 and level
2. But there are no eigenforms of weight 2 and level 2, a contradiction.

2.6.1 Some Historical Remarks

In the early 1970s, Hellegouarch had the idea of associating to a non-trivial
solution of the Fermat equation the elliptic curve ; he noted that the
number field generated by its p-torsion subgroup E|[p] has surprisingly little
ramification. In the early 1980s, Frey observed that this elliptic curve enjoys
certain remarkable properties that should rule out its modularity. Motivated
by this, in 1985 Serre made precise his modularity conjecture and showed
that it implies Fermat’s Last Theorem. Serre’s remarkable paper [20] also
uses several variants of the Frey—Hellegouarch curve to link modularity to
other Diophantine problems. Ribet announced his level-lowering theorem
1987, showing that modularity of the Frey—Hellegouarch curve implies FLT.

3 Fermat’s Last Theorem over Number Fields

3.1 Historical background

Interest in the Fermat equation over various number fields goes back to the
19th and early 20th Century. For example, Dickson’s History of the Theory
of Numbers [4, pages 758 and 768] mentions extensions by Maillet (1897)
and Furtwéngler (1910) of classical ideas of Kummer to the Fermat equation
P + yP = 2P (p > 3 prime) over the cyclotomic field Q(¢,). However, the
elementary, cyclotomic and Mordell-Weil approaches to the Fermat equa-
tion have had limited success. Indeed, even over Q, no combination of these

In fact, we only need modularity of semistable elliptic curves over Q, i.e. those with
square-free conductor, which was the original modularity result proved by Wiles.
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approaches is known to yield a proof of FLT for infinitely many prime ex-
ponents p. It is therefore natural to attempt to carry Wiles’ proof over
to general number fields. The first work in this direction is due to Jarvis
and Meekin [I2] who showed FLT holds for the field Q(v/2). They further
analyzed the situation over other real quadratic fields to conclude that

“ ..the numerology required to generalise the work of Ribet and
Wiles directly continues to hold for Q(v/2). .. there are no other
real quadratic fields for which this is true ...”

3.2 The asymptotic Fermat’s conjecture

Let K be a number field and O its ring of integers. By the Fermat equation
with exponent p over K we mean

P +yP + 2P =0, z,y,z € Ok. (12)

A solution (a,b,c) of is called trivial if abc = 0, otherwise non-trivial.
Clearly, over any K there are trivial solutions, such as (1,—1,0), but some-
times more, for example,

(18 + 17v/2)? + (18 — 17v/2)3 = 42°,
1+V-7'+ (1 -V-7)" =2,

showing that the exact same statement as of FLT does not hold over Q(+/2)
or Q(v/—T7). Instead it makes sense to consider the question only for large
enough exponents. More precisely, we will say that the asymptotic Fer-
mat’s Last Theorem over K holds if there is some bound Bg such that
for prime p > By, all solutions to the Fermat equation are trivial.

Now let K = Q(v/—3) and consider the element w = @ We have
that w? = 1 and it is easy to see that, for all primes p > 5, the equality

WP + (w?)P + 1P = 0,
holds, hence the asymptotic FLT does not hold over Q(v/—3).

Conjecture 1 (Asymptotic Fermat’s Conjecture) Let K be a number
field. If w & K then the asymptotic FLT over K holds.
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4 The modular method over totally real fields

We restrict ourselves to totally real fields, i.e., number fields such that all
embeddings into C have image in R. This is a natural restriction, because
modularity related objects and questions are very poorly understood for
fields with at least one complex embedding, consequently all results about
FLT for such fields are conditional on two deep conjectures of the Langlands
program (see [19] for details). In contrast, for a totally real field K there
is a well established theory of Hilbert modular forms which are the natural
replacement for the modular forms over Q; it is not our objective to discuss
details of this theory here. The only thing to keep in mind is that they
satisfy the analogous properties over K to those described in and that
modularity of elliptic curves over K can be defined by a correspondence with
Hilbert eigenforms, similar to the discussion in

In particular, since K is totally real, we have w ¢ K and we expect
the Asymptotic Fermat Conjecture to hold for K. To properly discuss the
challenges we face it helps to break the method into the following steps:

1. Constructing a Frey curve. Attach a Frey elliptic curve E/K to a
putative solution of .

2. Modularity. Prove modularity of E/K.

3. Irreducibility. Prove irreducibility of pg ,, the mod p Galois repre-
sentation attached to F.

4. Level lowering. Conclude that pg, ~ pj, where f is a Hilbert ei-
genform over K of (parallel) weight 2 and level among finitely many
possibilities N;. Here, p;, denotes the mod p Galois representation
attached to f for some p | p in the field of coefficients Qy of .

5. Contradiction. Compute all the eigenforms § predicted in Step 4 and
show that pp , # pjp for all of them.

Suppose that a,b, c € O is a solution to such that abc # 0. Since ((12)
is equation over K we consider in step 1 the classical Frey curve over K:

Eupe : Y2 =X(X —al)(X +bP). (13)

4.1 The case of Q(/2)

Recall that steps 2—4 in the proof of FLT over Q are covered respectively by
the three remarkable theorems of Wiles, Mazur and Ribet. However, at the
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time of writing [12] only step 4 was known to hold over a general K (due
to the combined work of Jarvis, Rajae and Fijuwara [9] [10, 17]). To com-
plete the modularity step Jarvis and Meekin showed that, under some non-
restrictive assumptions on a, b, ¢ (analogous to ), the curve E, p, . is semis-
table and its modularity followed by a result of Jarvis-Manoharmayum [L1]
stating that all semistable elliptic curves over Q(v/2) are modular. For the
irreducibility part they applied a criterion of Kraus [14] for p > 17 and, fi-
nally, a contradiction follows because after completing step 4 there are again
no eigenforms.

4.2 The contradiction step

By looking at the proofs of FLT over Q and Q(1/2), the reader may wonder
why is there a step 5, as the contradiction happens automatically. It turns
out these are the only cases where such convenient coincidence occurs. For
example, if the class number of K is > 1, we cannot assume coprimality of
a, b, ¢, and the Frey curve will not be semistable, consequently the levels
obtained after level lowering will have larger norms and, in general, there are
eigenforms at these levels. In fact, step 5 is nowadays the most difficult part
when applying the modular method to solve or any other Diophantine
equation assuming, of course, that an associated Frey curve exists (i.e. step 1
can be done); unfortunately, there are only a few Diophantine equations
known to have attached Frey curves.

4.3 Modularity and Irreducibility

Although the modularity of the Frey curve was the hardest step in the proof
of FLT, nowadays we know it holds in full generality due to a result of
Freitas—Le Hung—Siksek [6].

Theorem 5 (F.—Le Hung—Siksek) Let K be a totally real field. Up to
isomorphism over K, there are at most finitely many non-modular elliptic
curves E over K.

Moreover, if K is quadratic, then all elliptic curves over K are modular.

Furthermore, in the recent work of Derickx—Najman—Siksek [5], modu-
larity of elliptic curves was extended to the case of totally real cubic fields.

Theorem 6 (Derickx—Najman—Siksek) All elliptic curves over totally
real cubic fields are modular.
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These modularity results have the following important consequence.

Corollary 4.1 Let K be a totally real field. There is some constant Ay,
depending only on K, such that for any non-trivial solution (a,b,c) of the
Fermat equation with prime exponent p > Ay, the Frey curve Eqp .

given by is modular.
Moreover, if K is quadratic or cubic then Ax = 0.

There is no irreducibility result for pg, over K analogous to Mazur’s
theorem. Instead, we can derive the following result from the works of David
and Momose, who build on Merel’s Uniform Boundedness Theorem [16].

Theorem 7 Let K be a totally real field. There is a constant Ck, depending
only on K, such that the following holds. If p > Ck is prime, and E is an
elliptic curve over K with either good or multiplicative reduction at all q | p,
then pg., is irreducible.

4.4 A refined level lowering

The next step in the strategy is level lowering which is known to hold for
general K due to the combined work of Fujiwara, Jarvis and Rajaei. As
explained above, after applying level lowering, we will not obtain a contra-
diction due to the presence of eigenforms. Instead, the idea is to use finer
properties of the Frey curve E, ., to show that many of the eigenforms are
not a real obstruction.

Before proceeding, it is helpful here to make a comparison with the
equation zP 4+ yP + L*2P = 0 over QQ, with L an odd prime and « a positive
integer, considered by Serre and Mazur [20, p. 204]. A non-trivial solution to
this latter equation gives rise, via modularity and level lowering, to a classical
weight 2 newform f of level 2L; for L > 13 there are such eigenforms and we
face the same difficulty. Mazur however shows that if p is sufficiently large
then f corresponds to an elliptic curve E’ with full 2-torsion and conductor
2L, and by classifying such elliptic curves concludes that L is either a Fermat
or a Mersenne prime. To be able to transfer and refine Mazur’s argument to
our setting, we need the following conjecture, which is the opposite direction
to modularity and generalizes the Eichler—Shimura Theorem over Q.

Conjecture 2 (“Eichler—Shimura”) Let K be a totally real field. Let §
be a Hilbert newform of level N and parallel weight 2, and rational field of
coefficients. Then there is an elliptic curve E;/K with conductor N having
the same L-function as f.
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We will also need some more notation. For K a totally real field, an element
x € K and a prime ideal q in O we write vy(z) to denote a g-adic valuation
of z. Moreover, let

S ={P : Pis a prime ideal of Ok dividing 20k},
T={PecS : Ox/PB="F}, U={BecS : 31vp(2)}

We choose a set H of prime ideals m € S representing the elements in the
class group of K. We also need an assumption, which we refer to as (ES):

(14)

either [K : Q) is odd;
(ES) or T # ;
or Conjecture [2 holds for K.

For a non-trivial solution (a, b, ¢) to the Fermat equation (12)), let
ga7b,c = a0k + b0k + cOk. (15)
Now Mazur’s argument adapted to our setting gives the following result.

Theorem 8 Let K be a totally real field satisfying (ES). There is a cons-
tant B, depending only on K, such that the following holds. Let (a,b,c)
be a non-trivial solution to with prime exponent p > Bg, and rescale
(a,b,c) so that it remains integral and satisfies Gop . = m for some m € H.
Write E for the Frey curve (13)). Then there is an elliptic curve E' over K
such that

(i) the conductor of E' is divisible only by primes in S U {m};
(i) #E/(K)[2] = 4,
(ZZZ) ﬁE,p ~ pE’,p;
Write j' for the j-invariant of E'. Then,
(a) forP €T, we have vyp(j') < 0;
(b) for P € U, we have either v(j') < 0 or 34 vp(j’);
(c) for q & S, we have vy(j') > 0.

In particular, E' has potentially good reduction away from S.
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5 Results over totally real fields

5.1 S-unit equations

Assuming (ES), Theorem §implies that a non-trivial solution to the Fermat
equation over K with sufficiently large exponent p yields an elliptic curve
E'/K with full 2-torsion and potentially good reduction away from the set S
of primes above 2. There are such elliptic curves over every K, for example
the curve Y2 = X3 — X, and so we still do not get a simple contradiction.
Note however that the latter elliptic curve does not satisfy conclusion (a)
of Theorem |8 when the field K is such that 7" # (), hence it is not an
obstruction in that case. An element x € K is called an S-unit if vq(xz) =0
for all ¢ € S. Using the fact that elliptic curves with full 2-torsion and
good reduction away from S are classified by solutions to S-unit equations,
we have the following result that describes when there are no E'/K as in
Theorem [§, and so no obstruction to the desired contradiction.

Theorem 9 (F.—Siksek) Let K be a totally real field satisfying (ES). Let
S, T and U be as in . Write O% for the group of S-units of K. Suppose
that for every solution (A, ) to the S-unit equation

A+p=1, A p€ OF (16)
there is
(A) either some P € T that satisfies max{|vg(N)], [vp(p)|} < 4vgp(2),

(B) or some B € U that satisfies both max{|vp(N)|, |[vp(p)|} < 4vp(2),
and vp(Ap) = vp(2) (mod 3).

Then the asymptotic Fermat’s Last Theorem holds over K.

For all fields K, equation has solutions in Q N OF, namely (A, ) =
(2,-1), (—1,2), (1/2,1/2) which correspond to the elliptic curve Y2 = X3 —
X, however these solutions satisfy (A) if T # () and (B) if U # 0.

5.2 The quadratic case

In view of Theorem |§|, we have to solve the S-unit equation and test
the solutions in order to decide whether the asymptotic FLT holds over K.
There are algorithms that, in principle, could do that for each particular K,
but what is more interesting is to show that asymptotic FLT holds for infinite
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families of fields. For this we need to control the solutions to over
varying fields. This can be very hard but, in the case of real quadratic
fields, we achieved considerable success, as illustrated by the following series
of theorems taken from the joint works with Siksek [7, [§].

Theorem 10 Let d > 2 be square-free, such that d = 6,10 (mod 16) or
d =3 (mod 8). Then the asymptotic FLT holds over Q(+/d).

Moreover, for d > 5 satisfyingd =5 (mod 8), the same is true assuming
that Conjecture @ holds over Q(v/d).

There are other explicit congruence conditions on d for which asymptotic
FLT is known to hold over Q(v/d) (see [7, Theorem 1]) and, moreover, there
are also real quadratic fields Q(v/d) not given by a congruence condition on d
for which asymptotic FLT holds. We have the following density theorem.

Theorem 11 (F.—Siksek) The asymptotic FLT holds for a set of real qua-
dratic fields of density 5/6. Assuming Conjecture @ this density becomes 1.

The following result shows that it is possible to optimize Byx by ma-
king K concrete. In this case the proof does not pass through Theorem [0}
but instead one needs to optimize the exponent bound at every step of the
strategy, which raises other challenges not discussed here.

Theorem 12 (F.—Siksek) Let 3 < d < 23 be square-free and d # 5,17 or
d="79. Then, all solutions (a,b,c) to the equation

P +yP + 2P =0, a,b,c € Q(Vd) p > 5 prime

satisfy abc = 0. Moreover, the same is true over Q(\/17) for half the expo-
nents, more precisely, for all primes p > 5 such that p = 3,5 (mod 8).

5.2.1 FLT over Q(/5)

Note that the field Q(v/5) is not covered by any of the theorems above and
indeed asymptotic FLT over Q(v/5) seems to be a very hard open problem.
The main reason being that the modular method does not see the difference
between the Fermat equation and its variant with unit coefficients
L4V, 1-V6
2 2
which has a solution (1,1, —1). Nevertheless, the following result gives evi-
dence that FLT should be true over Q(\/g), as predicted by Conjecture

Theorem 13 (Kraus [13]) Let K = Q(v/5) andp < 107 be a prime. Then
the Fermat equation with exponent p over K has only the trivial solutions.

yw+2P=0
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