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1 Introduction

In this treatise we shall examine the identities and inequalities associated
with a valuation on a set (5,4, -). For finite sets these give the “inclusion-
exclusion” (InEx) formulae and inequalities, while for probability the former
yields the Poincaré’s formula.

The basic valuation formula can directly be applied to such non-negative
functions as content or measure (volume, area, length, weight, size, proba-
bility), as well as dimension, min/max and gecd/lem. In the former case it is
also possible to use indicator functions followed by the taking of a suitable
linear functional, such as expected value, which will get us back to proba-
bility. When f is multiplicative, an easier and non-inductive way of proving
the valuation formula is by using the symmetric functions of the roots f(a;)
of a suitable polynomial.

Throughout the paper, (S,+,-) is a set S with two binary operations
“4+”and “-”, which are commutative and associative, and we further assume
multiplicative idempontency a - a = a for all a € S and the distributive law
a-(b+c)=a-b+a-c, forall a,b,ceS. The target space is a set (T, D, ®)
with binary operations @& and ®.

In general, we do not assume idempotency for addition, but when we
do, we will clearly state that a +a = a for all @ € S as well. For instance,
(S,4+,-) can be a commutative distributive complemented lattice with a-b =
aNb=glb(a,b) and a +b=aV b= lub(a,b). The most important of these
is the power set (P(X),U,N).
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90 INCLUSION—EXCLUSION

Definition 1.1. A function f:(S,+, ) — (T, ®, ®) is called an a-valuation if

fla+b)@la®f(a-b)] = fla)®f(b), (1)
where a € T and a,b € S.

We shall examine the interplay between an a-valuation f and the oper-
ations of + and (-) defined on S, and @ and ® defined on T. When there
is no risk of ambiguity we shall as always write this as f(a + b) + af(ab) =
f(a) + f(b), in which the “multiplicative dot” has been dropped.

When T admits an additive inverse, we may rewrite this as f(a + b) =
f(a) + f(b) — af(ab). Needless to say when « is absent or o = 1, we have
a more symmetric unit-valuation. When this is the case, we do not need to
define multiplication on T

We shall primarily be interested in the case where (T,®,®) is RT, and
a=1+4+¢e>1 (see [2]).

We shall examine additive as well as multiplicative results for a-
valuations. Non-zero values of € are used for example in the exclusive-or
case (addition on a powerset), where @« = 2 and f(a + a) = f(0) = 0.
It should be noted that f(a + a) = (2 — a)f(a) and hence we have
fla+a)= f(a)iff a =1.

2 Additive Results for a-valuations

We shall first need several definitions and notations dealing with triangular
“slices”.

For a given set S C N, with #(S) = M, we introduce the associated
collection of lists.

Definition 2.1. For k < M,

VS ={(i1,... ip);i1 <ig < -+ <ip,ip €8, Vr=1,... k}

We may alternatively think of this as the collection of all (Alf ) combi-

nations of the M objects in S, taken k at a time. For example ‘/22’3’4 =
{(2,3),(2,4),(3,4)}. Initially we shall focus on S = {1,2,...,n}, and
shorten Vkl’Q’”"” to U,in). In particular, Ui = {(1,2,...,n)} is made of
a single string.

Now let A = {x1,...,2,} be a collection of symbols. Then for a € A
and V C A* we define (V,a) = {(x1,...,2x,a); (z1,...,2x) € V}. We now
have
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Lemma 2.1. U™ =yl u (™ n+1)
Proof. This is nothing but a partitioning of U, én+1) into terms that do or do
not contain the highest index n + 1. O

Next, we introduce a collection of functions g : A* — (T,®), k =
1,...,n, where T is a suitable set with addition ¢. For each kK =1,2,...,n
we now define

Definition 2.2. @ gi(zi,,...,2,) = ) 9i(Tiy s Tigy -+ Tiy )
U}gn) 1< <t << <n

where the addition is in T.
We may now state:

Corollary 2.1.

(i) @ 9e(Tiys o, Tiy) = @gk(xil,...,a:ik) &) @ 9k (Tiy, .. @i, n+1).

vy vy Uiy
n+1
k=1 (n+1)
k
n n+1
= @ @ i (Tiys - ,a:,;k)@@ @ 9i(Tiyy ooy @iy ,m+ 1),
k=170 k=10

Note that in the second summation the term with £ = n + 1 is absent
as Ugjr)l =0.

As a special case, we choose g(ay,...,ar) = (—a)*f(ay - - - ay), where f
is an a-valuation from (S, +,-) to T = RT evaluated at the product of a;.
We further let a = (aj,as,...) be a sequence of elements from S and for
any b € S we set ba= (bay, baa,...).

For convenience we now also define the following “symmetric functions”

Ul(cn) (aa f) - Z f(ahalé s aik)'

1< <ig << <n

Note that o (a, f) = f(a1---an). When there is no risk of confusion
we shall drop the brackets in the superscript and use o} instead of U](Cn).

Again, if f is an a-valuation from (S,+,-) to RT then we may recast
Corollary ([2.1)) in terms of f as

Boletim da SPM 76, Dezembro 2018, pp. 89



92 INCLUSION—EXCLUSION

Corollary 2.2.

(Z) Z+1( >f) :O-l?(a'af)"{'o-.Z—l(baaf)a
where k =1,2,...,.n4+1 and b = ant1.

ntl n n+1
(i) Y (=)ot Z ) lof(a, f)+) ()" to_i(ba, f).
k=1 k=1 k=1

For consistency, we let o/ (ba, f) = f(b) for k = 1 in part (i) of Corollary
(2.1) and also note that o} (a, f) is undefined for k& > n.
We shall primarily be interested in the special sums,

n

Sn=Sn(a, f) = f(z ai),

i=1
where a = (a1, az,...). Using , we observe that

Lemma 2.2. If b = a1, then
Snt1(@) + aSy(ba) = Sn(a) + f(b) (2)

a;)b] = f(

=1 7

M:
M:

Proof. f(ZaHrb)Jraf[( a;) + f(b). =

1

Our aim is to solve the recurrence for S,,. When T does not admit
an additive inverse, we have to separate the even and odd values of n. We
shall first introduce the following summations.

k .
Definition 2.3. (i) \} = Y o* 200, |, 2k—1<n,
i=1

(it) p = Z a?~lon 2k <.

In this we dropped the superscript braces for convenience. For example,
T=o, Ny =00+, i =0 +a’oh +atol
and
it =aol,  ud =acl + oo}, uh = ach +adol + ol
Here p is not defined, or it can be taken as the additive identity in 7',
if it exists. Before we can use induction we need the following identities.

Lemma 2.3. Let b = ap41, then the following identities among {\}'} and
{u} hold.
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(i) \pTH(a) = XH(a) + apy_y(ba) + f(b).

(1) A (@) = A (a) + auit(ba) + £(b) + ™o, 1 (a).
(iii) py+'(a) = pit(a) + a}(ba).
(i) ppt(a) +a**of (ba) = uyt(a) + ad}y (ba).

Proof. Note that b = a,41 throughout.
r r—1
() XF @)ty () +f () = 0?20 (a)+a{ S oo b))+

r r—1
F0) = fot(@) + 1)) + £ a2, (@) + % %o (m) = of*i(a) +
r—1 r—1 r—1
;::1 ool (a) + 1;::1 a** ol (ba) = o7t (a) + 1;1 a? [0, (a) + ob(ba)] =

r—1 r
% a*oyfii(@) = ¥ a®Poilh (a) = At (a).

(i) Ay (a) + apy (b )+ f(b) + 0% 0b, 1 (a) = A (a) + appty (ba) + f(b) +
aof,,(a) +a? of, (ba) = A\t (a) + 0 of, (ba) +a?0f,y (a) = AP (a) +

a¥oltl (a) = )\f_ﬁ( ), which proves (ii).

(iii) The right hand side equals zrj a?=1on (a)+a kil a?k=257  (ba) =

> 0?1 (o5 (a) + of;, (ba)] = Za%l”“() (@),

,
(iv) From the right hand side, we have kg:l a?=1gn (a) +

o Zlazk 2021: (ba) = 2 %71[‘77211@(3) + og,_q(ba)] + oo 0,1(ba),

which is the left hand side. O

It should be noted that when 2r > n, then o3, ,; is absent. Moreover by
part (iii) and (iv) in Lemma [2.3] we also have

Corollary 2.3. (i) u2™*2(a) = 2™+ (a) + a2+ (ba)
(ii) pip 2 (a) + o*™ o3 (ba) = it (@) + @A (ba).
We are now ready for the following identities on S, (a).

Theorem 2.1.
(i) Som(a) + p2™(a) = N2™(a) for allmeN, (3)
(i) Som+1(a@) + p2t(a) = A2 (@) forallm e NU{0}.  (4)
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Proof. (a) Both results are clearly true for initial values of m (in other words,
m =1 for part (i) and m = 0 for part (ii)). So let us assume that the result
is true for n = 2m, and then show it for n = 2m + 1. Consider with
n = 2m and add p2™(a) and au?™(ba) to both sides. This gives

Som-11(2)+[Som (b2)+ 17" (0) | 4177 (@) = Som (@) 411" (2)+ (b)+ayiy” (ba)
which by induction hypothesis reduces to
Sam+1(a) + AR (ba) + p(a) = A2 (@) + f(b) + apy (ba).
This in turn can be reduced by part (ii) and (iii) in Lemma (2.3) to
Sami1(a) + iy (a) = AN (a) — @®Mod (a) = A (a).

(b) Next we assume that the result holds for n = 2m + 1 and we will show
it holds for n = 2m + 2. Consider with n = 2m + 1 and b = agnmt2, and
add p2m*1(a) and ap2™t1(ba) to both sides. This gives

Samt2(@) + Sz (ba) + 27 (ba)] + 2 () =
= Sami1(a) + " (@) + £ (b) + g (ba)
which by induction hypothesis reduces to
Sam+2(a) +Oé>\3n”f11(ba) + (@) = AT (@) + ap T (ba) + f(D).
On account of Lemma ([2.3)) part (iv) and Corollary E, we see that
Sam+2(a) + 2 (@) + ¥ ogi (ba) = AT (a).

Lastly, note that o311 (ba) = oamt3(a) with b = asm+2, and so we reach

Som+2(a) + ppyii? (@) = A2 (a). O
If T admits additive inverses, we have the following valuation formulae.
Corollary 2.4. (1) Sp(a)=f(> a;) = Z(— )k 10,?((; f) (5)

i=1 k=1
(ii) Sam(a) = A" (@) — 43" (a)

(ii7) Sam+1(a) = N1 (a) — " (a)

Proof. We may list the first few sums in which o} = o}(a):

SQ + OéU% = O%

S + (ao3) = (0} +a%d})

Sy + (acs+ac}) = (of + a20§)

S5 + (aod+a0}) = (0 + a0} +atod)
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Se + (ao§+adof+a’sd) = (0% + 20§ + atoh)
S; 4+ (a0l + o] +a%0f) = (0] + a0l +atol +ab0l).

More generally,

Som +(aoy™ +aloy™ 4+ ogh) = o™ ooy 4o +a oy
and
2 1 2 1 -1 _2 1
Somi1 + (o3 adedmt 4 g 2T lgdmt
_ O_%m—l—l + a2a§m+1 4ot Oé2m0'§:2::__% ) 0

Examples If an additive inverse exists, we may write
(i) fa+bte) = f(a)+f(b)+f(c) — alf(ab)+ f(ac)+ f(be)]+a? f(abe). (6)

(11) f(a + CL) = (2 - a)f(a) (7)
fla+b+b)=fla)+ (2—a)f(b) — (2 — a)af(ab).

3 The valuation inequalities

Throughout let f be an a-valuation from (S,+,-) to RT. We begin by
considering the matrices M = (m;;) and N = (n;;) with

mij:)\?m—,u?m, for 1<i,j<m
m'jZ)\?mH—u?mH, for 1<i<m+1,1<j<m.
Then
mij < Mmit1, Mijr1 <mij and Mg > N1, Nislj > Nij

In other words, the elements in the matrix M as well as N increase from
right to left and top to bottom. We shall next use induction to prove the
valuation inequalities. We first assume the validity for even n and prove it
for odd n, and then reverse the parity.

Theorem 3.1. (a) For n =2m with m € N and any k > 1,
(a1)Sam <0"(@) —a03™(a)++ - +a* o3 () = NFr—i™, if k+1<m, (8)

(a2) S > 077(@) — a03"(@) + - - — o O3 (@) = AP — 2", if k<m. (9)
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(b) For n =2m + 1 with m € NU{0} and any k > 1,

(bn%l?ﬂwmﬂm acy™ (@) + -+ o oglt (a) = N -
7 <m

()i 2 o7 (a) — a0 a) oMo @) =N -
if k <m.

Proof. (a) The inequalities clearly hold for the initial values of m (in other
words, m = 1 for part (a) and m = 0 for part (b)), so let us assume they
both hold for all values of r < n and that b = a,41. Recall that

Swer = £ as-+ ) = F(3 @) + £(b) - of [ (b))

i=1

By induction hypothesis, in the first summation on the right hand side,
we may apply the inequality from with 2k + 1 terms and sequence a,
while in the second summation we apply @D with 2k terms and sequence
ba, respectively. This gives

Somi1 < [0 (2) — aod(a) + oo+ @ odft, @] + F(8) — alo" (ba) -
acym(ba) + - - — a% 13 (ba)]
= [f(b) + 0¥™(a)] — alo3™(a) + oF™ (ba)] + - + aP[oZrL () + oF (ba)

= o™ (@) — a0y (a) + - + ooy (a)

On the other hand, if we apply @ in the first summation on the right hand
side, with 2k terms and sequence a, and apply with 2k — 1 terms and
sequence ba, then we obtain

Sami1 2 [G%m(a) — ao3™(a) + -+ — a*lofi(a)] + f(b) — aloi™(ba) —
ac3m(ba) + - + a?*2g2m | (ba))

= [f(b) + o™ (a)] — 04[0%’”( )+ ot (ba)] + - — o®* ol (a) + o3 (ba)]
— O,%m-‘rl(a) _ ao.gm-‘rl(a) 4= a2k—10.§2n+1(a).

Next, we assume that (bl) and (b2) hold for » < 2m + 1 and use (al) and
(a2) in the a-evaluation formula for 2m + 2,

Som+2(a) = Sam+1(a) + f(b) — aSam+1(ba)

to give

Som+2 < [0 (a ) aoy™ H(a)+- -+ oyt (@)] + f(b) —alol™ ! (ba) -
o2m+1 2k 1 2m+1 a)l — 2m+1 2m+1
27%+1 (ba) + 2k 2m+1 b )]2m+[1f(b) _ m+( 2l - [ 2m+2( a)+

01 (ba)] + -+« [02k+1 (a) + 05 (ba)] U (a) (a) +

2m+2
ot 0%‘722:3 (a).
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Likewise, noting that £k +1 < m + 1, we reach

Somia > [o7"Ha) — ao3™Ha) + - — oMot (a)] + f(b) -
alof™ " (ba) — aoy" T (ba) + - + ooy (ba)] = [f(b) + 07" (a)] —
aloy™ M (a) + of" M (a)] + - = P ofNa) + oy (ba)] =
o1 (a) — a0d™(a) 4 - - — @ lod R (a),

which completes the proof. ]

The InEx inequalities suggest that there should be inequalities relat-
ing the symmetric functions. We shall now show this, for the case where
af(ab) < f(a) and k+1 < n < 2k+1. We first need some basic facts about
the binomial sets. We shall denote the existence of an injective map from
Vk’ " into Vkl"'" by Vkljr“l"" — Vkl"”’".

Lemma 3.1. Ifk—l—l <n < 2k+1 then we can find an injection (one-to-one
n . 1,.n
map) from Vk’ " into V)

Proof. The proof follows by induction on n, and is very similar to that of
Theorem ({3.1)) in that we have to separate even and odd values of n. When
n = 3, the only possible values for k are £k = 1 or 2. The result is now easily

seen for these cases because (g) = (?1’) and the injection is supplied by taking the

3

“complement” in {1, 2, 3}. On the other hand, because (;
{(1,2,3)}, to obtain a unique image in V

one of the 3 digits in V1’2’3
Let us now assume that Vklfl’ W2 Vk1 22 for all ksuch that k+1 < 2m <
2k + 1, in other words, K = m,m + 1,...,2m — 1. Now we wish to
show that Vklfl’ SAmAl V1 2.0 3mt1 again for all k such that k +1 <
2m + 1 < 2k + 1, in other words, kK = m,...,2m. We observe that
Vkl’Q’“"QmJrl can be written as a disjoint union, by separating the terms
that start with a digit 1 from those that start with a digit 2 etc. In-
deed, through this natural decomposition, we have a bijection between
1,...,2m+1 and Vn%,...,zm-s-l UVT:r’,L,...,zm-s-l U--- UVT';Ln+2,...,2m+1 where Vr(rlz+1""’b —
{la,21,...;xm)a+1 <21 < < T, b} C anl’jr"l’b. Obviously there is a
natural bijection between V@t1-t and Va+1-b by dropping the first coor-
dinate of the vectors. Hence we note that the number of list in VQ""’zm“
equals (2::), while the number in V3--2m+1 jg (2m 1) ete. By the hypothesis
we can find injections from each of the V,»r+l-2m+1 into Vnrlifl’ 2L for

all r = 2,...,m+ 2. That is, we have, by the induction hypothesis,

) =1, we can drop any
,2,3

2,3,...,2m-+1 2,3,....2m-+1
Ve — V.0

)

9

3,4,...,2m~+1 3.4,...,2m~+1
Vi e A
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V*m—l—27 S2mAl Vm+27 ,2m+1

Combining these and the natural bijections between V“H’ b and V,atleb)

we have an injection from Vl 2’ 22mH into V2 3’ 2me1 U V3 4’ 2m{ u---u
Srm4-2,...,2mA41
Vm—l

It similarly follows that V,

and the natural bijections between V,{’“"“*b and V,2+1-b the end result is

that Vk1+21’ 2mAl Vk1’2’”"2m+1 for kK = m,...,2m. Hence this shows that

if the result holds for even n then it also holds for the next odd n.

which is a subset of VL 22m+l,

172, ,2m+1 anl’i’l'”zm“ etc. Combining these

Let us now turn to the converse and assume that
VotttV P for k> m - 1.

We wish to show that

1,2,...,2 1,7 , 1,2,...,2 1’27 2m 1,2,....2m 125 72m
Vidoedm y yl2en2m oy l2adm L LV N e

We focus on the first term with k = m, and again write it as a disjoint union
of subsets, as

1a27 7 2, ,2m 3, ,2m 9 m+1,,2m
VL2 2e2m g 82m Ly

m

It again follows by the induction hypothesis that
Vn%,...,2m o Vn%?:lgm? Vrié,...ﬁm SN Vn?;’—fQ , and Vm—i—l, S2m oy Vm+1, 5
The end result is that V1 2’ Ay V,}L’Q""’Qm. It similarly follows for the
other pieces, giving the des1red injection

Vi o?m e pp 2 ?m

forall k=m,...,2m — 1, i.e. for all k£ such that k+1<2m <2k +1. O

We can now capitalize on the existence of the injection to derive the fol-
lowing inequalities for the “symmetric” functions. In the following Corollary,
we do not need to assume the existence of the additive inverse in 7T'.

Corollary 3.1. Suppose that af(ab) < f(a). Then for k+1<n <2k+1,

oi(a) > aopiq(a) (10)

Proof. We first observe that # (o} (a)) = (},) . Now because of the injection, we
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can associate to each term f(a; as,...a;,,) in o}, (a) a distinct term
f(aj, ---aj,) in o} (a) obtained from the former by deleting exactly one of
the a;,. Since af(ab) < f(a), we see that o f (a;, as, - -~ ai,,,) < flaj, -+ -aj,)
and hence that ao},(a) < o}l(a). O

Remark For the case where af(ab) < f(a), half of the valuation inequal-
ities follow from the local fact that o}l(a) > aojl, ().

4 Additive valuation formula for multiplicative
valuations with f(ab) = f(a)f(b).

(a) When f is "multiplicative” i.e. f(ab) = f(a)f(b), then the valuation
formula can be simplified. In this case the symmetric functions simplify to

op =ok(a, f) = Z f(all)f(azg)f(alk)

1< <t << <n

Then .
f(>X a;) =o01—aocs+ao3—...(-1)" a0,
=1 n (11)
= - f10 - arta))

A particularly important example is that of the indicator function x4(s)
of a set A. We shall examine these functions shortly in detail.

(b) On the other hand, if we have for each a in S a "complement” @’ in S
such that

(i) (a+b) = d'b and (ii) f(a') = 1—af(a), then we can obtain directly
via

F(Za) =41 fI(E a)] = 41— f11 o]
= 31— 1T f@)] = 2= [T - af(e)]

i=1 i=1

(12)

(¢) For the case when o = 1, it suffices to have a “complement” o’ such that

f(a) = f(ab') + f(ab).

4.1 Examples of Valuation equalities

Let us now turn to the various applications of the valuation formula.

Indeed, most of these deal with a collection of subsets of set X as the poset
(P(X), C) and thelattice (S,+,)=(P(X),U,N), wherein addition, f is some

Boletim da SPM 76, Dezembro 2018, pp. 89



100 INCLUSION—EXCLUSION

type of “content/size” such as volume, area, length or cardinality. We shall
denote the collection of all finite subsets of set X, by F/(X).

Example 4.1. Let (S,+, ) = (F(X),U,N) with f(A) = #(A), the cardi-
nality of A. Then

#(0 A= DD #(A N A0 N 4y).

= k=1 1<i1 <o < <ip<n

Example 4.2. Let I(R) be an algebra or o-algebra of intervals, with
Lebesgue measure as length. Suppose S is a the collection of unions
of intervals of R, and let f(A) be the length of €(A) of A, so that
(S,+,-) = (I(R),U,N). Then

(0 A) = S X Ay N0 ndy).

=1 k=1 1< <t << <n

Example 4.3. (S, +,:) = (F,U,N), where F C P(Q) is a o-field on Q and
(Q, F,P) is a probability triple. We set f(A) = P(A), the probability of A.
Then P is a valuation and hence we have the Poincare formula:

n n

P(U Ak): Z(—l)k_l > P(AilﬂAizﬂ”'ﬁAik).

k=1 k=1 1<y <ip<-<ip<n
Needless to say, no indicator functions, expected values or integrals were
needed to derive this.

Example 4.4. Let (S,+,-) = (RT, max, min) and let f be the identity map.
(This is not non-negative, so we have at first to restrict S to Rt.)

Now for two real numbers a and b, it is easily seen that max(a,b) = a +
b—min(a,b) and min{a, max(b, c¢)} = max{min(a,b), min(a,c)}, so that the
identity map is a valuation. This gives

max{ai,...,an} = (a1+---+ap)— Zmin{ai,aj} +
1<J
+ Z min{a;, a;j,ax} — -+ (—=1)" ' min{a1, ag, . .., an}.
1<j<k

Example 4.5. Let S be a collection of all the subsets of X with (S, +,-) =
(P(X),U,N). For any prime p, and any valuation f with o = 1, we have
the multiplicative formula,
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n
pr(A”. | H pf(AimAijk)m . H | pf(Ailm“'r‘Aim>.
pf(U?zlAi) _ i=1 1<i<j<k<n 1§11<l~><zm§n
H pf(AiﬂAj)m H pf(Ailﬂ“'mAiz) )

i<j 1<i]<--<ig<n
where m := max{k < n |k is odd} and ¢ := max{k < n|k is even}.

Example 4.6. S =N and a < b if and only if a | b.

Any positive integer can be expressed as a unique product of prime pow-
ers a = plflpgz...pff’“, with p1 < pa < .... If b is likewise erpanded
as b = pilp?...pff, then clearly a | b iff ki < t; for all i. Moreover
(a,b) = ged(a,b) = Hpénm{kii"} and [a,b] = lem(a,b) = Hp;mx{k“ti}. Since

min/mazx obey the InEx law on N, we may conclude that the ged and lem
satisfy the multiplicative version of the InEx law. In other words,

H a; - ) H ) (ailaaigaaig)”' ) H ) (aip"')aim)
[611 Gn] _ 1=1 1<y <ig<ig<n 1<i1 < <im<n
: )
’ ’ H (ai17ai2)... H (a’ila"'7aiz)
1<i1<i2<n 1<t << <n
(13)

where m := max{k < n|k is odd} and { := max{k < n|k is even}. For
example,

_abe(abo)
(06,6 = G Ratg @ (14)
[a7 b7 C7 d] — abcd(aabvc)(aabvd)(a7c7d)(b7c’d)

— (a,b)(a,c)(a,d)(b,c)(b,d)(c,d)(a,b,c,d)

This is a “multiplicative version” of the Inclusion Exclusion rule for an
evaluation map f with a = 1 such as

fla+b+c) = fla) + f(b) + f(c) = [f(ab) + f(ac) + f(be)] + f(abe).

Example 4.7. Let S be the collection of all subspaces of a vector space U,
with V. + W being the vector space direct sum and V - W =V NW. Then
f(V) =dim(V) is a valuation on S with o = 1, and
dim(3 Vi) = S (~DF1- Y dim(V, Vi, n--N )
k=1 k=1 1<y <ip<-++<ig<n

Example 4.8. S =725 = {z = (v1,...,z0) |2 € Z2,Yi = 1,...,n}
with coordinate-wise addition and scalar multiplication. These operations
are commutative, multiplication is idempotent and distributes over addition.
The Hamming metric h(a) counts the number of ones in the vector a. It is
a valuation that satisfies the “cosine rule”

h(a+ b) = h(a) + h(b) — 2h(a.b), (15)

which is the InFEx equation with o = 2.
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Example 4.9. S = B" = {x; (z1,...,zy) |zi € B,Vi = 1,...,n} with the
Boolean scalar operations v +y = zVy and x -y = x ANy. The vector
operations are again defined coordinate-wise. The Hamming metric is again
a valuation, but this satisfies In-Ex equation with o =1, i.e.

h(a+ b) = h(a) + h(b) — h(a.b) (16)

5 Examples of Valuation inequalities

Example 5.1. (S,+,-) = (F,U,N), where F C P(Q) is a o-field on Q and
(Q, F,P) is a probability triple such that f(A) = P(A), the probability of A.
We have

(i) P(U Ay) < 3 P(4;), (Boole’s law)
k=1 k=1
(ii) P(UA) > X P(A)~ T P4 nAy).
k=1 k=1 1<i1<i2<n

Example 5.2. Next let (S,+,-) = (R,max, min) and let f be the identity
map (extended from RY). We have

max{ai,...,an} < (a1 + -+ ayn),

max{ai,...,an} > (a1 +---+an) — > min{a;, a;},
1<j

max{a,...,an} < (a1 + - +ay,) — > min{a;,a;} + > min{a;, aj,a}.
i<j i<j<k

Example 5.3. Applying the above to prime powers we arrive at

[a, b, c,d]

<
[a.b.¢.d) 2 G aEd e -
<

where we actually attain equality in the last inequality above.

6 Indicator functions

Many of the applications of the “inclusion-exclusion” formula using sets can
be derived using the indicator functions (also called characteristic functions).
The main purpose of introducing these functions is to convert manipulations
involving sets into manipulations involving functions. i.e. turn a Boolean
algebra into a Boolean ring. Let us now recap some of its properties.
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Given a set S and a subset A C S, the indicator function of A, x4 : S —
{0,1} is defined by
] 1 ifseA
XA(S){ 0 ifs¢A

Closely related is the function

¢A<s>=1—2xA<s>={ By

Again, for subsets A, B,C,... of S and U,N and ¢ stand for union,
intersection and the operation, “exclusive or (XOR)”, i.e. A®dB = (AN
B¢)U (BN A°) and ABA = (ANA)U (AN A°) = 0.

For real valued functions on S we define f < g iff f(s) < g(s) for all
s € S. We shall also abbreviate x4, to x;, when necessary. Some of the
valuation maps associated with indicator functions are demonstrated below.

1. XAauB = XA+ XB —X4nB ®AuB = $A + ¢B — danp (1-valuations)
2. XaeB = XA T XB — 2xaxB (2-valuation), daep) = ¢4-08

3. x provides a commutative valuation on (P(X),U,N) with @ = 1 and
as such the derivation of holds. It is traditional to derive this as

n

XUAi =1- XﬂAf =1- H(l - XAz) =01 —02 +---+ (_1)71—10_”7
=1

which rewrites as
n
XUA = D Xi — XX+ DO XaXgXe+ -+ (D" xaxz - xn
1 i<j i<j<k
(17)

4. Since x is a 2-valuation with a = 2 on (P(X),®,N) with & = XOR,
we have from
Xor A, = 01— 202+ 403+ -+ (=1)" 12" gy,
n n n n
5. X I —x) = X2 HXA; = EX(HA?) = EX(UAZ.)C =n—
k=1i#k k=1i#k k=1
n
2 X An
k=1 %AZ

which parallels Lagrange interpolation.
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6. Since indicator functions are multiplicative and act on sets, the val-
uation inequalities can also be derived using combinatorics. This is
instructive in its own right. The valuation inequalities for indicator
functions take the following forms,

n

n
(ii) Xud; = Xi — 2 XiXj
1 1<j

n
(iii) Xua; < ;Xz > XiX; + > XiXj Xk

1<J 1<j<k
(iv) xoa, = Shoa (C1DF 1 Y XX, .-+ e, when 7 is even
1<iy < <ip<n
N
(V) xua, < X2 (—1)]"_1 . > Xi1 Xis - - - Xi, When r is odd.
k=1 1<ip<-<ig<n

To prove these using sets, it suffices to show the inequality at any point
s in the union. Now the union UA; is made up of 2" disjoint subsets
(called atoms or petals) of the form B; = A1NAs---NA;NAS, | ---NAS
etc. and it suffices to show that the inequalities hold for for some fixed
s € B;. For the remaining subsets the result follows by symmetry. As
an example we consider the case where r = 3.

If se By :AlﬂAQ"'ﬂAiﬂAf+1---ﬂA% then s € AyNAy---NA;
and the left hand side which equals x4, (s) yields the value 1. On the
other hand the right hand side gives the value: (i) - (;) + (;) The
result now follows from the binomial identity

SN AN -0 ifr=i
Z( 1) (k}) —{ (171)(_1)7~ if’l“<’i. (18)

k=0 r
This yields the desired inequalities
@ @) =) -G +- 1(") when r is even and
i) ) <=6 +-. )1 (1)) when r is odd.

7 Multiplicative Formulae for a-valuations

Let f be an a-valuation on (S, +,-). We begin by noting that if « =1+ ¢
where € > 0, then

fla+b)f(a-b) = f(a)f(b)~[f(a) ~ f(a-0)][f(b) — f(a-b)] —&[f(a-b)]* (19)
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and also
a.fa-+b)f(a-b) = [(@0) = (@) — af @ HIFE) - afa D). (20)
These immediately imply the following In-Ex inequalities.
Corollary 7.1. (1) If f(a-b) < f(a) then
fla+b)f(a-b) < f(a)f(b) —elf(a-b)]* < f(a)f(b). (21)
If a =1 then
fla+0)f(a-b) = f(a)f(b) iff f(a) = fla-b) = f(b).
If a > 1 then
Fla+0)f(a-b) = [(@)f(b) if (@) = fa-b) = F(b) = 0.
(II) If af (a - b) < f(a) with o > 1, then
af(a+0b)f(a-b) = f(a)fb) iff fa) = af(a-b) = f(b).
Corollary 7.2. (i) If f(a-b) < f(a), then
fla+b)fa-b) < fla)f(b) —el[f(a-D)* < f(a)f(b).  (22)
(i) If af(a-b) < f(a) then
flatb)f(a-b) < > f(a)f(b). (23)

Needless to say, when o > 1, the assumption that af(a-b) < f(a) is
much stronger than that of f(a-b) < f(a). In particular, for XOR operation,

this will generally NOT be true.
Examples with a =1 and ¢ =0

(i) If (S,+,-) = (F(X),U,N) and f(-) = #(:), then we have

#(AUB).#(ANB) = #(A).#(B) —#(ANB)#(ANB°) < #(A) #(B) (24)
(ii) If S = F, a o-field in P(X), (+,-) = (U,N) and f(-) = P(-) a probability

measure, then

P(AUB)P(ANB) = P(A)P(B) — P(A°NB)P(ANB°) < P(A)P(B) (25)
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(iii) If S =R, (+,-) = (max, min) and f = identity, then
max(a,b) - min(a, b)) = a-b — (a — min{a, b})(b — min{a,b}) = ab (26)

The latter follows from the fact that a —min{a, b} = max{a—b,0}, therefore
we get to [a — min{a,b}|[b — min{a,b}] =0.

(iv) Applying (iii) to integer prime powers we arrive at
[a,b](a,b) =a-b.

As such we actually have equality in the latter two “inequalities”.

(v) Let S be the collection of all subspaces of a vector space U, with V +W
being the vector space direct sum and V-W = VNW. Then f(V) = dim(V)
is a valuation on S, and

dim(‘/l—i-VQ)d’im(Vlﬁ‘/Q) = dzm(Vl)dzm(Vg) — [dim(Vl)—dim(Vl N Vz)]
«[dim(Vy) —dim(Vi A V3)]
< dim(Vy)dim(V3).

8 InEx equalities and inequalities for n < 3.

Consider InEx equation for three elements

fla+b+e) = fla)+ f(b) + fc) — a[f(ab) + f(ac) + f(be)] + o f(abc).

There are numerous equalities that follow from it, and some of these are non-
trivial. Also the difference between the cases where a = 2 (XOR operation)
and a # 2 becomes striking.

8.1 InEx equalities

We first present some of necessary equalities that must hold as a consequence
of InEx for an «a-valuation with a > 1.

L. flab+a) = f(a) = (@ —=1)f(ab) = f(a),

which we refer to as a “weak version” of InEx. This in turn implies

2. fa+a)=(2—a)f(a) and thus f(a+a) = f(a) iff a = 1.
For the XOR operation, this means that f(a +a) = 0.

3. fla+b+b)=f(a)+(2—a)f(b) — a(2 — «)f(ab).
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4. We also have

flab+ac) = f(ab+ ac+bc)+ a(2 — a)t — f(bc)
= f(ab+c) + f(ac) — f(c).

where t = f(abc). Now if af (ab) < f(b) for all a and b then at < f(ab)
as well as at < f(ac). We then have f(ab+ac) = f(ab)+ f(ac) —at >
at + at — at = at. In particular, for a > 1,

(27)

f(abe) < af(abe) < f(ab+ ac).

5. The following identities follow from InEx and can actually be used to
characterize it for an a-valuation.

fla) = flab+ac) = fla+c) = flab+c)+ (a—1)f(ac)

fa) + f(e) = f(ac) — f(ab+c). (28)

Lemma 8.1. The following are equivalent for o > 1 and n = 3:

(1) InEx identity
(i) f(a) — f(ab+ac) = f(a+¢) — f(ab+c) + (o — 1) f(ac) and
Flab+a) = (1— a)f(ab) + f(a) -
29

Proof. The necessity follows from the above equalities (28)). For suffi-
ciency, suppose holds, and set ¢ = b. Then we get f(a) — f(ab+
ab) = f(a+b) — f(ab+b) + (a — 1) f(ab) in which we substitute the
weak InEx identity f(ab+b) = (1 —«)f(ab) + f(b) to give the desired
result. O

8.2 InEx Inequalities

We next come to some of the inequalities spawned by InEx. First, we note
that f(a+b) — f(a) = f(b) — af(ab), with a > 1, ensures that

af(ab) < f(b) < f(a) < fla+b). (30)
A useful consequence is

Corollary 8.1.

t = f(abe) < af(abc) < f(ab) < f(ab+ ac). (31)
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We also have

Lemma 8.2. Let af(ab) < f(a) with « > 1. Then all the following state-
ments hold.

(i) f(ab) < f(a) for all a and b,

(ii) f(a(b+¢)) < f(a) for all a,b and c,

(7ii) f(ab+c) < f(b) + f(c) — f(bc) for all a,b and c,

(v) flab+c) < f(b+c)+ef(be) for all a,b and c,

(v) f(ab)—af(abe) < f(b)— f(bc) for all a,b and ¢ (monotonicity inequality)

Proof. (i) holds and also clearly (i) implies (ii). The equivalence of (ii), (iii)
and (iv) follows at once from the identity:

0< f(8)— flab+be) = F(b+e)— flab+e)+e f(be) = F(B)-+£(c)— f (be)— flabe).
The equivalence of (ii) and (v) follows from the identity
0 < f(b) = flab+bc) = f(b) — f(ab) = f(be) + af (abe).
O

For a = 1, we may combine Lemma (v) with the inequality . In
addition, the monotone inequality corresponds to ¢ < ¢+ r in the following
Venn diagram.

A
S— W
AN

C
Figure 1: Three sets
Furthermore, it is clear from that
0 < a*f(abe) < af(ab) < f(a)
and

3a’f(abe) < a[f(ab) + f(ac) + f(be)] < [f(a) + f(b) + f(e)].-
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8.3 Generalizations of the InEx Inequality to 3-d.

Let us now examine possible generalization of the 2-d InEx inequality

fla+1b)f(ab) < f(a)f(b), (32)

to the sum f(a + b+ ¢), assuming that o = 1 and f(ab) < f(a).

There are numerous “sharp” generalizations, that all reduce to ,
when two of the variables are set equal. We shall present three of these
under the assumption that the addition is also idempotent.

Our first method is to replace b by b + ¢ in the inequality . This
gives

fla+b+o)flalb+ )] < fa)f(b+ o), (33)

which we combine with
f(abe) < f(ab) < f(ab+ac) (34)
to arrive at
fla+b+o)f(abe) < fa+b+)flalb+o) < f@)fb+e).  (35)
Rotating the variables we may conclude that
Jla+b+c)f(abe) < min{f(a)f(b+ ), f(b)f(a+ ), f(e)flatb)}. (36)
This result is sharp, in the sense that if we set b = ¢, this reduces to
f(a+b)f(ab) < min{f(a)f(b), F(b) f(a+b), F() fa+b)} = F(a)f(b).

as f(a) < f(a+b).
Alternatively, we may multiply by f(bc) and use InEx identity for
n = 2, to arrive at

fla+b+c)f(abe)fbe) < f(a)f(b+c)f(be) < f(a)f(b)f(c).  (37)
Rotating the variables then yields

fla+b+c)f(abc) max{f(ab), f(ac), f(bc)} < f(a)f(b)f(c). (38)

Setting b = ¢, shows that f(a + b)f(ab)max{f(ab), f(ab), f(b)} <
f(a)f(b)f(b), which reduces to (32). Based on the inequalities that we
have seen for the additive case, it would be natural to expect that for a
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sub-multiplicative valuation, with f(ab) < f(a) and one may expect the
following to hold

fla+b+c)f(ab)f(ac)f(be) < f(a)f(b)f(c)f(abe). (39)

However, numerical tests prove that this is not true, even for probability
measures. In fact, the inequality

(t+p+qg+r+s+u+v)t+q)t+s)(t+u) <

40
<ttt prats)(ttqrrtu(ttstuto) (40)

is violated when weset p=q=r=s=u=v = 1—10 and t = ﬁ for instance.

However, a slight perturbation from this does hold as below.

(t+p+qg+r+s+ut+v)[t+q)(t+s)(t+u)—gsu] <

<tlt+p+q+s)t+qg+r+u)(t+s+u+v)+gsul (41)

We may re-express this as

fla+b+c)[f(ab)f(ac)f(be) — gsu] < f(abe)[f(a)f(D)f(c) + gsul, (42)

where g = f(ab) — f(abc),s = f(ac) — f(abc) and u = f(bc) — f(abc). If we
set b = ¢, then ¢ = 0, and we are back to n = 2 case.

Note that the outer layer of “petals” are p,r and v while the inner layer
is made up of ¢, s and u. The sum ab + ac + bc corresponds to the inner
“flower” of the Venn diagram, made up of the petals ¢, s, u and t. The proof
of the inequality will be given later when we actually clarify when the
equality holds.

Examples

(i) For a probability measure, we may state:

P(AUB)P(ANB) < P(A)P(B) (43)
with the equality holding if and only if P(A\ B) =0= P(B\ A). Also we

have

P(AUBUC)P(ANBNC) < min{P(A)P(BUC), P(B)P(AUB), P(C)P(AUB)}
(44)
as well as

P(AUBUC)P(ANBNC) max{P(ANB), P(ANC), P(BNC)} < P(A)P(B)P(C).
(45)
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(ii) For a probability measure, the inequality becomes

P(AUBUC)[P(ANB)P(ANC)P(BNC)
~[[P(AN B) = P(ANBNC)][[P(ANC) = P(AN BN O)] (46)
x[P(BNC)—~ P(ANBNC)]|| < P(ANBNC)[P(4)P(B)P(C)
+[P(ANB)— P(AUBUQ)|[P(ANC)—-P(ANBNC)
x[P(BNC)—P(ANBNC)],

which reduces to when B = C.
To see when we actually achieve equality in , we start by expressing
both sides as polynomials in t. We let

(t+p+qg+r+s+u+o)[(t+q)(t+s)(t+u)— gsul
=t festd +egt’ et +eg— fla+b+c) qsu

and set
t{(t+p+q+s)(t+q+r+u)(t+s+utv)+gsu] =t 4 fst3 + fot® + fit+t.qsu.
For the two sides to be equal we must have

(fzs—e3)t 4+ (fa—ea)t? + (fi —en)t +qsut + fla+b+c).qgsu—ey = 0. (47)

Now note that f3 = es while fo — ey = (pu+ qu + rs) + (pr + pv + rv),
eo = [f(a+b+c)—t](gsu) and f1 —e; = X\ — 2qsu, where

A = (pqu + pvu) + (prs + pru) + (rsv + rvg) + (q2v + u?p + s%r) + pro.
Substituting these gives

[(pu+ qu+rs)+ (pr+pv+ rv)]t2 + (A —2gsu)t + (gsu)t +
+fla+b+c)gsu —[fla+b+c)—tlgsu=0
and consequently
t[t(fo —e2) + Al = 0.

We can now conclude that the inequality must hold since the difference
between the two sides in is given by t[t(f2 —e2)+ A], in which each term
is non-negative.

We close by examining the equality case. Indeed, since all terms are
non-negative, they must vanish and we have the following two cases.
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Case (i) t = 0 or Case (ii) t # 0. In the latter case we must have fo = eo
and A = 0.
The equality fo = es ensures that

pu=0,qv=0,rs =0,pr =0,pv =0,rv =0. (48)

The first three contain “cross products” between inner and outer petals while
the latter three involve only the three outer petals. These conditions in turn
imply that A = 0.

Let us close with some relevant comments and open questions.

9

1.

Remarks and open Questions

We have seen a partial parallel between the additive and multiplicative
inequalities for valuations. It would be of interest to find more general
multiplicative inequalitiesfor valuations.

. In how far does convexity play a role? We have met the consequences

of composing an evaluation map with the exponential functions. If
would be interesting to explore the composition of an evaluation map
with other convex or concave functions.

Investigations into sub-valuation for which f(a +b) < f(a) + f(b) —
af(a-b) would be of interest. The catch, however, is that inequalities
cannot be lined up in this case.

Do analogous inequalities exist for multinomial coefficients?

. The derivation of the valuation inequalities may be done by replacing

the assumption that an additive inverse exists, by the assumption that
a partial order exists.
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