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Resumo:

As restrigdes de Virasoro para os invariantes de Gromov-Witten sdo um
topico que tem estado ligado desde o inicio ao desenvolvimento da teoria de
Gromov-Witten. Neste artigo vamos sintetizar alguns dos desenvolvimentos
recentes no estudo das restrigdes de Virasoro no mundo paralelo das teorias
de contagem de feixes e representacoes de quivers. Damos uma visdo histé-
rica do tépico e explicaremos os resultados precisos no contexto de espacgos
moduli de representacdes de quivers. Vamos ainda discutir a vertex algebra
que controla fenémenos de wall-crossing, que é a principal ferramenta na
prova dos resultados existentes.

Abstract

Virasoro constraints for Gromov-Witten invariants is a topic that has
been tied together with the development of Gromov-Witten theory. In this
paper we survey the recent developments in analogous Virasoro constraints
in the parallel world of sheaf and quiver representations counting theories.
We give a historical overview of the subject and explain the precise state-
ments in the setting of moduli spaces of representations of a quiver. We
discuss the wall-crossing vertex algebra, which is the main tool in the exis-
ting proofs.
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1 Introduction

1.1 Enumerative geometry and moduli spaces

Enumerative geometry is a very classical subject and it has been greatly
influential in the development of Algebraic Geometry since the 19th century.
In its classical form, the goal is to count the number of geometric objects with
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given properties. One beautiful theorem from the early days of enumerative
geometry is the following:

Theorem 1.1 (Cayley-Salmon). Let X C P3 be a smooth cubic surface.
Then X contains exactly 27 lines.

In the early 90s, the field was revolutionized by the introduction of ideas
coming from string theory; physicists Candelas-Ossa-Green-Parks [CdIOGP]
were able to predict the answer to a classical problem (counting rational
curves on a quintic 3-fold) using the idea of mirror symmetry in string
theory. Their prediction was then proved mathematically by Givental [Giv1].
Witten’s conjecture [Wit], which we will discuss in Section 2, was another
striking mathematical conjecture inspired by physical ideas, and it is the
beginning of the story of Virasoro constraints in enumerative geometry.

Along with the new physical input, mathematicians developed powerful
tools to define and study new enumerative invariants. In the modern appro-
ach to enumerative geometry, moduli spaces play a crucial role. A moduli
space M is simply a space that parametrizes some sort of geometric objects.
Enumerative invariants are typically numbers that one can extract from a
moduli space. This may be achieved using intersection theory, by integra-
ting naturally defined cohomology! classes D € H®(M); it is often the case
that the moduli space is not smooth but we can still integrate using a virtual
fundamental class [M]Y" € Hq,(M), constructed by Behrend—Fantechi [BF],
and define numbers

/ - D:=deg (DN [M]'™) €Q.
[M]vis

The Virasoro constraints are explicit and universal relations among all
these numbers when we vary D.

Example 1.2. Let M = Gr(C%,2) be the Grassmannian, which parametri-
zes 2-dimensional subspaces of C* or, equivalently, lines on P3. The Grass-
mannian has a rank 2 tautological bundle F € C* ® Oy whose fiber over
a point is identified with the corresponding subspace of C*. Given a cubic
surface X C P3, the loci of points in M corresponding to lines contained in
X is the vanishing loci of a section on the rank 4 bundle Sym?(F"). Hence,
for a generic X, we expect that the number of lines in X is

/ cs(Sym3(FVY)) = 27.
Gr(C4,2)

!Throughout this paper, cohomology is always with Q coefficients, i.e. H®*(M) =
H*(M, Q).
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The number can be calculated via Schubert calculus. The special feature of
Theorem 1.1 is that it holds for every smooth X, and not only for a generic
one.

1.2 Outline of the paper

This paper is a survey of the recent advances in the series of papers
[MOOP, Mor, vB, BLM, Boj, LM] in conjecturing and proving Virasoro
constraints for moduli spaces of sheaves and representations of quivers. In
Section 2 we will discuss the origin of Virasoro constraints in enumerative
geometry, which is Witten’s conjecture and its generalization to Gromov-
Witten theory. In Section 3 we start discussing the more recent develop-
ments in sheaf theory, the relation with Gromov-Witten invariants via the
Gromov-Witten/Donaldson-Thomas correspondence, and we list the fami-
lies of moduli spaces for which the Virasoro constraints have been proven.

In the last two sections we specialize the discussion to the case of moduli
spaces of representations of quivers (without relations). These are a simpler
analogue of moduli spaces of sheaves, and most of the features of Virasoro
constraints can be explained in this setting. In Section 4 we give a precise
formulation of the constraints proven in [Boj, LM].

Finally, Section 5 is about wall-crossing and Joyce’s vertex algebra [Joy2,
Joyl, GJT]. It was discovered in [BLM] that Joyce’s vertex algebra is closely
related to the Virasoro constraints. The wall-crossing formulas proven by
Joyce are the main tool in proving most of the known cases of Virasoro
constraints in sheaf/quiver theories. We explain the idea of the proof in the
quiver setting.

2 Witten’s conjecture

In 1990, Witten [Wit] made a striking prediction about integration on the
moduli space of stable curves mg,n- His idea came from two dimensional
quantum gravity, which roughly can be thought as a theory of integration
over the (infinitely dimensional) space of Riemannian metrics on a surface.
He argued that this physical theory could be modeled mathematically in
two ways. On one hand, it could be modeled by approaching the space of
Riemannian metrics by a space of triangulations (a triangulation gives a
metric which is flat in the interior of the triangles and singular along the
edges); this idea establishes a connection to matrix models. These matrix
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models were known at the time to produce a solution to the Korteweg—de
Vries (KdV) hierarchy or, equivalently, to the Virasoro constraints.

On the other hand, supersymmetry indicates that the integral over the
space of all metrics should localize to an integral over the space of confor-
mal metrics, which is finite dimensional. Mathematically, this can be made
precise by considering integration over the Deligne-Mumford moduli space
of stable curves

M = Cap17"‘7p ‘ 5
g {( n) P1y---3Pn S CmeOth, #Aut(C’,pl, e

These are smooth and projective Deligne-Mumford stacks (or orbifolds).
Over the moduli of stable curves there are line bundles Ly, ..., L, defined
by

(L/L‘)(C,pl,.,.,pn) = TP\ZC '

The first Chern class of these line bundles ¢; = c¢1(L;) € H*(M,,) are
called the psi classes. We can integrate them to define numbers:

<Tk1‘..7kn>g:/M Wk € Q. (1)

These are the Gromov-Witten invariants of a point. Now, Witten’s predic-
tion was that if one organizes these numbers correctly we should also get a
solution to the KdV hierarchy, or to the Virasoro constraints! Define the
generating function

F=Y w2 % M<Tk1"‘7kn>g
g,n>0 k1,ekn >0 n

and let Z = exp(F). Both F and Z are generating series in the formal
variables u and t1,to,...; Z is called the partition function. For n > —1, let
L,, be the differential operator

o) 1 9 On,—1T7

C nodal curve of genus g, }
,Pn)

Z 8Tk6Tl+ z; (2k+1)Top41

k+l 2n aT2k+2n+1 _ﬁ 8T2n+3 4

where Thp41 = tk/(Qk + 1)”
Remark 2.1. These operators satisfy the Lie bracket relation

[Lyp, Lin] = (n —m) Ly, for n,m > —1.
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The Virasoro Lie algebra Vir is the Lie algebra spanned by {L, },cz and a
central element C' with Lie bracket given by

TL3*’I’L

12

[Ln, Lm} = (Tl — m)Ln+m + 5n+m:0 C.

Thus, the operators L, define a representation of the Lie subalgebra
Vir>_; C Vir spanned by {L;}n>—1. It was observed in [Get] that one
may extend this to a full representation of the entire Virasoro algebra with
central charge 1 (i.e. C acting as the identity). However, the Virasoro
operators L, with n < —1 do not impose new constraints.

Witten’s conjecture was proven by Kontsevich, and it says the following;:

Theorem 2.2 ([Kon]). For every n > —1 one has

Ln(Z)=0.

2.1 The string equation

The case n = —1 of Theorem 2.2 is known as the string equation and it
was proved by Witten in [Wit]. By taking the tg, ...t, coefficient, it is
equivalent to the statement that

n

n

(T0Thy - - .Tkn>g = z (Thy - Thy—1 - - - Tkn>g (2)

=1

for 2g — 2 4+ n > 0, together with the exceptional case

<7’0T07'0>0 =1.

This equation is much easier to prove than the general case of Witten’s
conjecture, and it follows from an analysis of the geometry of the map
ﬂg,nﬂ — Mg,n which forgets one of the marked points and stabilizes the
resulting curve.

To make a connection with how we will later write the Virasoro cons-
traints for sheaves and quiver representations, let us write down the string
equation in the language of the descendent algebra. Define the descendent
algebra DV to be the polynomial algebra in infinitely many variables

DWit — Q[ro, 11,72, . . ]
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For each genus g, we have a linear map (-),: DWVi* — Q defined on mono-
mials 7y, ... 7k, by integration over M, ,, cf. (1). Then the string equation
(for g > 0, so that we can ignore the exceptional case) can be written as

((R_y — TO)D>g =0 for every D € DVI*, g > 0.

It is possible to formulate Witten’s conjecture in the same spirit for every
n, see [MOOP, Proposition 5].

2.2 Generalization to Gromov-Witten theory

In 1997, Eguchi-Hori-Xiong [EHX] proposed a generalization of Witten’s
conjecture to the Gromov-Witten theory of an arbitrary (smooth, projective)
target variety X. In Gromov-Witten theory, one considers the moduli spaces
of stable maps

mg,n(X7 5) :

Its points parametrize (marked) curves together with a map f: C' — X in
curve class (3, i.e. with f,[C] = 8 in Hy(X;Z). Gromov-Witten invariants
are obtained by integrating psi classes together with pull-backs of cohomo-
logy classes from X via the evaluation maps ev;: My, (X,3) — X. The
moduli spaces of stable maps are often not smooth, so the integration needs

to be done in a virtual sense. The Gromov-Witten invariants are

GW

_ o ki oo (.
<Tk1 ('71)...Tkn(7n)>gﬁ = /[Mg’n(X’B)}Viri:Hl% ev; (i) € Q (3)

where k; > 0 and ; € H*(X). When X is a point we recover the integrals
over the moduli of stable curves that we discussed before. We refer the
reader to Chapters 25 and 26 in [HKK™] for a gentle and more detailed
introduction to Gromov-Witten invariants.

After one organizes the Gromov-Witten invariants into a generating se-
ries ZX, which is called the partition function, the general Virasoro cons-
traints are the conjecture that for n > —1

LXzX%) =0

where L:X are some explicit differential operators. The reader can find the
precise form of the operators in [Get].

There are two large families of varieties X for which the Gromov-Witten
Virasoro conjecture is known: X with semisimple quantum cohomology (this
includes any toric variety and Grassmannians, for instance) [Giv2, Tel] and
curves [OP]. Apart from those, it is a widely open problem.
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3 Virasoro constraints in sheaf and quiver theo-
ries: overview

Recently, there has been a proposal of Virasoro constraints in a new setting:
moduli spaces of sheaves and moduli spaces of quiver representations. For
now, we want to explain how the constraints were first discovered in this
setting, give a rough idea of what they look like, and list the cases in which
the constraints are proven.

3.1 Gromov-Witten/Donaldson-Thomas correspondence

Maulik, Nekrasov, Okounkov and Pandharipande [MNOP1, MNOP2] con-
jectured that the Gromov-Witten invariants of a 3-fold X should be related
to the Donaldson-Thomas invariants of the same 3-fold; we refer to this as
the GW/DT correspondence. Donaldson-Thomas invariants are a different
kind of enumerative invariants, defined by integration over moduli spaces of
ideal sheaves, instead of stable maps. Given a curve C' C X, we denote by
Ic its ideal sheaf. For each m € Z and € Hy(X;Z) we have a moduli
space

I (X,B8) ={Ilc: C C X a l-dimensional subscheme, [C] = 3, x(O¢) = m}.

There is a universal curve C C I,,(X,3) x X and a universal ideal sheaf
Ic on I,,(X,5) x X. The universal ideal sheaf may be used to construct
natural cohomology classes

chy(y) = mpe(chi(Ie)mx ) € H* (I (X, B))

where k£ > 0 is an integer, chi(I¢) € H®*(In(X, 5) x X) denotes the k-th
Chern character of the sheaf I, v € H*(X) and 77, mx are the projections
of I,(X,5) x X onto I,(X,B) and X, respectively. The moduli spaces
I, (X, ) have a virtual fundamental class and the Donaldson-Thomas in-
variants are defined to be

[ )., () € Q. (4)
[Im (X, 0)]Vi"

The correspondence proposed in [MNOP1, MNOP2| states that there is
a universal way to determine all the Gromov-Witten invariants (3) from
the Donaldson-Thomas invariants (4), and vice-versa. The conjectured
correspondence is quite complicated. In involves taking a fairly strange
change of variables ¢ = e~" to relate two generating series and it involves
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a complicated transformation to convert the Gromov-Witten descendents
Ty (V1) - - - Tk, (9n) into Donaldson-Thomas descendents chy, (1) . . . chy, (7n)-

In light of this, there is a very natural question: can the Gromov-Witten
Virasoro constraints be moved to the Donaldson-Thomas side? What do
they say? Oblomkov, Okounkov and Pandharipande were able to guess a
precise conjecture that first appeared? in [Pan].

The understanding of the GW /DT correspondence has improved a lot
since it was first proposed, and this allowed to partially establish the connec-
tion between Virasoro constraints for Gromov-Witten and for Donaldson-
Thomas invariants.

Theorem 3.1 ([MOOP, Theorem 5]). Suppose that the GW/DT corres-
pondence holds. Then the Gromov-Witten Virasoro constraints in the sta-
tionary regime® and the Donaldson-Thomas constraints in the stationary
regime are equivalent.*

A consequence of this are the stationary Virasoro constraints for
Donaldson-Thomas invariants of toric 3-folds, since both the GW /DT cor-
respondence and the Virasoro on the Gromov-Witten side are known.

3.2 Universal constraints

It turns out that Virasoro constraints are present (or at least expected to be)
in a much more general family of moduli spaces, which includes the moduli
of ideal sheaves used to define Donaldson-Thomas invariants. It was noted
in [MOOP, Mor| that the Virasoro constraints for Pandharipande-Thomas
invariants (a closely related cousin to Donaldson-Thomas invariants) imply
similar constraints for Hilbert schemes of points on surfaces. Work of van
Bree [vB] conjectured and gave strong numerical evidence that moduli spaces
of stable torsion-free sheaves on surfaces should also be constrained.

This lead to the general conjectures appearing in [BLM], which apply to
a large family of moduli spaces. It applies to moduli spaces of sheaves (on
curves, surfaces, ideal sheaves on 3-folds, etc.) but also to many variations:

2The author explains that they made this conjecture roughly 10 years before the paper,
so around 2007.

3Stationary regime means essentially that we only consider invariants (3) and (4) with
v € H=*(X). Away from the stationary regime, the GW/DT correspondence is poorly
understood.

“The results in [MOOP] are stated for Pandharipande-Thomas invariants rather than
Donaldson-Thomas invariants, but in the stationary case these are essentially the same
by [OOP, Theorem 22].
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sheaves with or without fixed determinant, moduli spaces of pairs, moduli
spaces of quiver representations, moduli spaces of sheaves with Oh-Thomas
virtual fundamental classes, moduli spaces of Bridgeland stable objects, and
moduli spaces of parabolic bundles on curves. We remark that this general
setting does not apply to Gromov-Witten theory, in which Virasoro cons-
traints have a fundamentally different flavour.

In the next section we will explain the precise conjecture in the setting
of quivers. For now, we shall only describe its general shape. Given a mo-
duli space M of sheaves or quiver representations, there are certain natural
cohomology classes we can construct on M; for example in the Donaldson-
Thomas case those were chy(y). We write this in terms of a descendent
algebra D which admits a realization map D — H®*(M). If M has a virtual
fundamental class, we get numerical invariants f[ M]vir D € Q by realizing
D and integrating it. The Virasoro constraints are universal and explicit
linear relations among such numbers. We always describe them analogously
to how we wrote the string equation in Section 2.1. We define some operator
(or operators) L: D — D and formulate the constraints as

/ L(D)=0 forevery DeD.
[M]vnr

The operators L will be defined in terms of some canonical representation
{Lp}n>—1 of Vir_; on D. Depending on the context, L might be precisely
L., but it might also be a small perturbation or a combination of all the L,
operators.

Remark 3.2. The sheaf/quiver Virasoro constraints relate invariants de-
fined by integration on a single moduli space. The same is not true for
Gromov-Witten theory: for instance in the string equation (2) the left hand
side is defined by integration in M, ,+1 and the right hand side by integra-
tion in My ,,. This is a hint that the sheaf/quiver Virasoro constraints are
in some sense simpler.

We list now the cases in which the Virasoro constraints have been proven
in the past few years:

1. Donaldson-Thomas and Pandharipande-Thomas invariants on toric 3-
fold X in the stationary regime [MOOP].

2. Hilbert scheme of points on a surface S with h1(S) = 0 [Mor].5

5Joyce announced that he is able to remove the assumption k' (S) = 0 in upcoming
work [Joy3].
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3. Moduli of stable bundles on a curve [BLM].

4. Moduli of Bradlow pairs on a curve [BLM]. This was conjectured by
van Bree in [vB].

5. Moduli of torsion free stable sheaves on a surface S with h%!(S) =
h%2(S) = 0 [BLM].

6. Moduli of Bradlow pairs on a surface S with h%1(S) = h%2(S) = 0

[BLM]. In particular they hold for the nested Hilbert schemes S [BO,m}
on such surfaces.

7. Moduli of 1-dimensional sheaves on a surface S with h%1(S)
h%2(S) = 0 [BLM] provided the technical condition [BLM, Assump-
tion 5.7] holds. When S = P2, S = P! x P! or S = Bl (P?) this is
shown unconditionally in [LM].

8. Punctual Quot schemes on a curve or on a surface with h%2(S) = 0
[BLM] holds.

9. Moduli spaces of quiver representations, possibly with relations [Boj,
LM].

In Section 5 we will sketch the proof of (9). The ideas explained there
are the main tool used in the proof of results (3) — (9).

4 Virasoro constraints for moduli of quiver repre-
sentations

In this section we define moduli spaces parametrizing representations of a
quiver and give a precise formulation of the Virasoro constraints in this
setting.

4.1 Moduli spaces of quiver representations

A quiver is a directed graph, which we write as a 4-tuple @ = (Qq, @1, s, t)
where Q9 and () are the sets of vertices and arrows, respectively, and
s,t: Q1 — Qo are the functions assigning to an arrow its source and target,
respectively.

A representation V of a quiver is an assignement of a vector space V, to
each node v € Qo and linear maps fe: Vi) — Vi) to each arrow e € Q.
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Given a representation V', we say that (dim(V},)),cq, € Zgg is the dimension
vector of V. A morphism bewteen representations V' and W consists in a
collection of maps V,, — W, for each v € Q)¢ that makes all the maps assign
to the edges commute. Thus, representations of a quiver ) form an abelian
category Repg.

The construction of well-behaved moduli spaces of quiver representations
requires the choice of a stability condition. Given a choice of weights 6 =
(Ov)veqo € R0 one defines the slope of a representation by

> veq, O dim(Vy)
ZUEQO dlm(Vv)

Note that this only depends on the dimension vector of V', so we will also
write pg(d) for d € Z90 with the obvious meaning.

po(V) =

Definition 4.1. A representation of a quiver V is said to be #-semistable if
(W) < pg(V) for every 0 #W C V.
It is said to be #-stable if the inequality above is strict for every W C V.

Given a dimension vector d € Zgg let

Zg—st C Zz—ss C H Hom(Cds(e)’Cdt(E))
e€Q1
be the subsets of f-stable and #-semistable representations. Note that some
of these representations are isomorphic, so we can construct a moduli space
parametrizing (S-equivalence classes of) f-semistable representations by ta-
king the quotient (in the sense of geometric invariant theory [MFK])

Mg—ss — Zg—ss // Gd
by the natural action of
Gq = H Hom(C%,C%).
v€Qo

We refer to [Kin] for further details on the construction. Similarly we may
define Mg_St - Mg_ss; when Mg_ss = Mg_St we will sometimes abbreviate
to Mg . When the quiver @ is acyclic (i.e. it does not contain oriented
cycles), the moduli spaces MgiSS are projective. When 6 and d are such
that there are no strictly semistable objects (i.e. Zg_St = Zg_ss) the moduli
space M g is smooth of dimension

L+ Y dyeydey = Y dy-

ecQ1 v€Qo
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Example 4.2. Let Ky be the Kronecker quiver, with two vertices {1,2}
and N arrows from 1 to 2:

Let 0 = (01, 02) with 6; > 6. Then the moduli of quiver representations
M, 1y (Kn) ~ Gr(CN, k),

is the Grassmannian parametrizing k dimensional subspaces of C.

Example 4.3. Let () be an acyclic quiver. Then it is possible to choose
a stability condition 6 which is increasing along the edges, meaning that
O¢(e) > Os(e) for any e € Q1. As shown in [GJT, Proposition 5.6], for such

stability conditions, Mg_St is a point when there is a v € @y such that
dy, = 1 and dy, = 0 for w # v; otherwise, MgiSt is the empty set.
4.2 Descendent algebra

Let M =M g be a moduli space of #-stable quiver representations on @ and
assume that M g‘St =M fl)‘ss. We have a universal representation V on M,
which consists of a collection of vector bundles F, of rank d,, for each v € Qg
and maps pe: V) — V() for each e € Q1. We can produce cohomology
classes in H®*(M) by taking Chern classes of the bundles V,. This motivates
the definition of the descendent algebra.

Definition 4.4. Let ) be a quiver. The descendent algebra of (), denoted
by D@, is the free commutative Q-algebra generated by symbols

{chk(v) ’ keZso, ve Qo} )
The universal representation V defines a realization homomorphism
&y: D9 — H*(M)
defined on generators by

chi(v) = chi(Vy) .
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An important subtlety is that the universal representation V is not unique.
If L is any line bundle on M, then (V, ® L),cq, defines a new universal
representation. This issue can be addressed in two ways: either we fix a
choice of universal representation in some way, or we consider the weight
0 descendent subalgebra on which &), does not depend on the choice of V.
This subalgebra is defined concretely as follows:

DY, = ker (R_1: DY - D?) c DY

where R_q is a derivation that we define later in Definition 4.5. This su-
balgebra has the property that &, (D) does not depend on V for D € ngto.
Hence we get a well-defined homomorphism

& DY — HY(M).

wto

4.3 Virasoro constraints

To formulate the constraints we define a representation of Vir_; in D as
follows:

Definition 4.5. Define the Virasoro operators {L, |n > —1} on the des-
cendent algebra DY as a sum of two operators L, = R,, + T,,. First, R, is a
derivation operator such that

Rn(chg(v)) = k(k+ 1) (k4 n) chgppn(v).
Second, T,, is a multiplication operator by the element

T, = Z alb! Z chg (v)chy(v) — Z chy(s(e))chy(t(e))

a+b=n 1€Qo e€c@Q1

We also define the weight 0 Virasoro operator

Lyt = Z ﬂL o R
wtg — n -1 -
el (n+1)!

It is a nice exercise to check that the commutator of these operators is
L, L] = (m — n)Lygmm -

This is not quite a Virasoro representation as we defined earlier due to a
sign difference, but it is very close; indeed, it means that the dual operators
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L,/ define a representation of Vir_; on (}D)Q)v. It also follows from those
commutator relations that R_j o Lyt, = 0; hence, the image of Ly, is con-
tained in DY, , so the realization & (Lwto (D)) € H*(M) is well defined. We

wtg?
are ready to formulate the Virasoro constraints.
Theorem 4.6 ([Boj, LM]). Let @ be an acyclic quiver, d € Zgg a dimension
vector and 6 € R9 a stability condition such that Mg_ss = Mg_St. Then

/ (&(Lwio(D)) =0 for every D € DY.
d
When there is some vertex vy such that d,, = 1, we may give an equiva-
lent formulation by fixing a normalized universal sheaf.

Theorem 4.7. Let ) be an acyclic quiver, d € Zgg a dimension vector
and 6 € R9 a stability condition such that Mgfss =M g —St Suppose that
there is v9 € Qo such that d,, = 1 and let F be the (unique) universal
representation on M9 such that V,, is the trivial line bundle.

Then

/ , &(Lo(D)) =0  for every D € D? and n > 0.
Md

Example 4.8. We illustrate how the Virasoro constraints look like for M =
Gr(C*,2), see Examples 1.2 and 4.2. Let V be the universal representation
over M = M(9271)(K4), where K, is the Kronecker quiver in Example 4.2,
normalized by asking that Vs is the trivial line bundle. Then F =V is the
tautological vector bundle (recall Example 1.2) and the 4 universal maps
are obtained by composing F C C* ® Ogr(ct,2) with the 4 projections onto
the coordinate axis C* ® Ogr(ct,2) = Ogr(ct,2)-

For convenience denote p, = klchi(1) € DX¢. We will omit the
realization morphism &y, so pi also denotes klchiy(V1) = klchgy(F) €
H?#(Gr(C*,2)). We have

0= / Li(p}) =3 / i
Gr(Ct.2) 1(p1) Gr(C4.2) p1p2

0= / La(p?) = 2/ P1p3 +/ pi
Gr(C%,2) Gr(C4,2) Gr(C4,2)

0= / Li(pip2) = / P+ 2/ P1P3
Gr(C%,2) Gr(C%,2) Gr(C4,2)

0= / Ls(p1) = / Pa+2 pips.-
Gr(C4,2) Gr(C4,2) Gr(C4,2)
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By further using that fGr(C4 2 p} = 2 [EH, Exercise 4.38] we determine all
the integrals of descendents using the equations above:

/ p‘f:2:/ 3, / pips = —1, / p4:0:/ pips .
Gr(C4,2) Gr(C4,2) Gr(C4,2) Gr(C4,2) Gr(C4,2)

It is shown in [LM] that the Virasoro constraints for the Grassmannian
recover all the descendent integrals up to a constant, as illustrated above in
the case of Gr(C%,2). The same is not true for other quivers. Indeed, the
descendent integrals on M g will depend heavily on the choice of stability
condition #, but the Virasoro constraints are completely independent of 6!

5 Wall-crossing and the vertex algebra

5.1 Wall-crossing and flips

We have seen that the construction of moduli spaces of representations
Mgfss depends on a choice of a stability condition § € R90. Wall-crossing is
essentially the study of how the moduli spaces and corresponding descendent
integrals change when 6 changes.

Example 5.1. Consider the Kronecker quiver and Examples 4.2 and 4.3:
they say that M (‘9k 1)(K n) is the Grassmannian when 6; > 62 but empty if
01 < 0. There is a drastic change when we cross the wall

{(01,602): 0, = B} C R%0

in the space of stability conditions. We call the regions {0: 6; > 63} and
{6: 01 < 62} chambers. For 6 on the wall, uy is constant so every represen-
tation is semistable, but only the representations with total dimension 1 are
stable.

More generally, the space of stability conditions R%0 is divided into
chambers by walls of the form

W(dy,d2) = {6 € R9: pig(dy) = po(da)} -

The moduli spaces M§ do not change unless we cross a wall W (dy, d2) with
d = dy 4+ dy. Studying what changes when we cross a wall is a great tool
to understand moduli spaces since sometimes we can wall-cross to a much
simpler moduli space.
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Example 5.2. Consider a quiver with 3 vertices {1, 2,3} with any number
of arrows 1 — 2 and 2 — 3, and let d = (2,1, 1). There are 5 possible walls
for the moduli spaces M g:

Wi =W((1,0,0),(1,1,1)), Wo = W((1,1,0),(1,0,1)), W53 = W((0,1,0),(2,0,1))
Wy, =W((0,0,1),(2,1,0)), Ws = W((2,0,0),(0,1,1))

In the figure below we represent the wall and chamber structure on the two
dimensional subspace 01 +63 +65 = 0 of the space of stability conditions R0
(note that the stability of representations is unaffected by adding a constant
to each entry of 6, so any stability condition is equivalent to one of these).

The shadowed region is the region of increasing stability conditions 87 <
0y < 03, see Example 4.3; the moduli spaces Mg are empty in this region.
Note that the wall W; = W5 is a double wall. The remaining ones are simple
walls in the sense that we explain below, and the dashed path between 6_
and 6 is a simple wall-crossing path; as we will explain now, M, 3’ and M 3*
are related by a flip.

— W= Ws= {6 =0}

W2 = {91 +292 = 0}

o -
~
“ W3 = {91 — 492 = 0}
1
L — W, = {50, + 46, = 0}
R4
pad
G
1
!
‘s
s‘ 0+

We describe now a situation in which wall-crossing can be understood
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very geometrically, which is that of simple wall-crossing. Let d € Zgg and
0_ and 0, two stability conditions. We make the following assumption:

(A) 6_ and 6 are not on a wall, so there are no strictly fi-semistable
representations.

(B) There is a continuous path of stability conditions 6, from 6y = 6_ to
01 = 64 which crosses a unique wall W (d,dz2) with di + ds = d. We
let @ be the stability condition at the intersection with the wall.

(C) We have
po_(d1) < po_(d2) and pg, (d1) > pe, (dz2).

(D) The path 6, does not cross any walls W (ds,ds) with d3 + dy = d; or
ds + dg = ds.

Denote

M_ =M, My =Mj*, My =M and My= M, .
Note that My and My are the same whether they are defined with 6_ or 6,
stability by condition (D). How do M_ and M differ? The representations
which are 6_-stable but not #,-stable are the non-split extensions of the
form
0=V =V =21—=0 (5)

where V7, V5 are f4-stable representations with dimension vectors dq, do, res-
pectively. Note that pg, (d1) > pe, (d2) is equivalent to pg, (d1) > g, (d), so
Vi destabilizes V' with respect to 6-stability. On the other hand, represen-
tations which are 6 -stable but not _-stable are the non-split extensions of
the form

0=V =V =1V —=0. (6)

Both of these families of representations are #-stable but not 6-semistable
for the stability condition # on the wall. The representations of the form
(5) and (6) define loci Z_- C M_ and Z, C My, respectively, and M_ \
Z_ = Mi \ Z;. Both Z. are projective bundles over M; x Mpy; their
fibers over (Vi,V3) are PExt!(Va, V1) and PExt!(Vi, V2), respectively. So
essentially we can control the “difference” between M_ and M, by the
“smaller” moduli spaces M7 and Ms. Indeed, Thaddeus proves a general
theorem [Tha] implying that M_ and M, are related by a flip. This means
that the blow-ups of M_ at Z_ and M, at Z, are the same space M, and
we have a flip diagram as follows:
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i

_ M+<—)Z+

M1><M2

The curved arrows are embeddings, the arrows from M to M, are blow-
ups and the exterior arrows are all projective bundles; Z is the common
exceptional divisor of the two blow-ups.

The flip diagram allows us to compare integrals on M_ and M, by
pulling back to M. The difference, of course, is related to integrals on M;
and Msy. However, sometimes it is not possible to connect two stability
conditions by simple wall-crossing paths. In Example 5.2 crossing the wall
W1 = Wjy is not simple wall-crossing because it is a double wall; successive
extensions of V1, Vo, V3 with dimension vectors (1,0,0), (1,0,0) and (0,1, 1),
respectively, will change stability.

5.2 The wall-crossing vertex algebra

In [Moc], Mochizuki described a way to understand the non-simple wall-
crossing behavior of descendent integrals in the context of moduli spaces of
sheaves on surfaces. More recently, Joyce [Joyl, Joy2, GJT] has proposed
a formalism to state and prove more general wall-crossing formulas. Joyce
constructs a vertex algebra to write down such formulas in a conceptual way.
This vertex algebra is very closely related to the descendent algebra intro-
duced before by results from [Gro, BLM, LM], and this is the perspective
we take here.
For d € 790 define

DY = D?/(cho(v) = dy | v € Qo) -

Given a moduli space M fl) and a fixed universal representation V, the reali-
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zation morphism &y factors through }D)C?, so it defines a linear functional

DY =¥ H*(MF) ENY
Define the space of functionals

V=& @)

deZRo

Joyce constructs a natural vertex algebra structure on V. We refer to [Kac]
for an introduction to vertex algebras, but we can mention that a vertex
algebra structure on a vector space V' consists of the data

eV, T:V=V, Y:V—=End(V)[z! 7]

satisfying some complicated axioms. In our case, |0) corresponds to the
functional in ID)OQ sending the algebra unit to 1 and any (non-empty) product
of descendents to 0. The operator 7' is the dual of the operator R_; that we
defined earlier. The state-field correspondence Y is the most complicated
and interesting part of the construction, but we will not discuss it here.

A moduli space together with a universal representation defines an ele-
ment of V. However, as explained in Section 4.2, there is no canonical
choice of universal representation, so a moduli space only defines canoni-
cally a functional on

D%

d,wto

= ker (R_l: ]DDdQ — Dg) .
Since T is defined to be the dual of R_1, we have an isomorphism

V= V/T(V) ~ @ (Dgwto)v.
deZRo

It is a general fact from vertex algebras, due to Borcherds [Bor], that V=
V/T (V) inherits a Lie algebra structure from the vertex algebra structure
on V. Given a moduli space M, its class [M] € V contains information
about all the descendent integrals. Joyce shows that wall-crossing formulas
can be written using the Lie bracket on V! For example, in the setting of
simple wall-crossing that we described before we have an identity

[M] = [M_] + [[Mp], [My]]

in V. But Joyce’s formalism is also able to deal with non-simple wall-
crossing, in which case we get more complicated formulas with iterated
brackets.
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Example 5.3. We go back to Example 5.2 and consider §_ = (1,5, —6) and
0y = (—1,5,—4); these are separated only by the double wall W; = W.
Joyce’s wall crossing formula in this case gives

0 o o 0 o 0
(M5 ] =M ]+ (M0 M1 )]+ [M 50,0 [Mg11)]]
1.0 0_ 0_
+ 5 M0 (Mg 00 Mg )] -

This can be used effectively since we understand explicitly the vertex
algebra V.

Theorem 5.4. The vertex algebra V is isomorphic to the lattice vertex
algebra associated to Z2° and the pairing Xo ZR0 x 79 — 7 which is
the symmetrization of the Euler pairing x¢g of @ given by

xo(d,d)= > dyd,— > dy(eydiey -
vEQo e€Qo

5.3 Vertex algebra and Virasoro

Vertex algebras are a natural source of representations of the Virasoro
algebra. Any lattice vertex algebra associated to a lattice (A, B) with
B: A x A — Z a non-degenerate pairing comes equipped with a so cal-
led conformal element w € V which induces a representation of Vir in V.
Even if B is degenerate (which is sometimes the case with ngm), there is
still a representation of Vir_; on V.

It was shown in [BLM, Boj, LM] that this canonical representation of
Vir_; coming from the fact that V is a lattice vertex algebra is precisely the
dual of the representation of Vir_; on the descendent algebra that we defined
earlier in Section 4.3. A moduli space M satisfying Virasoro constraints
can be translated to a vertex algebra language: it means that the class
[M] € V is a physical state, as defined in [Bor]! This is not only very
interesting because it gives a conceptual meaning to the constraints, but
it also has an important consequence: this point of view shows that the
Virasoro constraints are compatible with wall-crossing in the sense that the
subspace of physical states is a Lie subalgebra.

Proposition 5.5 ([Bor]). Suppose that [Mi],[Ma] € V are physical states
(read as “M; and M, satisfy the Virasoro constraints”). Then [[M;], [M2]] €

~

V' is a physical state as well.
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From this compatibility, the proof of Theorem 4.6 is straightforward.
The Virasoro constraints hold trivially for the increasing stability conditions
(see Example 4.3), so we can deduce them for any stability 6 from the
compatibility with wall-crossing!

Acknowledgement

The author wishes to thank Y. Bae, A. Bojko, I. Karpov, W. Lim, D. Mau-
lik, A. Oblomkov, A. Okounkov, R. Pandharipande and W. Pi for numerous
conversations about the Virasoro constraints. This paper surveys results
from collaborations with some of the above. I thank the organization of the
Global Portuguese Mathematicians Conference 2023, in CMUC Coimbra,
for a very pleasant event and for the invitation to both speak and write
this survey. I thank the referee for a few suggestions to improve the ex-
position. The work surveyed was done while the author was supported by
ERC-2017-AdG-786580-MACI. The project received funding from the Eu-
ropean Research Council (ERC) under the European Union Horizon 2020
research and innovation programme (grant agreement 786580).

Referéncias

[BF] K. Behrend and B. Fantechi, The intrinsic normal cone, Invent.
Math. 128 (1997), no. 1, 45-99.

[BLM] A. Bojko, W. Lim, and M. Moreira, Virasoro constraints for mo-
duli of sheaves and vertex algebras, Invent. Math. 236 (2024),
no. 1, 387-476.

[Boj] A. Bojko, Universal Virasoro Constraints for Quivers with Rela-
tions, 2023, preprint.

[Bor] R. E. Borcherds, Verter algebras, Kac-Moody algebras, and the
Monster, Proceedings of the National Academy of Sciences 83
(1986), no. 10, 3068-3071.

[CAIOGP] P. Candelas, X. C. de la Ossa, P. S. Green, and L. Parkes, A
pair of Calabi-Yau manifolds as an exactly soluble superconfor-
mal theory, Nuclear Phys. B 359 (1991), no. 1, 21-74.

Boletim da SPM 83, Dezembro 2025, Mateméaticos Portugueses pelo Mundo, pp. 125-148



146

A SURVEY ON THE VIRASORO CONSTRAINTS

[EH]

[EHX]

[Get]

[Givl]

[Giv2]

[Joy1]

[Joy2]

[Joy3]

D. Eisenbud and J. Harris, 8264 and all that—a second course
in algebraic geometry, Cambridge University Press, Cambridge,
2016.

T. Eguchi, K. Hori, and C.-S. Xiong, Quantum cohomology and
Virasoro algebra, Phys. Lett. B 402 (1997), no. 1-2, 71-80.

E. Getzler, The Virasoro conjecture for Gromov-Witten invari-
ants, Algebraic geometry: Hirzebruch 70 (Warsaw, 1998), Con-
temp. Math., vol. 241, Amer. Math. Soc., Providence, RI, 1999,
pp- 147-176.

A. Givental, A mirror theorem for toric complete intersecti-
ons, Topological field theory, primitive forms and related topics
(Kyoto, 1996), Progr. Math., vol. 160, Birkh&user Boston, Bos-
ton, MA, 1998, pp. 141-175.

A. B. Givental, Gromov-Witten invariants and quantization of
quadratic Hamiltonians, vol. 1, 2001, Dedicated to the memory of
1. G. Petrovskii on the occasion of his 100th anniversary, pp. 551—
568, 645.

J. Gross, D. Joyce, and Y. Tanaka, Universal structures in C-
linear enumerative invariant theories, SIGMA Symmetry Inte-
grability Geom. Methods Appl. 18 (2022), Paper No. 068, 61.

J. Gross, The homology of moduli stacks of complexes, 2019, pre-
print.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C.
Vafa, R. Vakil, and E. Zaslow, Mirror symmetry, Clay Mathema-
tics Monographs, vol. 1, American Mathematical Society, Provi-
dence, RI; Clay Mathematics Institute, Cambridge, MA, 2003.

D. Joyce, Ringel-Hall style Lie algebra structures on the homo-
logy of moduli spaces, 2019, preprint.

D. Joyce, Enumerative invariants and wall-crossing formulae in
abelian categories, 2021, preprint.

D. Joyce, Enumerative invariants of projective curves and surfa-
ces, in preparation.

Boletim da SPM 83, Dezembro 2025, Matematicos Portugueses pelo Mundo, pp. 125-148



MIGUEL MOREIRA 147

[Kac]

[Kin]

[Kon]

[LM]

[MFK]

[MNOP1]

[MNOP2]

[Moc]

[MOOP]

[Mor]

[OOP]

V. Kac, Vertex algebras for beginners, second ed., University Lec-
ture Series, vol. 10, American Mathematical Society, Providence,
RI, 1998.

A. D. King, Moduli of representations of finite-dimensional alge-
bras, Quart. J. Math. Oxford Ser. (2) 45 (1992), 515-530.

M. Kontsevich, Intersection theory on the moduli space of curves
and the matriz Airy function, Comm. Math. Phys. 147 (1992),
no. 1, 1-23.

W. Lim and M. Moreira, Virasoro constraints and representations
for quiver moduli spaces, 2024, preprint.

D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant
theory, third ed., Ergebnisse der Mathematik und ihrer Grenzge-
biete (2) [Results in Mathematics and Related Areas (2)], vol. 34,
Springer-Verlag, Berlin, 1994.

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande,
Gromov-Witten theory and Donaldson-Thomas theory. I, Com-
pos. Math. 142 (2006), no. 5, 1263-1285.

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande,
Gromov-Witten theory and Donaldson-Thomas theory. I, Com-
pos. Math. 142 (2006), no. 5, 1286-1304.

T. Mochizuki, Donaldson type invariants for algebraic surfaces,
Lecture Notes in Mathematics, vol. 1972, Springer-Verlag, Berlin,
2009, Transition of moduli stacks.

M. Moreira, A. Oblomkov, A. Okounkov, and R. Pandharipande,
Virasoro constraints for stable pairs on toric threefolds, Forum
Math. Pi 10 (2022), no. 20, 1-62.

M. Moreira, Virasoro conjecture for the stable pairs descendent
theory of simply connected 3-folds (with applications to the Hil-
bert scheme of points of a surface), J. Lond. Math. Soc. (2) 106
(2022), no. 1, 154-191.

A. Oblomkov, A. Okounkov, and R. Pandharipande, GW/PT
descendent correspondence via vertex operators, Comm. Math.
Phys. 374 (2020), no. 3, 1321-1359.

Boletim da SPM 83, Dezembro 2025, Mateméaticos Portugueses pelo Mundo, pp. 125-148



148

A SURVEY ON THE VIRASORO CONSTRAINTS

[OP]

[Pan]

[Tel]

[Thal

[vB]

[Wit]

A. Okounkov and R. Pandharipande, Virasoro constraints for
target curves, Invent. Math. 163 (2006), no. 1, 47-108.

R. Pandharipande, Descendents for stable pairs on 3-folds, Mo-
dern geometry: a celebration of the work of Simon Donaldson,
Proc. Sympos. Pure Math.

C. Teleman, The structure of 2D semi-simple field theories, In-
vent. Math. 188 (2012), no. 3, 525-588.

M. Thaddeus, Geometric invariant theory and flips, J. Amer.
Math. Soc. 9 (1996), no. 3, 691-723.

D. van Bree, Virasoro constraints for moduli spaces of sheaves on
surfaces, Forum Math. Sigma 11 (2023), no. 4, 1-35.

E. Witten, Two-dimensional gravity and intersection theory on
moduli space, Surveys in differential geometry (Cambridge, MA,
1990), Lehigh Univ., Bethlehem, PA, 1991, pp. 243-310.

Boletim da SPM 83, Dezembro 2025, Matematicos Portugueses pelo Mundo, pp. 125-148



	Introduction
	Enumerative geometry and moduli spaces
	Outline of the paper

	Witten's conjecture
	The string equation
	Generalization to Gromov-Witten theory

	Virasoro constraints in sheaf and quiver theories: overview
	Gromov-Witten/Donaldson-Thomas correspondence
	Universal constraints

	Virasoro constraints for moduli of quiver representations
	Moduli spaces of quiver representations
	Descendent algebra
	Virasoro constraints

	Wall-crossing and the vertex algebra
	Wall-crossing and flips
	The wall-crossing vertex algebra
	Vertex algebra and Virasoro


