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NOTA PREVIA

-

E com enorme prazer que o Boletim da SPM se continua a associar a
iniciativa da série de conferéncias “Matematicos Portugueses pelo Mundo”.
Neste niimero publicamos uma parte significativa dos trabalhos apresentados
na sua terceira edicdo, edigdo essa que teve lugar na Universidade de Coimbra.

O trabalho de edicao deste suplemento, obedecendo ao formato adoptado
pelo Boletim, foi levado a cabo pelos colegas Ricardo Campos, Maria Manuel
Clementino e Joao Gouveia, a quem deixo aqui um agradecimento especial.

Helena Reis

Dezembro 2025
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INTRODUCTION

It is with great enthusiasm and pride that we present the proceedings of
the third edition of the Global Portuguese Mathematicians Conference, held
from July 26 to July 28, 2023, at the Department of Mathematics of the
University of Coimbra. Following the success of previous editions in Lisbon
(2017) and Porto (2019), this conference has continued to bring together
Portuguese mathematicians (in the broadest sense) from all corners of the
globe.

The primary aim of this event was to create a forum for sharing re-
search, fostering collaborations, and building connections in a welcoming
and stimulating environment. This year we were honored to host over 60
participants and 12 invited speakers, whose expertise spans a diverse range
of mathematical disciplines. Their contributions provided valuable insights
into the ongoing work of the Portuguese mathematical diaspora.

In addition to the engaging talks, the conference offered numerous op-
portunities for informal discussions and networking. Such interactions are
the cornerstone of the mission to unite and strengthen the global Portuguese
mathematical community.

We are also pleased to highlight that, in this edition of the Boletim da
Sociedade Portuguesa de Matematica, we feature contributions from seven
of the invited speakers, loosely based on the inspiring talks they presented
during the conference. These articles offer a glimpse into the rich and diverse
mathematical topics that were explored.

We would like to express our heartfelt gratitude to all participants,
speakers, sponsors, and the scientific committee whose efforts made this
conference a resounding success. We hope that the ideas and collaborations
born during these days will flourish and inspire further advancements in
mathematics.

Looking forward, we are excited to announce that the next edition of the
Global Portuguese Mathematicians Conference will take place in 2025 at the
University of Lisbon. We eagerly anticipate another vibrant gathering and
hope to see many of you there.

Ricardo Campos
Maria Manuel Clementino

Joao Gouveia

Guest Editors & Organizers of the conference

Boletim da SPM 83, Dezembro 2025, Matematicos Portugueses pelo Mundo






MATEMATICOS PORTUGUESES PELO MUNDO

DEPARTAMENTO DE MATEMATICA, FCTUC
UNIVERSIDADE DE COIMBRA

26 A 28 DE JULHO DE 2023

https://www.mat.uc.pt/ gpm23/

Boletim da SPM 83, Dezembro 2025, Matematicos Portugueses pelo Mundo






RANK FUNCTIONS FOR MODULES AND CATEGORIES

Teresa Conde
Bielefeld University
PO Box 100 131
33501 Bielefeld, Germany
e-mail: tconde@math.uni-bielefeld.de

Resumo: Em &dlgebra existem varias funcées que medem uma certa nogao
de finitude ou tamanho de uma entidade dlgebrica. De entre estas fungoes, as
mais Uteis tomam geralmente valores nos niimeros reais nao negativos e exi-
bem algum tipo de aditividade. Neste texto, focamo-nos num tipo particular
de fungoes, conhecidas como fungées de dimensdo, definidas em categorias
trianguladas. Estas fungdes inspiram-se na nocao classica de dimensao de
um maédulo.

Abstract: In algebra one encounters various functions that measure some
sort of finiteness or size of an algebraic entity. The most useful of these
functions typically take values in the non-negative real numbers and exhibit
some form of additivity. In this note, we focus on a particular type of func-
tions, known as rank functions, defined on triangulated categories. These
draw their inspiration from the classic notion of rank of a module.

palavras-chave: Funcédo de dimensao; moédulo; categoria triangulada.

keywords: Rank function; module; triangulated category.

1 Introduction

The notion of dimension or rank provides a measure of the ‘size’ of algebraic
structures. In the context of modules over a ring, the rank of a module is
a fundamental invariant that often signifies the maximal number of linearly
independent elements. This concept extends naturally to the study of the
so-called rank functions for finitely presented modules.

The study of triangulated categories, which generalise several key struc-
tures in algebraic topology, algebraic geometry, and representation theory,
has brought forth the demand for analogous ‘rank-like’ functions. The con-
cept of a rank function on a triangulated category was introduced by Chu-
ang and Lazarev in [CL21], motivated by the work of Cohn, Malcolmson
and Schofield on a special type of rank functions for finitely presented mo-
dules, called Sylvester rank functions. Work of Crawley-Boevey and Herzog
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2 RANK FUNCTIONS FOR MODULES AND CATEGORIES

([Cra94a, Cra94b, Her93]) on additive functions for abelian categories inspi-
red further recent developments on rank functions on triangulated categories
([CGMZ24]).

In this note, we provide an overview of some of the main results on rank
functions on triangulated categories. We begin by revisiting rank functions
for modules over rings, setting the stage for our exploration of rank functions
on triangulated categories. Departing from an analogy with rank functions
for modules and following the work of Chuang and Lazarev ([CL21]), we
then introduce the notion of a rank function on a triangulated category and
present one of the main theorems in [CL21]. Through the use of functorial
methods, we demonstrate how rank functions on triangulated categories
can be lifted to additive functions on certain associated abelian categories.
This allows the translation of known results on the abelian context to the
triangulated context and yields new results on rank functions on triangulated
categories ([CGMZ24]).

2 Rank functions for modules

To motivate the concept of a rank function on a triangulated category, let
us begin with the following open-ended question:

o What is the rank of a module?

Before refining the question above, some notation and details are needed.
The term ‘module’ shall indicate a left module over some unitary associative
(not necessarily commutative) ring A. Let A-Mod be the category of all A-
modules. Recall that an A-module is finitely presented if it is the cokernel
of a morphism between finitely generated free A-modules and denote the full
subcategory of finitely presented A-modules by A-mod.

If A is a field (or even a division ring), then a module is simply a vector
space, and by rank of a module we usually mean its dimension over A. More
generally, the rank of a module is a well-defined concept whenever A is an
integral domain. In this broader setting, the rank of a module X is generally
understood as the maximal number of A-linear independent elements in X
([DF04]). If A satisfies the invariant basis property, the notion of rank
applies to free modules: it is meant as the cardinality of an A-basis for the
module. However, if A does not satisfy the invariant basis property, we
encounter difficulties.

A general approach to defining a ‘rank-like’ function involves considering
a ring morphism A : A — k from our underlying ring A to a division ring k.
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TERESA CONDE 3

In this setting, one may define the rank on an A-module X with respect to
h as rky(X) = dim(k ®4 X), where the right action of A on k is described
via the morphism A. This yields an assignment of a non-negative integer to
every finitely presented A-module. The assignment rky is an instance of an
integral Sylvester rank function, as defined below.

Definition 2.1 ([Sch85]). A rank function p on A-mod assigns to each
object X in A-mod an element p(X) € R>( such that p satisfies the following
two axioms:

1. Additivity: p(X @Y) = p(X) + p(Y) for X and Y in A-mod,

2. Triangle inequality: p(Z) < p(Y) < p(X)+ p(Z) for any right exact
sequence of modules in A-mod

X y» Y > Z > 0.

A rank function taking values in Z is said to be integral. A rank function
p is called a Sylvester rank function if p(A) = 1.

Example 2.2. Let A be a left Artinian ring. In this context, the finitely pre-
sented A-modules are exactly those that have finite (Jordan-Hoélder) length.
Note that the length of an A-module yields an integral rank function. Howe-
ver, this is not a Sylvester rank function in general.

Example 2.3. Let A be an integral domain and let k& be its field of frac-
tions. Denote by h the embedding of A into k. One can check that the
corresponding integral Sylvester rank function rkj coincides with the classic
notion of rank of a module over an integral domain mentioned previously.

Example 2.4. Let h : A — S be a ring morphism, where S is a simple
left Artinian ring. By the Wedderburn—Artin theorem, S is isomorphic to a
matrix ring over a division algebra, i.e. S = M, (k), for some n € N and a
division ring k. Define

_length(S®a X)

rky, (X)) : - .

Note that this assignment generalises the previous definition of rank of X
with respect to h and yields a Sylvester rank function taking values in Q.

Much of what we have seen so far hints at a close relationship between
rank functions on A-mod and ring morphisms from A to ‘uncomplicated’
rings. This relationship was made precise in the work of Cohn, Malcolmson
and Scholfield.
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4 RANK FUNCTIONS FOR MODULES AND CATEGORIES

Theorem 2.5 ([Sch85]). There is a bijection between:
1. integral Sylvester rank functions on A-mod;
2. equivalence classes of ring epimorphisms from A to a division ring.

The inverse correspondence maps a ring epimorphism h: A = k to rky,.

Theorem 2.6 ([Sch85]). Let A be an algebra over a field. There is a bijec-
tion between:

1. Sylvester rank functions on A-mod taking values on % Z withn € Z~o;

2. equivalence classes of ring morphisms from A to a simple Artinian
Ting.

The inverse correspondence maps a ring morphism h : A — S to rky,.

3 Rank functions on triangulated categories

Triangulated categories play a prominent role in algebraic topology, alge-
braic geometry and representation theory. They provide a framework that
generalises several key structures found in these areas, such as derived ca-
tegories, homotopy categories of stable cofibration categories and stable ca-
tegories of Frobenius categories. A triangulated category is a category C
equipped with an additional structure subject to certain axioms: an equi-
valence ¥ : C — C, called a translation functor, together with a class of
sequences of three composable morphisms, called distinguished triangles.
The precise definition of a triangulated category is lengthy and detailing it
here would detract from the main focus of this text, which is to provide
a general understanding of rank functions on triangulated categories and
their connection to other types of ‘measure’ functions on different catego-
ries. For more details on triangulated categories, we refer, for instance, to
[KS06, Nee0O1].

Suppose henceforth that C is a skeletally small triangulated category
with translation functor % : C — C. The concept of a rank function on a
triangulated category was recently introduced by Chuang and Lazarev in
[CL21]. Their motivation stemmed from the work by Cohn, Malcolmson
and Schofield on Sylvester rank functions ([Coh08, Sch85]).

Definition 3.1 ([CL21]). A rank function on objects p,, of C assigns
to each object X in C an element py(X) € R>g such that p,, satisfies the
axioms:
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TERESA CONDE 5

1. Additivity: pop(X @Y) = pop(X) + pop(Y) for X and Y in C;

2. Triangle inequality: po,(Y) < pop(X) + pop(Z) for any triangle

X Y y / >y LX;

3. Y-invariance: pyp(XX) = pop(X) for every X in C.
Alternatively, rank functions can be defined on morphisms of C.

Definition 3.2 ([CL21]). A rank function p on C assigns to each
morphism f in C an element p(f) € R>( such that p satisfies the following
axioms:

1. Additivity: p(f © g) = p(f) + p(g) for any two morphisms f and g;
2. Rank-nullity: p(f)+ p(g) = p(1y) for any distinguished triangle

f

X y 244 7 y DX

3. Y-invariance: p(Xf) = p(f) for any morphism f in C.
By [CL21], both definitions above are equivalent by setting p,,(X) = p(1x)

and
p(f: X —=Y):= po(X) + pob(YQ) — pop(Cone f)

Here, Cone f denotes the unique object (up to isomorphism) fitting into a
distinguished triangle

XLY—>Conef—>EX.

A standard example of a rank function on a triangulated category is the
dimension of the total cohomology of an object in the bounded derived cate-
gory of a finite-dimensional algebra ([CGMZ24]). Mass functions associated
with Bridgeland stability conditions provide further interesting examples
([CL21, Ike21]). As the next example shows, it is possible pull back a rank
function along a triangulated functor. Note that a triangulated functor
is simply a functor between triangulated categories that preserves the trian-
gulated structure, i.e. it commutes with the respective translation functors
and maps distinguished triangles to distinguished triangles.
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6 RANK FUNCTIONS FOR MODULES AND CATEGORIES

Example 3.3. Let h : C — D be a triangulated functor an let p be a rank
function on D. The assignment py(f) := p(h(f)) defines a rank function on
C.

Developing the analogy between rank functions on triangulated catego-
ries and rank functions for modules, and recalling Theorems 2.5 and 2.6, it
is natural to wonder which rank functions on C arise as a pull back of a rank
function on an ‘uncomplicated’ triangulated category D along a triangula-
ted functor h : C — D, as explained in the previous example. To partially
answer this question, some further definitions are needed.

Definition 3.4. A rank function p on C is:
1. integral if p(f) € Z for every morphism f in C;

2. localising if it is integral and moreover, if p(f) = 0 implies that the
morphism f factors through some object Z such that pp(Z) = 0;

3. prime if it is integral and C has a thick generator X such that p(X) =
0.

In [CL21], Chuang and Lazarev established a connection between prime
localising rank functions and certain functors to simple triangulated ca-
tegories, that is, triangulated categories with an indecomposable generator
such that any triangle is a direct sum of split triangles. Compare the next
result with Theorems 2.5 and 2.6.

Theorem 3.5 ([CL21]). Suppose that the triangulated category C has a thick
generator. There is a bijection between:

1. prime localising rank functions on C;

2. thick subcategories IKC of C such that the Verdier quotient C/K is a
stmple triangulated category.

The inverse correspondence maps a thick subcategory K of C to the rank
function py, (see Example 3.3), where h : C — C/K is the Verdier quotient
functor and p is the unique prime rank function on C/K.

If C is the perfect category Per A of a differential graded algebra A, then
1. and 2. above are also in bijection with:

3. equivalence classes of finite homological epimorphisms A — S with A
a simple Artinian differential graded algebra.
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TERESA CONDE 7

In the subsequent sections we demonstrate how functorial methods can
further the analogy between rank functions for modules and rank functions
on triangulated categories. This will enhance and generalise the theorem by
Chuang and Lazarev discussed above.

4 From rank functions to additive functions

Functorial methods have a history of success in algebra and representation
theory. In the following paragraphs, we will explain how these methods
can be used to relate rank functions on triangulated categories to similar
‘measure’ functions on more familiar categories. For this, we will carry on
with an analogy between two mathematical realms: additive categories with
cokernels and triangulated categories.

An instance of an additive category with cokernels is the category A -mod
of finitely presented modules over a ring A. Definition 2.1 remains applica-
ble for an additive category C with cokernels and there is a well-developed
theory of integral rank functions in this broader context ([Cra94a]). The
results on rank functions in [Cra94a] are characterised by the following dis-
tinctive approach. An abelian category A¢ is constructed from the initial
additive category C and the rank functions on C are lifted to certain ‘mea-
sure’ functions on Ag, called additive. Working with additive functions on
abelian categories is more straightforward, and the results obtained in this
context ([Cra94b, Her97]) can be translated back into theorems about rank
functions on additive categories with cokernels ([Cra94al).

In order to apply this strategy to triangulated categories, the first step
is to associate an abelian category with a triangulated category C, so that
a rank function on C lifts to an additive function on the associated abelian
category. Before explaining how to do this, let us first provide the definition
of additive function.

Definition 4.1. An additive function p on a skeletally small abelian
category A is an assignment p(X) € R>o to each object X of A which
satisfies p(Y') = p(X) + p(Z) for any short exact sequence in A

0 » X > Y > 7 > 0.

An additive function is said to be integral if it takes values in Z.

The category Mod-C of all additive contravariant functors from a ske-
letally small triangulated category C to the category of abelian groups is
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8 RANK FUNCTIONS FOR MODULES AND CATEGORIES

an abelian category with remarkable properties. Let mod-C be the full
subcategory of Mod-C whose objects are the functors which occur as coker-
nels of morphisms between representable functors, i.e. between functors
naturally isomorphic to Home(—,X) : C°? — Ab for some X in C. The
category mod-C turns out to be a skeletally small abelian category with an
equivalence ¥* : mod-C — mod-C induced by ¥ via ©*(F) == F o XL
Furthermore, any rank function p on the triangulated category C lifts to
an additive function p on mod-C by setting p(F) = p(f), where f is a
morphism in C satisfying F' = Im(Home(—, f)). This assignment yields a
bijection between rank functions on C and the additive functions p on mod-C
satisfying p(X*F) = p(F).

Theorem 4.2 ([CGMZ24]). Let C be a skeletally small triangulated cate-
gory. There is a bijection between:

1. Y-invariant additive functions p on mod-C;

2. rank functions p on C.

5 Integral rank functions on triangulated catego-
ries

By Theorem 4.2, a rank function p on a triangulated category C can be
reinterpreted as an additive function p on the category mod- C' of finitely
presented additive contravariant functors from C to abelian groups. Through
this reinterpretation, the deeply developed theory of additive functions on
abelian categories ([Cra94a, Her97]) can be employed to obtain various re-
sults about rank functions on triangulated categories. We present some of
these results in this section.
The first result is a unique decomposition theorem.

Theorem 5.1 ([CGMZ24]). Every integral rank function on a skeletally
small triangulated category C can be uniquely decomposed as a locally finite
sum of irreducible rank functions.

Here, an irreducible rank function is a non-zero integral rank function that
cannot be further decomposed into a sum of two non-zero integral rank
functions. Every prime rank function, for instance, can be shown to be
irreducible.

The functorial approach also allows to extend the bijection between lo-
calising prime rank functions on C and thick subcategories of C with simple
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TERESA CONDE 9

Verdier quotient, established in Theorem 3.5. For this purpose, one needs
to introduce a new class of rank functions, called exact, which contains all
localising rank functions, and to use the notion of a CE-quotient functor,
introduced by Krause in [Kra05]. Instead of functors to simple triangulated
categories, one should now consider functors to locally finite triangula-
ted categories, that is, triangulated categories D such that mod-D is an
abelian category where every object has finite (Jordan—Holder) length. Ins-
tead of prime rank functions, basic ones need to be used (these are integral
rank functions with no repetitions in the irreducible summands appearing
in their decomposition).

Theorem 5.2 ([CGMZ24]). Let C be a skeletally small triangulated cate-
gory. There is a bijection between:

1. exact basic rank functions on C;

2. equivalence classes of CE-quotient functors from C to locally finite tri-
angulated categories.

Moreover, the underlying rank function is localising if and only if the CE-
quotient is equivalent to a Verdier quotient.

In case C is the perfect derived category of a differential graded algebra
A, the following partial generalisation of Theorem 3.5 can be obtained.

Theorem 5.3 ([CGMZ24]). Let A be a cofibrant differential graded algebra.
There is a bijection between:

1. idempotent basic rank functions on Per A;

2. equivalence classes of homological epimorphisms A — B with Per B
locally finite.
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FroM THE TEUKOLSKY EQUATION
TO A SYSTEM OF WAVE EQUATIONS ON SCHWARZSCHILD

Rita Teizeira da Costa
Department of Pure Mathematics and Mathematical Statistics
University of Cambridge

e-mail: rita.t.costa@dpmms.cam.ac.uk

Abstract: We review the proof of energy boundeness and decay for solu-
tions of the Teukolsky equation on the Schwarzschild geometry. This result
was first shown by Dafermos, Holzegel and Rodniasnki (Acta. Math. 22(1):1-
214, 2019). The proof here is based on an analysis of a transformed system
of wave equations obtained by appropriately differentiating the Teukolsky
equation. This approach was developed in collaboration with Shlapentokh-
Rothman in a series of joint works (arXiv: 2007.07211, 2302.08916) con-
cerning the Teukolsky equation on the more general Kerr family of rotating
black holes.
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1 Introduction
The stability of the Schwarzschild black hole,

2M 2MN\ 1
gy = — <1——> de? + (1—-) dr? + r2do, M >0,
r r
as a solution to the Einstein vacuum equations, has been a subject of great
interest to the Mathematics and Physics communities since the pioneering
work of Regge and Wheeler [RW57]. In this survey article, we review the
proof of boundedness and decay estimates for the Teukolsky equation [BP73,

Teu73]
s 2s M 2s 3M s
(S (-F)a-T (-5 )a)< =0y

with s = 42, which is one of the fundamental equations governing linearized
perturbations of the Schwarzschild geometry. Here, Dgﬂj is the spin-weighted
d’Alembertian associated to the Schwarzschild metric gy, see already Sec-
tion 2.1.2 for a definition. Though we defer to Theorems 3.1 and 4.1 for the

precise statements, a rough version of our main result is:

Theorem 1.1. Fiz s € {£1,4+2} and M > 0. On the Schwarzschild man-
ifold, general solutions to the Teukolsky equation (1.1) arising from suffi-
ciently regular initial data on a Cauchy surface ({7 =0})

(i) satisfy a suitable version of “energy boundedness” without derivative
loss: schematically,

E(r) < B(M,s)E(m), Vo > 711 >0;

(ii) satisfy a suitable version of “integrated local energy decay” with loss of
one derivative at trapping (r = 3M ): schematically,

Hdeg(Tl,Tg) < B(M, s)E(m1), Vo >71 >0;

(iii) satisfy suitable, inverse-polynomial, energy and pointwise decay esti-
mates with derivative loss.

The approach presented in this article is largely based on the approach in
recent joint work with Shlapentokh-Rothman [SRTAC20, SRTdC23], where
Theorem 1.1 is established in the more general class of Kerr black holes
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rotating at any speed below the maximal threshold'. In the Schwarzschild
class considered in this work, boundedness and decay for (1.1) was first
shown by Dafermos, Holzegel and Rodnianski [DHR19b] for s = 2. Their
analysis was later extended to the s = +1 case, where (1.1) is an impor-
tant component of the Maxwell system on Schwarzschild, by Pasqualotto
[Pas19]. The case s = 0, the scalar wave equation on Schwarzschild, is by
now classical, and the reader may find a proof and references to the original
works in the lecture notes [DR13]. For sharp decay results, we direct the
reader to [AAG23, MZ22] and the references therein.

The proof of boundedness and decay for (1.1) in [DHR19b] was a corner-
stone result in the understanding of the stability properties of Schwarzschild
spacetimes. Not long after its original proof [DHR19b] appeared, it was
used by Klainerman and Szeftel [KS20] to establish nonlinear stability of
Schwarzschild under polarized axisymmetric perturbations. The definitive
result on stability of Schwarzschild, which makes no symmetry assumptions?,
was very recently obtained by Dafermos, Holzegel, Rodnianski and Taylor
[DHRT21] again building on the (proof of) [DHR19b].

Having motivated the study of (1.1) and Theorem 1.1, let us turn to a
discussion of its proof. As in [DHR19b, Pas19], our approach is to consider
specific differential transformations of «*l, introduced in [DHR19b] and in-
spired by Chandrasekhar’s transformations [Cha75]. This allows one to, in
particular, replace the Teukolsky equation (1.1) with a spin-weighted wave
equation

ol el =0 (1.2)
for a new variable ®[); for s = 42, this equation is sometimes called Regge—
Wheeler equation after [RW57]. Equation (1.2) can be treated using scalar
wave methods which, as we mentioned, are by now classical (see e.g. the
aforementioned lecture notes [DR13]). Thus, one can obtain energy bound-
edness, integrated local energy decay, and then decay for its solutions. To
conclude the proof of Theorem 1.1, one must then upgrade these estimates
for @[l to suitable estimates for als.

!We direct the reader to these works for further details and references concerning the
stability problem for rotating Kerr black holes, and for a more exaustive account of the
literature on perturbations of Schwarzschild.

2As Schwarzschild is a member of the larger Kerr family of black holes, stability can
only hold up to a co-dimension 3 “submanifold” of the moduli space of initial data for the
Einstein vacuum equations, corresponding to perturbations which eventually radiate away
all angular momentum. In this work, the authors teleologically identify this set of data
and thus show the nonlinear stability of the Schwarzschild subfamily in full codimension.
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It is in this recovery procedure that the proof of Theorem 1.1 differs from
the boundedness and decay results of [DHR19b] for (1.1). In the former,
estimates for «l*! are obtained by integrating the transport equations which
define ®: indeed,

ol =il df) = k(L) (el with k € {0, [s]},

for some appropriate choices of weights j; = j;(r), i = —1,...,]|s|, and with
L a particular null vector field. In the present article, as in [SRTAC20,
SRTdAC23], we instead rely primarily on the system of wave equations for

the new variables cb[jj that can be derived from (1.1). For instance, in the
case s = 2, this system takes the form

[+2] 2M [+
QM(b <1_T)¢() =0,

2M 2(r —3M
gM(b[j:2] <1 B T) o2 — 1 )d)[ﬂ:Q] 61

(1) 72 (2) 0)
= QMY (9 | A(r—3M) (49
d) <1 + T) d)(o) ==+ 7"2 d)(l) 9

see already Remark 2.6 for more examples. With this approach, our The-
orem 1.1 obtains slight improvements over [DHR19b, Theorem 2, Proposi-
tions 12.3.1-12.3.2]:

e In Theorem 4.1, we close energy boundedness estimates without
derivative loss, and integrated estimates with 1 derivative loss only
at trapping, for all derivatives of al¥l at or below a certain level.
In [DHR19b], derivatives in certain directions are not explicitly con-
trolled.

e In Theorem 4.1, the estimates are at the level of |s| + 1 derivatives
and below, while in [DHR19b] the authors require |s| 4+ 3 derivatives
in their energy boundedness statement to avoid derivative loss.

e There is an e loss in the r-weights of the energy norms used in
[DHR19b] compared to those in Theorem 1.1.

Finally, let us note that both the approach of this article, and that of
the aforementioned [DHR19b, Pas19] to the Teukolsky equation (1.1) can,
in principle, be extended to other s € Z not contained in the statement of
Theorem 1.1, see Remark 3.3 below. However, since only s € {0,+1,+2}
are expected to be physically meaningful, we have chosen to exclude other
values of s from our main result.

We conclude the introduction with an outline of the rest of the paper:
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e Section 2 is a preliminary section introducing the Schwarzschild man-
ifold, the relevant PDE, the spin-weighted function space on which
they live, and the norms we will employ in our analysis.

o Section 3 considers the decoupled equation (1.2), and establishes en-
ergy boundedness, integrated local energy decay, energy decay and
pointwise decay for its solutions.

e Section 4 then establishes similar results for all transformed variables
d)%jj) with k& < |s|, thus concluding the proof of Theorem 1.1.

Acknowledgments. The main ideas in this survey are the result of col-
laboration with Y. Shlapentokh-Rothman, whom the author gratefully ac-
knowledges.

2 Preliminaries

2.1 Geometric preliminaries
2.1.1 The Schwarzschild family

As is usual, we introduce the manifold structure of Schwarzschild indepen-
dently of the black hole parameter M. To this end, consider a manifold-
with-boundary M = R x R{ x §?. Coordinates t* € R, y* € R and (0, ¢)
the usual polar coordinates on S? induce a global (modulo the usual degen-
eration of polar coordinates) differentiable structure on M. The boundary,
OM = {y* = 0}, is called the event horizon, HT = OM. The interior,
int(M), is called the domain of outer communications. We can also intro-
duce the smooth vector fields 7' = 0y and Z = 0.

Let r = r(y) be a new coordinate, smoothly depending on y, whose range
is r € [2M,00). For M > 0, the Schwarzschild family is the (1-parameter)
family of Lorenztian manifolds (M, gps) with

g = — [1 = par ()] (dt*)? + 2pps (r)dt*dr + (1 + ppg (1)) dr? + 7“2&82,
. 2M
pa (1) = 0

where gSQ = d#? + sin? fd¢? is the usual metric on the round sphere with
volume form do = sin 0dfd¢. The coordinates (t*,r, 0, ¢) are called ingoing
Eddington—Finkelstein coordinates. We can use these to define a hyper-
boloidal folliation of interest for M: following [SRTAC23], we take

X, = {* =7},
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2
Fﬁﬁ*+@@)@—f§bgﬁ—@xm(r+%%bgw—wf),

with ¢; and (3 smooth cutoff functions satisfying: ¢; = 1 for r < r < 3M/2
and {; =0 for r > 3M; (& =0 for r < 3M and ( = 1 for r > 4M.

In the domain of outer communications alone, instead of Eddinton—
Finkelstein coordinates, we can consider other coordinates ¢t and r, as well
as t and r*, which are induced by the transformations

1

dr 1 —ppr(r)’
In coordinates (¢, 7,0, ¢) or (t,7*, 0, ¢), called Schwarzschild coordinates, the
induced metric on int(M) is given by

gy = = [L— par ()] [d? = (dr*)?] + g,

=~ 1= () de* +

r*(3M) = 0; t=t"—r"+r—3M+2M log M.

dr? + TZQSQ.

1
1 — ()
Schwarzschild coordinates are used predominantly in this work. We also
note the often-used function

1—p
w < /15\4(7")‘
.

We often drop the subscript on the function s for readability.
Finally, of interest to us are the M-dependent vector fields

L=0++T, L=-9+T, g(LL)=-2,

defining two principal null directions on int(M). Note that L and (1 —
par) "L can be extended to M using the coordinate transformations above.

2.1.2 The spin-weighted structure

In this section, we introduce a spin-weighted structure on M.

To start with, let us define spin-weighted functions and operators on the
round sphere S?. Letting (6, ¢) denote standard spherical coordinates in S,
consider the operators®

7y = —sin ¢0p + cos ¢ (—is cscf — cot 00,)
Zy = —cos ¢p3p — sin ¢ (—iscscl — cot00y) ,  Zz = .

3The operators Zl, Zg and Zg arise from the action of the canonical orthonormal frame
on S%, viewed as the Hopf bundle over S?, on complex-valued functions with a particular
s-dependence along the S' fibers, see for instance [?] for more details.

(2.1)
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Definition 2.1 (Smooth spin-weighted functions on S?). Fix some s € %Z.
Let f be a complex-valued function of (6, ¢) € S2. We say f is a smooth

s-spin-weighted function on S?, and write f € 5’0@, if for any ki, k2, ks € Ny,
(Z0)"(Z2)"2(Z3)" f
is a function of (6, ¢) which is smooth for 6 # 0, 7 and such that
¢ (Z1)M(Z2)"2 (Z3)" f and ™ (Z0)M (Zo)"(Z3) f
extend continuously to, respectively, § = 0 and 0 = .

For any s € %Z, the spin-weighted laplacian

A ( ﬁ) T os ¢ 29 _
a ~ sinf 09 Sme@g sin2 eaqﬁ 2is 95¢+8 cot“f —s (2.2)
:_Z%_ZQQ_Z?%_S_SQZZA—Q 698(]54-8 cot? § —

where Z;, Zo and Z3 are defined in (2.1) and 4& is the usual laplacian on
[s]

the round sphere is a example of a smooth differential operator on Y5
Another example is provided by the spinorial gradient

vl = (Op, Op+iscosb), (2.3)

which arises naturally in connection with the spin-weighted laplacian: for
= ek

/Sz (41=) Tdo = /s2 [y?[ﬂz-%]y do. (2.4)

Let us state two useful results concerning these important operators:
Lemma 2.2 (Spin-weighted spherical harmonics). Fiz s € 1Z. On . [S},

the operator ZA[S] has a countable set of eigenfunctions referred to as spin-

[s]

weighted spherical harmonics, forming a complete orthogonal basis of .Sse .

As is standard, we index the spin-weighted spherical harmonics and their
eigenvalues by parameters m and £ chosen to satisfy m —s € Z and £ >
max{|s|,|m|} such that:

o the (m,{) spin-weighted spherical harmonic is denoted by S 0(0,0);

e the corresponding eigenvalue is )\Lz]l =((L+1) - 5%
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Lemma 2.3 (Spinorial gradient). Let s € Z and Y°7M be as defined in (2.3).
Then, for any = € 5@@, one has the Poincaré inequality

Js

As the Schwarzschild manifold M is spherically symmetric, it inherits
the spin-weighted structure over S?:

% [s]— |2 —_
vz do > |s\/S2 22 do. (2.5)

Definition 2.4 (Smooth spin-weighted functions on M). Fix some s €
%Z. We say f is a smooth s-spin-weighted function on M, and write f €
ﬂo@ (M), if f is smooth in the Eddington—Finkelstein ¢* and r, and its

restriction to constant (¢*,7) yields a smooth s-spin-weighted function on
S2.

For some s € %Z, the spin-weighted d’Alembertian

2is cos b 1 5 .o
D_EJSJLI = UOgn T T—Qm% + r_Q(S — s°cot” )
is an example of a smooth differential operator on yo[i] (M). In

Schwarzschild coordinates it is given by

1
1—pm

s 1 2 2 1 s
o), = 50, (P(1— ), ) - 0 - 4.

2.2 Analytical preliminaries

2.2.1 The Teukolsky equation

We say that a function ol*! such that (1 — p)*«l® € RN (M) satisfies the
Teukolsky equation if

g 1 25 3M 4 2s M )
D[gALocH——<1—7)Toc”+7<1——)aroﬂ:0, (2.6)

r r
or, in Schwarzschild coordinates,

1 2(s+1) s+1 [s]
(1= )t (0= an* 1o, o

1 2s 3M o
- - 22 (1 227 [s] _ xlslylsl —
T (T—i— " <1 . >>Toc A 0.
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2.2.2 The DHR transformed system

In this section, inspired by the transformations of Dafermos, Holzegel and
Rodnianski in [DHR19b, DHR19a] and of Pasqualotto [Pas19], we introduce
a system of equations derived from the Teukolsky equation (2.6) which was
obtained with Shlapentokh-Rothman [SRTdC20, SRTdC23].

Fix s € Z, and consider the following rescaling of the Teukolsky variable

11,(0) — qlsl(+sgns)/2, 1—|s|(1—sgns) ,[s] (2.7)

For k=1,...,|s|, we then define II)E‘;'E) by the system of transport equations
[s] _  —1p0Is] _

Il)(k) =w Ell)(k_l), E=1,..sl|, (2.8)

with L =Lifs <0, L=Lifs>0 and L being the identity if s = 0.
We will sometimes use the notation Wi = II)ET]‘ It will also be useful to
introduce a further rescaling

gl gl = gl il
by =1 gy PT=dgyy =Y

Proposition 2.5 (DHR transformed system). Fiz s € Z and let ¥l solve
the Teukolsky equation (2.6). Then, for k = 0,...,]|s|, ﬂ)i]) given in (2.7)—
(2.8) satisfy the following system of wave equations

DEJS]CDEZ}) — U([Z})(r)dDE‘;j) = —sgns(|s| — EZ]H Z , (2.9)
where
o 2M
Ul = ||+ k(2]s| — k — 1) - - (3ls| = 25* + 3k(2|s| =k — 1)), (2.10)
JE‘?J) o) = rwl (2.11)

and c ki J = 0,....,k —1, denote functions of r which can be explicitly
computed for through a recursive relation (2.16) initialized by (2.17), and
which have the following properties:

. if0<k<]§(]]1andj:k—l C{Sdkj
1

s,k,j

is a nonzero constant;

e otherwise, c vanishes;

Boletim da SPM 83, Dezembro 2025, Matemaéaticos Portugueses pelo Mundo, pp. 11-55



FROM THE TEUKOLSKY EQUATION TO A SYSTEM OF WAVE EQUATIONS
20 ON SCHWARZSCHILD

Equivalently, IIJEZ]) satisfy the equations

%E%II)E% = sgns(|s| — kﬂ) +w Z Jﬁ (2.12)

where
2

(LL +LL) + —]\fw +whl +wUl

[s] -
R k)"

) = (2.13)

In particular, for k = |s|, ®¥ (equivalently W¥) solves a decoupled wave

equation
ool = ullrall,  silwll = o, (2.14)

with Rl = mﬁ?l) and UB! = U([l}l) = s%u(r). For k < |s|, using (2.8), we
can recast (2.12) as the constraint equation

/

L{,) = senslsl =k =)l
> [s s S 2M ~|S
= Al ]wgk}) _ [U([k]) (r) + T} )+ Z"‘Ek] ) (2.15)

Proof. This proof was given in [SRTAC20] for general rotating Kerr black
holes; here we repeat the main points for Schwarzschild black holes.

The result follows by recursion in k. To obtain the wave equation (2.12)
at kth level, we start from the (k — 1)th wave equation (2.12). Noting

LL+ LL = 2LL, we use the definition of 1])52) in (2.8); we thus obtain the
(k — 1)th transport relation (2.15). Then, we divide by w and apply £. We
once again simplify terms using the definitions of II,)E;]), 7 =0,...,k, except
for the term EQIDEZ]).

With our choice of weights, the PDEs for the transformed quantities take
the form

Eﬁtl)(k —sgn s(|s| — —|— Z chlw J)

XeXxj=0

where X = {4A[8 id} and coefficients ¢ '; satisfy the recursive relation

X

X B Csk—1,0\'

Coro = —sgus(— =
< , (2.16)
I Y

X s,k—1, X :

Cokj = —Sgns(Tj> +cipo1j1  for y=1,..k—1
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initialized by the relations, for j = k =0, ..., |s|,
s _
Cs kb — W,
. 2M (1 — 3|s| + 25%) k2|s| —k—1) fw"
id
= — 2.17
s <|s|+ 4 + 22 (w) (217)
2Muw
=wl|s| + k(2]s| — )]—I——[1—3|8|+28 —3k(2|s| — k —1)].
Since (1/r)" = —w, we can deduce the properties of CL‘}M, forj=0,..., k-1,
claimed in the statement. O

Remark 2.6 (Full computation of the wave systems in particular cases). We
carry out the computations of (the proof of) Proposition 2.5 for particular

cases s € Z. For |s| =1, (2.9) become

ol - ( > ol =
r—3M
ol d)%)l ( > d)[il] L 2 S ) d)%)l]

For |s| = 2, (2.9) become

2M
ol - <1 B T)

oM
o) - (1 - T)

[+2] 2M\ (2] A(r = 3M) (49
07 ¢ ~ (HT) o =TTz ¢
For |s| = 3, (2.9) become
3] g, [23] _2_> (3] _
ol 9(1 —) bl =0,
(3] . [£3] C2MY g 2(r = 3M) (a9 =3
ol f, 9(1 . >¢(2) = £ T by, F 16M g
, 6M A(r — 3M
S (o) - A I
8] g3 6MY s _ | A(r = 3M)
05" ¢ (o) 3(” " )"’(m =t——3 e

Notice that there is no smallness parameter in the coupling of the kth equa-
tion to any of the j =0,...,k — 1 equations nor to the (k + 1)th equation.
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Remark 2.7 (Rescaling the transformed variables). In what follows, it
will be useful to consider rescalings of the unknowns in (2.8). If we let

u)%;e]) = ck(r)ﬂ)%;j), then (2.8) becomes

s we
Eﬂ)[ | = cl;+lll)£k}+l) + sgn s—d) ) (2.18)

and the PDEs (2.12) become

/ !/
[%EZ]) — (C—k) — sgn s—ﬁ] II)[S] (2.19)

Ck

B c, w'\ Wwegi1 cj [s]
= —sgns (a —(ls] = k‘)z) o 1|’(k+1 +w k) () N)(])]

2.2.3 Energy norms

In this section, we introduce the definitions of the energy norms we will use
throughout the rest of the paper. Fix s € Z, —oo <71 < 7 < 72 < 00 and
recall the definitions (2.7) and (2.8). Then, set

lp[S] ( ).Ll)[s] ( ) {T_(|S|_k)7 s> O
r , c(r) = )
*) (1-phlk s<o

First order energy norms. For k € {0,...,|s|}, p € (—=1,2], and ¢ €

[0,1], we define energy fluxes

—2
[s] - 7ls] r = [s]
Ew)pa() = /ET (TP|L1|)(;€)|2 + WIM@)P) drdo
—I—/ _2|Y71l)[] [*drdo,

EEZ])vaL,q(Tl»TQ) = /9# (|L‘l’ >+ Tyg— HWII) k)| )dng

(r1,72)

Egk}) T+ p (7'177'2) = lim (Tp‘LII) ’2_’_]1{17 2}‘Y7ﬂ) k)| )do’dr

V0SS 1y ) (V)
where if p = ¢ = 0 we drop these superscripts, and 1,y is 1if z =y
and 0 otherwise. Here, S(;, 7.2)(1)) denote null hypersurfaces which approach

Tt ) a8 U — 00, and H =H"N (Ur/e[n,m]zf)-

(11,72 (t1,72)
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We also define bulk energies as follows. For p € [0,2] and ¢ € [0, 1],
oy .
ot = [ [ 8@t ) Pardoar

" ]
+/ / P p + | Db [Pdrdodr’
%,

+ - 1L 2drdods’
1+q () racdar ,

S € - M S
rhd &(11,72) :/ / P2 —prh (1—3—> |W‘¢’ ]|2drd0d7'
.

0,p,q

+ / P p 4+ ( ) |L1|)[s] ?drdodr’
=,

5
+/ / — Z+q(1 a1 = n)) (Fﬂ) L) Pdrdodr!
+ / /2 T‘l‘é\(L — YD) Pdrdodr’,

where if 6 =1, p = ¢ = 0 we may drop the subscripts. Note that these two
definitions differ by the fact that in the second one the r-weights on some
of the derivative degenerates (hence the notation “deg”) at r = 3M.

Now take k € {0,...,|s| —1}. For s >0, p € [0,2) and ¢ € [0, 1], define

HE‘Z pq (0,7) / / ) -t (rp|le | + - )2|L |2) drdodr’

/ / P2V Prdods.

[s]

We can may also denote this same norm by H( k)0, q(O,T) for convenience,
even though it does not depend on the parameter . For s < 0, ¢ € [0, 1],
d € (0,1] and p € [0, 2], define

—1-0

S -7 max T s r s
Hgk})ﬁ,p’q(oyT) :/ / ) (7‘ {p71}|L1p£k])|2 + m( +q(1 _ /1))|L11)H | ) drdods’

/ / Pep 22— p g ) POl Pdrdods.

Higher order energy norms. If X is a vector field on M or int(M),
adding a superscript X to any of the previous norms denotes the same
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quantity with II)EZ]) replaced by X II)EZ]) We also set
[s],J . [s], /-1, X
Ehipa™ = 2 By, ()
Xe{id,T,r-1yF}

with E[S}’O = E[S] defined above. We take definitions for the fluxes

(k).pq (k).p,q
EEZ])’:;#’(](O,T) and Egﬁ)”‘é+’p(0,7), as well as for the non-degenerate bulk
term ]IE‘Z])’"gp’q(O, 7). Finally, for k < |s| and J = |s|, we define

[s], deg, |s|—k . rls], |s|—k—1 [s], deg, |s|—k—1, X
H(k)767p7q (0’ T) - H(k),p,q (07 T) + Z H(k),p,q (0, T).

xe{r,r-1yll)

2.3 Notational conventions

In our estimates throughout this article, we use B to denote possibly large
positive constants and b to denote possibly small positive constants depend-
ing only on M > 0 and s € Z. Whenever the constant depends, additionally,
on another parameter that has not (yet) been fixed, say x, we write B(z)
or b(x). We rarely keep track of changes in such constants, and thus by
convention we have

B+ B=BB=05, b+ b=10bb=0, B+b=B,
Bb= B, b! =B, etc.

3 Estimates for the top level wave equation

In this section, we prove Theorem 1.1 for the transformed wave equation
(2.14). To be precise, we will show:

Theorem 3.1 (EB and ILED for k = |s|). Fiz M > 0, and s € Z with
|s| < 4. For any p € [0,2], ¢ € {0,1}, and ¢ € (0,1], and all T > 0, we have
the following uniform-in-T estimates:

o energy boundedness without derivative loss:

]
E

5] .
500 (7)< BE(g)) 5,4 (0); (3.1)

(Is

e integrated local energy decay with loss of one derivative at trapping:

[s], deg [s]
Lshspq(0:7) < BOOE(), , ,(0). (3.2)
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Corollary 3.2 (Decay for k = |s|). Fiz M >0, and s € Z with |s| < 4. We
have the following uniform-in-t estimates:

e energy decay with derivative loss:

E[S}

(sp0a(T) < (L 7)°BE(T, 1 (0); (3.3)

(Is]),2,1

o pointwise decay with derivative loss: for any 6 > 0,

S 2 - S,
sup [UF)7 < (14 7) QBIEHL‘;{Q’I(O). (3.4)

T

Remark 3.3 (Restrictions on s). While the restriction to s € Z is impor-
tant to obtain the DHR transformed equation (2.14) in Proposition 2.5, we
expect the restriction to |s| < 4 to be merely technical. This restriction is
introduced so that a particular choice of s-independent multiplier estimate
goes through, see the proof of Proposition 3.4 below. It seems plausible that
a more refined, possibly s-dependent, choice of multiplier would allows us to
obtain the same statement for all s € Z. However, in view of the fact that,
among integer s, only the cases s € {0,+1, £2} are of physical significance,
we have chosen not to attempt this optimization.

3.1 Energy boundedness and integrated local energy decay

In this section, we prove Theorem 3.1. We note that the proof given here is
by no means novel: Theorem 3.1 is a classical result that can be obtained
by following the methods of the lecture notes [DR13] or the more recent
[DHR19b, Section 11]. We start with a slightly less sharp version:

Proposition 3.4 (Basic EB and ILED). Fiz s € Z with |s| < 4. The
following estimates hold:

o) +ERL 0,1 + Bl 0,1 < BER (0, (35)

I3 5(0,7) < BEGL (0). (3.6)

Proof. Estimate (3.5) is obtained by using 7" as a multiplier for (2.14): i.e.
we multiply (2.14) by T®, take the real part, and integrate by parts over
int(M)N{0 < t* < 7}. Estimate (3.6) requires more work, and we will split
its proof into several steps.

Step 0: decomposition in angular modes. To simplify the proof of (3.6), we
start by expanding ¥ in spin-weighted spherical harmonics using Lemma, 2.2:

Wl = [ 096r,0,0) Y s6.00d0, €2 s

m</
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satisfy the PDE

(wply - - vyl = o, (3.7)

vy =8 (e + 2R - ).

In what follows, we drop the superscript [s] for readability, both from the
transformed variable and its norms. We will add a superscript £ to the energy
norms of Section 2.2.3 to indicate norms where ¥[s! has been replaced by
\IJLS], and we will drop the subscript (|s]).

Step 1: Morawetz estimate. Now we apply multiplier estimates to the /-
dependent PDE (3.7). We set

) = (1—%) (1—1—%) ifﬁzmax{1,|s|}’

1 ifs=¢=0
, RIVAN
y(r)z(l——) .

r

For the first multiplier estimate, we multiply (3.7) by f/U, 4+ 2f W/, take
the real part, and integrate by parts in {0 < ¢* < 7} to obtain

b/ / [1_—2“1\1/;\2 D) [e(e +1) <1 - ﬂ) + r_l] |\114\2] dr*dr’
o Je, L o7 r r
T 1
< [T priwie - ppw - 5w arar

_ ( / _ /Z ) (Rel(f"¥ + 2/ W) TT]) drdo
+/0 /Z (1 = ] arar
< BE‘(r) + BE*(0) + BE},;(0,7) + BEZ. (0, 7),

as long as* |s| < 4. Then, we multiply (3.7) by 2y¥/, take the real part,
and integrate by parts in {0 < t* < 7} to obtain, in an entirely analogous
manner,

Tro(1- M
b/ / ( 2“) <1 - 3—) 70, 2dr*dr’
0o Ju, T r

“The restriction here arises from our choice of factor (14 M/r) in the definition of f.
It is conceivable that other choices, perhaps depending on |s|, would allow us to drop this
requirement. See Remark 3.3.
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i
+/ / {y\\I"AQ—y\T\I’g!Q},dr*dT’
0 X

< B/ / a _3“) (ee+1)+771) [@Pdrar
0 1

.
+ BE‘(t) + BE*(0) + BE%,+ (0, 7) + BE%. (0, 7).

By combining the two previous estimates, we have

1%2(0,7) < BE‘(r) + BE'(0) + BES, (0,7) + BES, (0,7).

Step 2: sum over angular modes. Making use of Lemma 2.2, we can use
the L? orthogonality of the angular modes to conclude to sum the previous
estimate for all £ > |s|: we have

19°%(0, 7) < BE(T) + BE(0) + BEy+ (0, 7) + BEz+(0,7),
and thus (3.6) follows after applying (3.5). O

Having obtained an energy boundedness statement and an integrated
energy decay statement, we can now improve their r weights in the two
limits » — oo and r — 2M:

Proof of Theorem 3.1. In Proposition 3.4, we have already shown a ver-
sion of the statement with p = ¢ = 0 and 6 = 1. To conclude the proof, we
just need to show that the large r weights can be improved using parame-
ters p € (0,2] and § € (0,1] and that the r weights close to r = 2M can be
improved using a parameter ¢ € (0, 1].

Weights at r — oo. For the improvement in the bulk term only, related
to the new § constant, we employ a large r Morawetz multiplier: in the
language of the proof of Proposition 3.4, we choose y(r) = (1 —r~%)y for x
supported at sufficiently large r, so that the error is contained in a bounded
|r| region where Proposition 3.4 can be used. For the improvement in the
bulk term and energy fluxes related to the p constant, we rely on the rP-
weighted estimates of [DR10]: we multiply (2.14) by r?(1 + 4Mr—1)xLV¥
for x supported at sufficiently large r, take the real part and integrate by
parts. It is clear from, for instance, the identities in [DHR19a, Page 46|
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or [SRTAC23, Section 4.1.4] that the errors produced can be controlled by
Proposition 3.4.

Weights at v ~ 2M. This improvement can be done through the redshift
multiplier introduced in [DR09]: we multiply (2.14) by (1 — )~ %r*y LW for
x supported at sufficiently small » — 2M, take the real part and integrate
by parts. It is clear from, for instance, the identities in [DHR19a, Page 92]
or [SRTAC23, Section 4.1.4] that the cost to obtain the improvement can be
controlled by Proposition 3.4. O

We conclude the section with a trivial corollary of the previous results
that will be useful in the next section:

Lemma 3.5 (Nondegenerate ILED). Fiz s € Z with |s| < 4. For any
p € [0,2] and q € [0,1], the following estimate holds:

8 s (5.7
s 1pg(0:7) < BE(g, 4(0) + BEj 79 (0)-

3.2 Decay of the energy and the solution

In this section, we prove Corollary 3.2. The proof given here is, again, not
novel: it is based on Dafermos and Rodnianski’s 7?7 method [DR10].

Proof of Corollary 3.2. In this proof, we will lighten the notation as fol-
lows: we drop the superscript [s] and the subscript (|s|) from our definition
of norms; we take 6 = 1 and drop this subscript.

Take p € [1,2], 0 < 74 < 7B < 00. By direct inspection of the definitions
of the norms,

B
/ E,—11(7)dr < BL,1(74,TB)
TA
and thus, by Lemma 3.5, we have

B
/ Ep,—11(7)dr < BE,1(14) + BE&O(TA).
TA

Step 1: decay along dyadic sequences. Fix some 0 < 79 < oo. Taking p =1
in the above, we have

/ [ET(r) + 3, (r)| dr < BEs(r0) + BES, () + BELS (m)

0
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| &

E () < = (E2,1(70) + B (r0) + EG (10)) ,

Tn
B
EY(7a) < = (E2,1(m0) + E31(r0) + EG (1))
n
along a dyadic sequence such as 7, = 2™79.
We now state two estimates for p = 0. Firstly, we note

Tn41
/ ET\(r)dr < BET, (r) + BEL ()

B
< = (Baa(m0) + B3 (0)) + EF§ (o)

n

B

= E1(7a) < — (E2a(r0) + B3 (70) + E5§ (7))
n

along another dyadic sequence 7, € [%Tn, %Tn]. The last inequality in the

first line follows by the first estimate in this step, which is used to control

E{l (7n), and energy boundedness (Proposition 3.4), which is used to control

E§ 1 (Tn). Secondly, we have

?n+1
/ Eo1(7)dr < BEy 1 (7n) + BELo(70) < BEq1(r) + BEL (%)

Tn

B
< = (Es(r0) + L, (10) + EJF (70))

n

Sy

= E01(Tn) < = (EQ,I(TO) + Eg,l(TO) + EOTE(TO)) )
T

3

along another dyadic sequence 7, € [%?n, ?ﬁn]. In the first line, we have
used energy boundedness (Theorem 3.1) to control E; 1(7,) and then the
previous estimates.

Step 2: decay along foliation. By combining the decay of Eq ; along a dyadic
sequence established in Step 1 with the energy boundedness of Proposi-
tion 3.4, we deduce that Eg1(7) decays in 7. Sobolev estimates using com-
mutation with angular symmetries then imply pointwise decay for the field
U away from r = 2M. O

4 Estimates for the lower level wave equations

In this section, we prove Theorem 1.1 for the transformed wave equation
(2.14). To be precise, we will show:
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Theorem 4.1 (EB and ILED for k < |s|). Fiz M >0, s € Z with |s| < 4,
and k € {0,...,|s|—1}. For anyp € [0,2), ¢ € [0,1], and 6 € (0,1], and all
7> 0, we have the following uniform-in-t estimates:

o energy boundedness without derivative loss:

|s|
[s],]s]— k( [s], Is|— 0
kz%E(k i <BZE(k img (0); (4.1)

e integrated local energy decay with loss of one derivative at trapping:

ls|

s, deg, k s, |s|—k
ZH” el 0,7) < B) Y B PR0). (4.2)
k=0

Corollary 4.2 (Decay for k < |s]). Fiz M >0, and s € Z with |s| < 4. We
have the following uniform-in-t estimates:

o energy decay with derivative loss: for any n € (0,1),

sl

ZES] S < (B YEG0): (43)

o pointwise decay with derivative loss: for any § >0 and n € (0,1),

lsl

- s|, |s|—k
Sup sup ’lb(k’ (1+7) 2+”B(n)ZE£|LD'ZL F40). (4.4)

If s <0, the above holds with n =0 as well.

In these statements, as in those of Section 3, we expect the condition
that |s| < 4 to be suboptimal, see Remark 3.3 for details.

4.1 First order energy boundedness and integrated local en-
ergy decay

In this section, we obtain a weak form of Theorem 4.1. Namely, we will
show that all first order energy norms of 11)5’3) are controlled up to zeroth

order energy norms involving 11)53 e

Proposition 4.3 (First order EB and ILED). Take s € £Z<4. If s < 0,
for all 6 € (0,1], p € [0,2] and q € [0,1], we have

E[S}

Bpa ™) T EQ 2 o(0,7) +EG 20 (0,7) + (O 5., (0,7)

(k),H
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5] me .
< BZE(] ) pq(0) + B (/2+/20) Wl e,y |dr*do

" B/o / 7(1 + TH{P:2})|ILEZ]+1) ?dr*dodr’.
If s >0, for all p € [0,2) and q € [0, 1], we have

[s] [s] [s] [s]
E(k‘),p,q(T) + E(k)yth(O, T) + E(k),z+, 0,7) + ]I(k) » q(O, )

k
<BY EJ, (0)+B ( /)S + /2 ) wlb(,yldrdo
]:0 T 0
8 [C [ wr [ Partdoas

The proof of Proposition 4.3 follows by combining the results of the
subsections below: Lemma 4.4 with either Lemmas 4.7 and 4.8 (if s < 0)
or Lemmas 4.6 and 4.9 (if s > 0). The last four lemmas, though nontrivial,
can be viewed as mostly technical. It is Lemma 4.4 which is the heart of
the proof of Proposition 4.3 and, indeed, Theorem 4.1.

4.1.1 Estimates with suboptimal weights

We begin by closing estimates for the transformed variables with weaker
weights as 7 — oo and r — 2M than those in Proposition 4.3. This will be
loosely based on the insights and, to large extent, approach of [SRTdC20],
though see Remark 4.5 for a comparison. Our result of the section is:

Lemma 4.4 (EB and ILED with suboptimal weights). Fiz s € Z with
1 <|s| <4. Then, for all k € {0,...,|s| — 1}, we have the estimate

// 10l P4 [T P 9D Pl P drdods
L [ + @ I + Y 2] drdo

< B/ / wr 1‘¢£‘2+1 ’ dr*dodr’ +B/ w‘¢£‘2+1 |2dr*d0'

+ B/ whpld, | Pdrdo + B Z E;(0)
=0

Let us start with the easier case k = 0. Note that, for |s| = 1, this is the
only case we need to study.
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Proof of Lemma 4.4 if k = 0. Consider the wave equation (2.12) with
k = 0; in particular notice that, in this case, JE‘Z])’(].) = 0. The proof fol-
lows in two steps. First, in Step 1, we repeat the proof of Proposition 3.4,
now applied to (2.12) with & = 0, to obtain a (conditional) energy bound-
edness statement and a degenerate integrated local energy decay statement.
Then, in Step 2, we will remove the degeneracy, thus recovering integrated
(conditional) control over all derivatives of the k = 0 transformed variable.

In this proof, and all other proofs of Section 4 from this point onwards,
we will drop the superscripts [s] and the parenthesis in the subscripts for
readibility.

Step 1: energy estimate and degenerate bulk estimate. One can check easily
that the same choices of multiplier currents from the proof of Proposition 3.4
lead, for (2.12) with k£ = 0, to the estimate

v 3M 1 1 .
L7 ol (1 25) (10 + L 19w0P ) + 1ol | ardr
0o Js, r r r
< BE(0) + B/ /2 w (7‘_1|1b111)6| + rwhp1ol + T‘IU|II)1|2) dr*dedr
0 -
< BEy(0) +B/ / wr™2 [Py [*dr*dodr,
0 Jz,
at least for |s| < 6, and

/Z [r—2|pro\2 (1= )| Lol + ww%poﬂ dr*do

-

< BEy(0) + B / / wr™2| Py |*dr*dodr.
0 X

We have used here that (2.8) < Ty = w; + sgn s, to simplify the error
terms arising from application of the 7" multiplier.

Step 2: removing the degeneration. Now take the constraint equation (2.15)
with & = 0, multiply by )¢ and integrate by parts to obtain

L (1ol (1o 2 =1l 290 ) o?) o

- /S2 % [w|ﬂ)1]2 + 2sgnsRe[1])1%/] + sgn s (\s\%’ — %) Re[wlﬂ]] do
- [, £ (% Refbown] ) ao
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Thus, we have the estimate

/ / wr ™ [|Y71l)o|2 + |Il)o|2} dr*dedr

JO JE
T T

<B / / [py|2dr*dedr + B / / wr ™21 |*dr*dodr
0 Jx, 0 Jx,
+B / wr 1 2dr*do + B / wr= [ 1 [2dr*do + BEo(0).
s, %o

Using Step 1, and the fact that (2.8) < Ty = wy + sgn sipy (which
allows us to directly estimate the bulk term in Thpg), we obtain

L L w0 [ 1Tl 47 [0 4 7 ol
0 X
4 /E (72| Labo > + (1 — o) Zabol? + w|Vbol?] di*do
gB// wr_2|11)1|2dr*dr7d7'—|—B/ Y 2dr*do
0o Jx, S, T
+B/ Yy 2 dr*do + BEo(0).
'EOT

This concludes the proof of Lemma 4.4 in the case k = 0. (|

Studying the k = 0 case has us provided a strategy to try to address the
k < |s| wave equations (2.12). However, in the more involved k > 1 case, as
we will see shortly, this must be supplemented with new insights:

Proof of Lemma 4.4 if k£ > 1. Consider the wave equation (2.12), now
with & # 0. We start by trying to follow the strategy of the proof of
Lemma 4.4 with £ = 0. Applying the same steps as in that case, is not hard
to see that such multiplier currents and use of the constraint equation (2.15)
will yield the estimate

L L w W o [Tl 4+ 0 o 2]
0 X
<B / / wr2 [Py [2dr*dodr’ + B / Y g Pdrtdo
0 Js, 2, T

+B / %yq)kﬂy?dr*daJrBEk(O) (4.5)
2o
[

+BZ/ / wp;|?dr*dodr’,
=0 0 3
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for |s|] <4 and all 1 <k < |s|, and for |s| = 5,6 only if 1 < k < |3|, as well
as the estimate

[ Ll + (= ) L+ Y] drdo
T k—1
<B / / w(r i + Y ;) drdods’ + BE(0),
0 JX X
T j=0

Notice that, since J,; #Z 0 for k # 0, we now have coupling errors
involving ; with j < k. In order to conclude the proof we must control
these errors. By separately examining the s < 0 and s > 0 cases below, we
will see that on Schwarzschild this can be achieved by supplementing the
wave estimate (4.5) with appropriate transport estimates for (2.8).

The case s < 0. Let us consider the transport equation (2.8) with s < 0.
By multiplying it by c(r){g, and taking the real part, we can derive the
identity

~(r)[brl* = —L (e(r)bil”) + 2(r)w Relbrr 1 Px).

Now choose ¢(r) = 7! to obtain
/ / whp2dr*dodr’ < B/ 3 2drdo
0 JX %o
+ B / / wr 2 Ppy1 2 dr*dodr’  (4.6)
0 Ju.

< BEk(O) -+ B/ / wT_2|II)k+1|2dT*dO'dT,.
0 JX .

Notice that we have used the additional decay of V), compared to P to
estimate the integrals over ¥ by our data norms.

Using the transport estimate (4.6), we deduce that the coupling errors
in the last line of (4.5) satisfy

k=1 ,r - k—1

Z/ / wlp;*drtdodr’ < B/ / ZpgPdrtdods’ + B Y E;(0).

j=0 0 JX 0 s =0
Therefore, if the derivative terms dominate the left hand side of (4.5), i.e. if

T o 1 T
/ / w (|T1])k|2 + 7“_1|Y71])k|2) dr*dodr’ > —/ / wr Py 2dr*dodr,
0 b)) € Jo P
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for sufficiently small €, the coupling errors in (4.5) can be absorbed by the
left hand side; we can fix € so that this is the case. Then, (4.5) holds without
the last line as long as we add B Z?;& E;(0) to the right hand side.

If, on the contrary, we have

/ / \Tq)k\2+r Ly, 2 )dr*dadr <= / / wr g Pdr*dodr,
then, since we have already fixed e,
Jy e [ T Y e
< B/ / wipg2drdr’ < B /T / wr g [2drdr,
Jo Jz Jo Ju,

by noting that ) = wipry; — Ty and then using the transport estimate
(4.6) directly.

The case s > 0. If we repeat the procedure from the previous case now for
transport equation (2.8) with s > 0, we can derive the identity

d(r)el* = -L (C(T)|l|)k|2> + 2¢(r)w Re[Pr 1]

A natural choice (analogous to that in the previous case) is ¢(r) = 1 — p,
which leads to

/ / w2 dr*dedr’ < B/ (1 — p)? [y |*dr*do
0 Jx
+B/ / )| Wry1)?dr*dodr’

< BE4(0) + B / / 1) [pss [2dr*dodr,

where we have again used the additional decay of P compared to | to
estimate the integrals over > by our data norms. In this estimate, the bulk
term in g1 on the right hand side has too weak decay as r — oo for us
to carry on emulating the argument of the previous case case. However, it
is enough to show that the coupling errors in the last line of (4.5) satisfy

k=1 ., - k—2
Z/ / whp;|*dr*dodr’ < B/ / wlPy_1|*dr*dedr’ + B Z E;(0)
j=0 0 JX 0 JX =0
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If we seek to change the r-weights in our transport estimate, a first
obvious attempt is to modify the choice of ¢(r). For instance, consider

C(’r’) = _(T*)_ll{r*ZR*} — (T* — R* + 1)/R*]‘{R*—1§T*§R*}

for some arbitrary, but fixed, R* > 1. Then, we have

T T
//zmﬁwwwgmwwﬂf/uwwWHMﬂ#
0 Js, 0 Js,

-
—I—B// [y 2dr*dodr’,
0 JY_ n{R—1<r*<R*}

where the r-weight in the ;1 bulk term has enough decay as r — oo; this
comes at the cost of having to control a bounded r term bulk term in .
The coupling terms in (4.5) therefore are controlled by

- k—2
B/ / w|py_1|*dr*dedr’ + B Z E;(0)
0 Js 20
gB// EWﬁMHMH+B// g [2dr*dods’
JO JX r JO . E#ﬂ{OS‘T’*—RﬂSl}
k—1
+ B E;0).
=0

As in the case s < 0, if the terms involving T and Y derivatives dominate
the left hand side of (4.5), we can now conclude using their comparative
largeness. .

In contrast, if the terms involving 7" and Y derivatives on the left hand
side of (4.5) are not dominant, the above approach will not help us. Let us
instead consider the modified transport equation (2.18). Multiplying (2.18)

by c(r)lE yields for s > 0

(¢/(r) + 2rw(|s| — k)e(r)) [rl¥ a2
= L (e(r)[bel?) + 2¢(r)r1 P w Refiy 41 By

Now notice that choosing c(r) = r~2, we find that
(Is| =k — 1)/ / wr ™l F Y, 2drdod !
0o Jx

< BEg(0) +B/ / wr_1|11)k+1|2dr*dad7".
JO JE

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 11-55



RITA TEIXEIRA DA COSTA 37

Unless (s,k) = (4+1,0), this transport estimate represents the desired gain
in r-weights as r — oo, and it is enough to conclude, arguing similarly to
the s < 0 case, when neither 7 nor ¥ derivatives are dominant. O

As required, we have obtained energy boundedness and integrated local
energy decay estimates for IIJEZ]) conditional on lower order statements hold-

ing for 11)53 +1) However, as we have mentioned, these estimates have subop-
timal r-weights, and this is easy to see: for instance, we expect ﬂ)E‘Z]) — 0 as

r* — (sgn s)oo, that is, we expect that 1])53) are not radiation fields. In the
next two sections, accordingly, we will improve the r-weights of Lemma 4.4
as r* — (sgn s)oo and beyond.

Before doing so, and because Lemma 4.4 is the heart of the proof of
Theorem 4.1, let us wrap up the section with a reflection on its proof and
outlook to the rotating Kerr case in [SRTdC20]:

Remark 4.5 (From k& = 0 to k > 1 to rotating Kerr). In the above proofs
of Lemma 4.4, we saw that in turning from the case of kK = 0 to k > 1 the
significant difficulty we encounter is the fact that, in the latter case, the
wave equation (2.12) is coupled not only to the (k + 1)th equation but also
to the jth wave equations, with 0 < j < k. Since the coupling constant is
not small, for us to close any wave-type estimates, we must find smallness
elsewhere.

For the Schwarzschild case considered here, we easily find smallness of
this backward coupling (coupling to j < k equations) in the time/angular
derivative-dominated regime by making use of the constraint equation
(2.15), obtained by combining the wave equation (2.12) and the transport
equation (2.8). In the complementary regime, we avoid wave-type estimates
altogether, using transport estimates for (2.8) instead. Crucially, we use the
fact that we never need to gain any smallness in the forward coupling, i.e.
the coupling to the (k + 1)th equation; because we control the top, k = |s|,
transformed variable unconditionally by the results of Section 3, our task
for k < |s| is simply to convert the k < |s| errors into (zeroth order) bulk
terms involving k = |s|.

Turning to the rotating Kerr case analyzed in [SRTAC20] presents a
further layer of difficulties. First of all, the coupling to the j < k wave equa-
tions occurs through angular derivatives as well, making the gain of small-
ness in the time/angular derivative-dominated regime significantly harder
to achieve. Secondly, in the complementary regime, we cannot hope to rely
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on transport estimates alone, as the top, k = |s|, wave equation is coupled
(with an O(M) coupling constant) to all the k < |s| equations.

4.1.2 Improving weights near 77

To improve the r-weights in the estimates of Lemma 4.4, we start with the
asymptotically flat region, r — co. We emphasize that the statements and
proofs contained in this section are not new: they have appeared, in a more
condensed form, in [SRTdC23]. For simplicity, we will state them (and prove
them) with a simplified notation, where we drop the superscript [s] and the
parenthesis in the subscript in the transformed variables and their norms.

Lemma 4.6 (Improving weights for s > 0). Fiz s > 0. Let p € [0,2) and
R* > 0 be sufficiently large. Then, for all k € {0,...,|s| — 1}, we have the
estimate

Egp,0(1) +Eg 72+ (0, 7) + Ir po(0,7)

k
<BY Ejpo(0)+B [ wlbiafdr'do
i=0 0

+ B/ w g |2dr*do + B/ / wrP [Py |dr*dodr’
p 0 JX_
T - o k -
+ B(R*)/ / (1ZDel? + (YDl + 3 [y ) dr*dords”
0 Js_n{r|<R} o

T 1 B B o
w8 [ (L (T LR LR V) drdods
0 Jo_n{r*<—R*} 1—p

1 - N . )
+B (1= ) (= [Lx + [Lx + [V ) dr*do
¥, N{r*<—R*} 1—p

Lemma 4.7 (Improving weights for s < 0). Fiz s < 0. Let p € [0,2] and
R* > 0 be sufficiently large. Then, for all k € {0,...,|s| — 1}, we have the
estimate

/ 72 (PP L P o | L ? + (Vi + [ ) dr*do
S.n{r*>R*}
+Er, 00+ [ ] (2 1 2+ 671 Ly ) o
0 Je_n{r=>R*}

" /OT /Ef,m{r*ZR*} e (2 Pt T_1> (|W¢k’2 + N’kP) dr*dedr’
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T . k
<BR*// L 2+ 2+ .Zdr*dd/
SBED U)o imeorer<i (1Lkl? + [V ;}w )dr*dodr
+B/ / P 1+ Y gy [Pdr*dodr
o Jsnpresre1)

k
+BY Ejpo0)+ B [ wlbendrdo,
j=0 0

Proof of Lemma 4.6. We consider the rescaled equation (2.19) for s >
0, focusing especially on the case r > 1 where the rescaling weight ¢y (r)
becomes prominent.

In the proof, we will consider the cases kK = 0 (Step 1) and & > 0
(Step 2) separately in the basic setting p = 0, 6 = 1. In both instances,
and for all the lemmas in Sections 4.1.2 and 4.1.3, the proof follows by
considering multipliers z(r)L and z(r)L for some function z: that is, by

considering the identities generated by multiplying (2.19) by z(r)Ly and

z(r)LII)k, respectively, taking the real part, and integrating by parts. The
precise choices in integration by parts depend on the situation; thus, it will
be useful to keep in mind the notation

(/T —/20> (m(?‘)r‘QFf( + va(r)(1 — /L)Fg) dr*do
+

/+ Ug(’r’)ngO'dT/—F /+ v4(r)Ffdodr’ (4.7)
"o, To.m

+/ / vs(r) IXdr*dodr’ = 0,
0 Jx,

for the identity induced by a given multiplier X, not just in this proof but
in the following three proofs; here b < v;(r) < B only depending on M. In
Step 3, we sketch the proof for general p € [0,2), § € (0,1]. For readability,
we have kept the discussion in these steps at the level of the r > 1 region
only; in Step 4 we explain how to make these estimates become the stated
almost global estimates.

Step 1: k= 0. Since (2.19) with k£ = 0 couples only to Py, our estimates in
this case are slightly easier. First, we apply the multiplier z(r)L to obtain
an identity of the form of (4.7) with

FzL = Z|L{|)0|2a
1 o~ M zw ~
Fit = §Zw|Y71P0|2 +— (1= |s| +25%) o ?,
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- I e M ! -
P = (spruwz+ ) [Eof? = CE 9007 = (222 (1= 3l + 26 ol

+ z|s|lw (1 - g) Re Lﬁ)ofpl} .

rN\/
Here, we have treated the terms (Up + 2)w — (%01) in (2.19) together.
Choosing z to be a cutoff function which equals 1 for * > R*+1 and equals
0 for r* < R*, we have

/ (1Lof? + = |¥bo[> + r~*bo|?) dr*do
Sr{r*>R*+1}

- / / (r B0 2 + 17 (Vo + 72 [bo[?) dr*dodr’
0 JS_n{r<>R*+1}
<B / / Y |2 dr*dods’ + BE(0)
0 JE_ n{r*>R*} T
+BR) [ (1o 2 + [¥bol? + [bo?) dr*dods’,
0 Jy, n{R*<r*<R*+1}

as long as R* is chosen to be sufficiently large.
To improve the weights on X in this estimate, we then consider an
identity generated by using the z(r)L multiplier, specifically taking the form

L ~ 1 ~
FiE = 2| Libo[? = S s*0?r 2 hol?,

L 1 o ~ M zw
F= = S2wVibol* +

I*L = | Lo | + 2|s|r?w? Re[(y L]
1 o~ 1 2M "o
+ §(zw)'W71bo|2 +3 [w <32 + 7(1 — |s| + 32)> z] o2

+ |8]2(r — 4M)r?w3| Py | — s2(r — 4M)r*w3z Re[d o],

(1= |s] + 2s*)bol?,

in the notation of (4.7). To obtain these expressions, we have treated the
N/
terms (Uy + %)w - (5‘-> in (2.19) together again. We also used the fact

co

that Ly = wr (1])1 — |s|ﬂ)o) to treat the other new terms in (2.19) which are

absent from (2.12), and integrated by parts any terms involving Re[ELﬂN)O].
With z(r) the cutoff function from before, we deduce

[, |zholdodr’ +

0,7)

r 2| Labo ? + 2 Vo[ + 2o ?)

S{r*>R*+1} (
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< B/ / r3 (r2|Lll)o|2 + Vo l? + ol + |1L1|2) dr*dodr’
0 Ju_n{r>Rr*}
+ BE(0),

for sufficiently large R*. Adding a small multiple of this second estimate
with the previous one, and then using the identity Ly = rw (1])1 - |SN~)0)
to directly estimate the Ly bulk terms, we obtain suitable flux and bulk
estimates for large r:

/ (1Gof? + 2190l + r2ibol?) dr*do
S-n{r*>R*+1}

T 1 - ~ 1 o i}
+/ / - <|LII)0|2 + | Lo + —2|Y71b0|2) dr*dodr’
0 JE_ n{r*>R*+1} T r
< B/ / E\ﬂ)lgdr*dadf + BE((0)
0 Jo_n{r>R} T

+ B(R*)/ / (10l + [¥bof? + [bo[?) dr*dod’.
0 Je_ n{R<r*<R*+1}

Step 2: k > 0 and |s| > 1. Our strategy will be similar to that in the previous
step; however, because (2.19) with 0 < k < |s| is coupled to the (k + 1)th
equation and all the jth equations with j < k, the implementation will be
much more involved. The main difference is that we will need to work harder
to obtain multiplier identities generated by the z(r)L and z(r)L multipliers
which are suitable for our intended estimates. We will use the notation

ke w_ ([s| = k)(r —4M) 2M

ofr) = % — (Is] - k)% = = (sl = Ryrw = = (1s| — k).

It will be useful to note that for 0 < k < |s| and |s| > 2,

/ /
w (Uk + %) - (C—k>
r Cl
= k(2|s| — k)w + ¥w (1= |s|+ 25 + k(1 + 3k — 6]s])| > 2w,
oM AN / / /
w (Uk + —) — (C—k> +2 [(C—k> — C—k(|8| - k‘)rw]
r Ck 2cp Ck
=w[2s(|s| — k) +|s| — k+ k] + Tw[l — 2k(2|s| — k — 3) — 3s] > 3w.

Let us first state and explain the the relevant multiplier identities.
Firstly, the zL multiplier applied to (2.12) yields an identity of the form
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(4.7) with
2L T G A A Lo 2
Fi= = 2|Lbg* — E2Re[Lbybe] + 5 (2] [yl
Ck 2 \ ¢k
SR S 1 2M A
Fj — 52w|y71bk|2 + 52 lw <Uk - T) - (—k> ] ik
Ck
2\ % )| [nf?
(G - aru - )]

1L = (2 — )Ll + 25 (5]~ b) % RelLipy]

o (vs 20 - ()] ) e
() v (22 - (5 (5))
o (w (100 280) = () - )t

2 z 5 i (S Re [y ] — Re (L ).

In deriving this identity, in addition to the obvious integration by parts

/

/
argument for the wave operator Ry — (z—’;) , we have used the fact that

+ %(zw)’yyoh])ky? + (

wce ~ = c - -
%czRe [xpkﬂmk — EeRe prk@pk}

= cz| Lg% — cz— E Re [xpkm - —zRe Ly, Llpk}

where the second term (or a subset thereof) can be integrated in L and the
third term can be integrated in L; one then uses (2.12) to simplify LIy,
and integrates by parts the resulting expression. Let us remark that, as

r — OO,
c}C " c}C ! cﬁg 2 1 c}C 2\’
(2—0,) ~ (sl = %) (“”a) *C(a) - 5(&)
__< (UH%_(@)’)
Ck r Ck
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G (2= (sl = k)= 1) + O(™

Ck

which is either positive, since 0 < k < |s| and |s| > 1 by assumption, or
O(r=*). Secondly, the zL multiplier applied to (2.12) yields an identity of
the form (4.7) where we have

. 1 P 123
Fi* = 2 i = 5(Js| = k) (zr ™) [bel* + 52 i,
1 o 1 2M
Fit = Saw|V el + 52 (w ( (Uk " _) - (Ck) ) ol

2M ~
+ e Reflal = 25 (sl — 1) 2l

Ck

o ( - _'Z> L ? — 3 () (9

+2M([s| - k) [(%)lRe[Lﬂ)kﬁ] + ckk Re[prkE]]
) (4
+ czw|Vhil? + ez ( (Uk + %) - (%)l - %C> bl

+ (|s| — k) [(%zrw) - %(zrl)”l |2

k1
3 (e [F - e )
5=0

Ck

Here, in addition to the obvious integration by parts argument for the wave
N
operator Ry — (Ek) , we have used the fact that

Ck

o4 2 Re [ﬂ)kﬂm = zcRe Kﬂ)k — %%) L_ﬂ)k]

Ck

can be integrated by parts in L (first term) and L (second term), that we
can use (2.12) to simplify LIy, and that the resulting expression can also
be integrated by parts. Let us remark that

(ol 20)- () o
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/

/ | 1 -
b=y 1 (s — k) (C—kzrw) — s = B) (Y 4 S (2aY | [l
Ck Ck 2 2

— cw| Vi + cw(s® = 2(]s| = k) = D[br]* + O )by

as r — o0; thus, in view of the properties of the spin-weighted laplacian,
this expression is either positive for 0 < k < |s| — 1 and s > 1, or it is
Oy 2

We now apply the above identities in an identical fashion to Step 1. We
choose z(r*) = x(r*) to be a cutoff function equal to 1 for * > R* and
equal to zero for * < R* — 1 in both the multiplier estimates above. We
add a small multiple of the zL identity to the zL identity. We deduce that:

/ N |L )| 2dodr’

(0,7)

+ / (\LIIJMQ +r  Lg* + 7”_2W°71Lk!2 + T‘2\1Lk!2) dr*do
=, {r > R*}

. 1 . i
+ / - (|L1bk|2 + | L)? + 7YV r|? + 7‘_2|ll)k|2) dr*dedr’

S n{r*>R*} T

< BE.(0) + B/ whpgy)*dr*de + B w1 [2dr*do
o S n{r*>R*—1}

B k=l e )
+— / / W' 2dr*dodr’
(R*)? jz:% 0 Jun{r>R*—1} il

k+1

v [ (1L + 190 + 3 [By[)dr*dode,
0 J3 N{0<R*—r*<1} 20

as long as R* is chosen to be sufficiently large.

Notice that there is a small parameter multiplying the large r error
involving ﬂ)j for j < k. Thus, making R* even larger and then fixing it,
we can iterate the estimates for j = 0,...k (thus making use of Step 1) to
obtain:

/ N | L |2dodr’

(0,7)

+/ (’Lﬂ)k!Q +r L |* + 7“_2W°71])k!2 + 7"_2lﬂ)k|2) dr*de
S, {r >R}

. ) . )
+ / = (12w + [Zapi[? + r2 Vx| + r2[be?) dr*dodr’
IS n{r=>R*}T

k
<B Z E;(0) + B/E wPpy1|*dr*de + B w1 |2 dr*do
0

= S, 0{r*>R*—1}
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k+1

—i—B/T/ Ll 4 15302 4+ 2 dods
0 ?“{OSR*—T*Q}(’ Yil” + [ Vx| ;)N)]] )

Step 3: p-weighted norms. To improve the weights further using the param-
eter p € (0,2), we repeat the two previous steps but now choosing z = Py,
with y the cutoff function from the previous step, for the z(r)L multiplier
only. Notice that, for kK = 0, the term

4M . =
z|s|w (1 - T) Re[Loq], 2z =1rPy,

prevents us from closing estimates with p = 2.

Step 4: almost-global fluxes on ¥,;. By combining the previous steps, we
have closed estimates for ﬂ)k in the large r region in terms of q)k+1 errors
(and data). It is not hard to see that the energy flux estimates can be made
almost global in r: indeed, if we choose z(r) in the z(r)L multiplier and
z(r)L multipliers to be supported not just at large r but for all r away from
r = 2M, then we can control the derivatives of \y, on X, N {r* > —R*}
as long as we control 1Lk+1 and ﬂ)j, j=0,...k— 1, spacetime errors away
from r ~ 2M. This final version of our estimates is the one given in the
statement. O

Proof of Lemma 4.7. Consider the wave equation (2.12) for s < 0. As
announced above, this proof will also rely on using z(r)L and z(r)L multi-
pliers for appropriate choices of functions z(r).

We start by stating the forms of the multiplier identities we will consider,
modeled on the notation in (4.7). For the z(r)L multiplier, we have

FiL = z|Lpy)?,

Fi

1oy 1 2M ) L _
§zw|Y71bk| + 37w Uy, + - V| — zw Z Cs k.j Re [Il)kll)j} ,
j=0
1 ° 1 2M !

I = L = 3 () |9 — 5 {w (Uk + 7) z] 2
+ (|| = k)w' zw| gy |

k—1 ) - -
+ 3 e (FwRe [Bry] + 20 Re [brbj )

j=0

which is obtained by the usual integration by parts procedure for terms
generated by Ry, together with integration by parts of the terms Re[Lz;].
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For the z(r)L multiplier, we have
2M

r

. o 1 1
Fit =Ly, Fit= 52w Yx[* + 2w (Uk -

2 ) bkl

1 . 1 2MN
k—1

+ (|s| = k)w'z Re[\g1 Lby] — 2 Z wcisc,lk,j Re [L_lbkll)j] .
5=0

Let x be a smooth cutoff function such that y = 1 for r* > R* and x =0
forr* < R* — 1. Apply the z(r)L identity with z = rP(1+4M/r)x, and add
a small multiple of the z(r)L identity with z = x. Since ¢z = 14+ O(r~1) as
r — 00, we have

/Z+ ULIPIJQ + =0y (’WIPMQ + Tp—2\ﬂ)k\2)} dodr’

0,7)

+/ r2 (172 Lg[? + [Lbsf? + [V0s[? + e [?) dr*do
Sen{r >R}
+ / / (rp_1|L1|)k|2 + 7"_2|L1|)k|2) dr*dodr’
0 Je.n{r>R*}
+ / / rP=3 (2 —p+ 7’_1) (\7°7l|)k\2 + \ll)kIQ) dr*dedr’
0 Je.n{r<>R*}
<BR) [ | (i 2+ [¥af? + ) dr*drar
0 JE_ n{R*—1<r*<R*}
+ B/ / P14 Y [Wp [P dr*dod s
0 Jen{re>Re—1}

+B P Py 1 [2dr*do + BEL(0)
Son{r*>R*—1}

k=1 .r
+ B / / T‘p_3 9 _ +7"_1 'er*dd,
j;) 0 JE_n{r*>R*—1} (( p) )|’4’g| odt

1

k—
+BY (/ +/ > r2P=3) ;) 2dr* do.
=0 S.{r*>R*—1} Son{r*>R*—1}

Clearly, for any choice of p € [0,2], we can use the improvement in the r-
weights associated to k + 1 and iterate the above estimate for j = 0,..., k:
thus, for R* sufficiently large, the above estimate holds without the last two
lines and with E(0) replaced by Z?:o E;(0).

Finally, we can improve our weights on L1 bulk terms by using the
z(r)L identity with z = (1 +r7°)x instead of z = x. O
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4.1.3 Improving weights near H™"

Finally, in this we turn to the task of improving Lemma 4.4 in the near hori-
zon region. We again emphasize that the statements and proofs contained
in this section are not new, as they have appeared already in [SRTdC23].
As in the previous section, we will state our results (and prove them) with
a simplified notation, where we drop the superscript [s] and the parenthesis
in the subscript in the transformed variables and their norms.

Lemma 4.8 (Improving weights for s < 0). Fiz s < 0. Let g € [0,1] and
R* > 0 be sufficiently large. Then, for all k € {0,...,|s| — 1}, we have the
estimate

Ek’o’q(T) + Ek7H+7q(07 7') + ]I]al,o,q(o, T)

T _ ~ . L i
<8 bl + 1L + (Vi + 3 by P dr*dads’
0 Jsnfri<r)

J=0

k - )
+BY B0, +B [ [ Y o [Pdr*dodr’
§=0 0

(SR T
v L D 2 Y] drtdods
Jo Js_n{r>R*}

+B AL 4 T 2 Vb ] drdodr
Sn{r*>R*}

Lemma 4.9 (Improving weights for s > 0). Fiz s > 0. Let g € [0,1] and
R* < 0 be sufficiently negative. Then, for all k € {0,...,|s| — 1}, we have
the estimate

Eigerg(0,7) + [ (1= p) Ly do
Y N{r*<R*}

+ (1= 1) [| w2 + [Vl + [y ] dr*do
Yn{r*<R*}

+/ / {Q(l — )Y L* + (1 - M)’Lll)k\z] dr*dodr’
0 Jo_n{r*<Rr*}

* /OT /X]T/ﬁ{r (1- 'u)l_q (1 =q)+ (1 =p) {|W¢k|2 + N’kﬂ dr*dodr’

*SR*}
k+1

<Br) [ ] 1L+ [Vl + Y ;2] drdordr
0 Jun{r—R*€0,1]} s

+B / / (1 — p)[py12dr*dodr’
Jo Jy_in{r<r+}
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k
Em{r*gR*}( UL JZ:;) J,O,q( )

In view of the positive surface gravity of Schwarzschild black holes, and
associated redshift effect [DR09], one can expect this region to be signifi-
cantly easier to handle than the asymptotically flat » — oo region. Indeed,
this section is much less technically involved than the previous. Neverthe-
less, the main conceptual ideas are the same.

Proof of Lemma 4.8. Fix some s < 0, and consider the rescaled equation
(2.19) with k£ < |s| — 1. This proof will follow a similar strategy to that of
Lemma 4.6. To obtain the estimates, we derive suitable identities generated
by multipliers z(r)L and z(r)L. Using the notation of (4.7), these can be
stated as

fﬁézzw¢u2
Fz— = szll)k|2 + = zw <Uk + —> [k l?,

r#L = <Z—;]:z - ) | L] + (zw) ¥ hl? + [ (Uk + ¥> Z], b |?
— ZRe {ka [(—:’Z ~(ls] - k)%) %’Z“fbm + <%>,ﬂ)k] }
—z Z —cS e Rel [Lhrb;),
for the z(r) L, multiplier, and for the z(r) Ly,

1
F = 2| Ly ? ——z( )|¢|2
~ 1 2MN  ~

Fit = §Zw|y71|)k|2 + 52w (Uk + T) [y|?

~ 1 o ~ 1 2M .

b= P = Lo B - 3 [ (0 2E) 2]
1/022~2 ’wck+12 't 2
—Qz(%)rwu o (M) )b

e (4 b o]

Ck
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Here, we have used the notation

e w 2(ls] — k)w
otr) = % — (i - = HEZHY,

and obtained the latter identity by, after the usual integration by parts
procedure for the PR, operator, noticing
} WC41 2 s 2
(2
Ck
/

_ Wkl p {q)kﬂ [(%) b — Ly — C(T)Z_:ﬁ)“l] }

R we - c " c ~
— Re {Lll)k [c bt Y1 + (—k> Py — = Ly
Ck Ck

Ck

Cl Cl Ck
LN 5 0 17N\, 5
(% ~ (&) L
T3 K%) ] b 2 (%) Libe
Similarly to Lemma 4.6, let x(r*) be a smooth cutoff function localized
tor =~ 2M: y =1 for r* < R*and x = 0 for v* > R* +1, R* < —1.

Then, summing the z(r)L identity together with a small multiple of the
z(r)L identity, choosing z = x for both, yields an estimate of the form:

| [1Zbel? + (1 = ) (1LsP + [T Dkl + [0 [2) ] didords”
0 JE_n{r*<R*}
+ (1Ll + (1= ) (|LbP? + [Ful + i )] drdo
Srn{r*<R*}
+ ]EkaJf (07 T)

< BE,(0) + B / / (1 = @) [pss Pdr*dodr’
0 J_n{r~<R*}

+ B/ / |Lbk[? + | L0k + Ve[ + [ | dr*dodr
0 Jx_n{r*—R*€[0,1]}

k=1 ,.r )
jz:;) 0 E,./O{T*SR*}( ,LL) ‘11)]’ oaT

for sufficiently negative R*. By making |R*| even larger, we can use the
additional factor of (1 — u) in the coupling to ﬂ)j as a smallness parameter;
then, iterating the estimate above for j = 0,..., k, we deduce that it holds
without the last line as long as E(0) is replaced by E?:o E;(0).
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Similarly to Lemma 4.6, we can now refine the estimate even further.
Adding the z(r)L identity now with z(r) = (1 — pu)~%r%x, we obtain improve
the left hand side of the estimate above to

/ (0= )Ll + (1= o) (1l + [Pl + W) | dr”do
Yn{r*<R*}

’ — ; T, 12 T2 % ,
+/ / /O{T*<R* (1 /*‘L) |:(1 —[1;)1+q |L¢k| + |L11)k| :| dT‘ dUdT
/ / 1 q[(l — q) (1 — ’u)] (’%q)kﬁ T |{|}k‘2) dr*dod+’
/ﬂ{r*<R*
+ Eg gyt 40, 7).

(The above estimate corresponds to ¢ = 0). Thus, this new estimate can
again be iterated as before for j = 0, ... kif R* is chosen sufficiently negative.

Finally, to obtain the estimates in the form of the statement, we simply
note that we can extend the support of y to large, but finite, r*. O

Proof of Lemma 4.9. Fix some s > 0, and consider the wave equation
(2.12) with k£ < |s| — 1. Our strategy will be similar to that of Lemma 4.6
and Lemma 4.8 above: we will make use of multiplier identities for the
multipliers z(r)L and z(r)L acting on (2.12). With the notation from (4.7),
the identities we will use are:

I 1 2M
Fi= = 2| Ly, Fz— = —zw|Y71|)k|2 + 5z (Uk + —) b,

1L = | L 4 3 () [T + [ (Uwﬂ) z]/lxpkl2

— (|s| = k)w' Zw‘ll)kﬂf — Zch Re [Lm])kq)ﬂ

=0
for z(r)L, and for z(r)L
= 2| Lpg|?,
Fit = %Zw|§71|)k|2 + %Zw <Uk + %> il

2M !
#f =2 L + (Zw) Vbl + [ (Uk + T) Z] ik
k-1
— (Is| = k)w'z Re[pr1 Lbe] — 2 Y welly ; Re {Lﬂ)kﬂr’j} :

=0
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Let x be a smooth cutoff function with x = 1 for 7* < R* and x = 0
for r* > R* + 1, for R* < —1. Then, we apply the zL identity with z =
(1 — )~ 9 and add a small multiple of the the zL identity with z = x. We
will obtain, for ¢ € [0, 1],

Erp0t,0(0,7) + Ep gy (0, 7) + (1 — )| Lby [P dr*do
JEN{r*<R*}

+/ (1= o) [0 + Wk + [ ] dr*do

SoN{r*<R*}

] (1= ) Labi? + (1 — o) L] dr* o’
0 Ju_n{r<<R*}

w0 A= (= g (1 ) [[Fef + ] dr o
0 Je_n{r*<R*}
k+1

®) [ L0 + [Ybsl? + 3 2] dr* dordr
0 JX_ n{r*—R*€[0,1]} =0

v [ (1 — @) [busa[Pdr*dodr’
0 N{r*<R*}

+ B (1 — p)[py1|2dr*do + BE(0)
Sen{r*<R*}

1—q ~'2d *d d/
]R*!qz/ //ﬂ{r*<R* — W) b drdodr,

for sufficiently negative R*. In particular, choosing some ¢ € (0, 1) to start
with, we can iterate the estimate in j = 0,..., k. Making | R*| even larger so
that the terms in the last line are small, we deduce that the estimate holds
without the last line, for all ¢ € [0, 1], if E;(0) is replaced by Z?:o E;(0). O

4.2 Higher order energy boundedness and integrated local
energy decay

In the previous section, we have shown that all first derivatives of the kth
transformed variable can be controlled in terms of zeroth order quantities
in the (k + 1)th transformed variable, see Proposition 4.3. In view of Theo-
rem 3.1, which is closed at the level of first order derivatives of |s|th trans-
formed variable (possibly with degeneration at r = 3M), we should be able
to upgrade Proposition 4.3 to higher order control for the k < |s| variables.
This is precisely the goal of the present section.

When trying to control higher order derivatives, it is common to com-
mute with Killing fields, such as T', as we have done already in Section 3.2
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to obtain Corollary 3.2. However, for the goal of obtaining Theorem 4.1,
that would not be adequate: due to trapping, we cannot expect to control

TWEZ}) or Y°781|)E‘2) bulk terms without a degeneration. Instead, we will com-

mute with the vector field which does not “see” trapping (cf. Theorem 3.1),
that is, 9.

Lemma 4.10 (Commutation with 0,+). Fiz s € Z and k € {0,...,|s|}. We
have the identity

s s o . )
%R [(w&g))} WTG )+’ sens(s) — k+1) (Wl )
w\' (W)
o )
[5} 2M ,
(U(k) ) + Z ( sk,] ) )

where SRE‘;’E) is the differential operator defined in (2.13).

Proof. An easy computation shows that

e 2M !
(R, Op+] = —w' Py — [(Uk + T) w] by
To conclude, we make use of the constraint equation (2.15). |

With this lemma, we are now ready to conclude the proof of our main
result for the lower level wave equations:

Proof of Theorem 4.1. Take s € Z and k € {0,...,|s| — 1} We have
already shown that the estimates of Theorem 4.1 holds for first order energies
in the k transformed variables; thus, the we only have to show that we can
bootstrap from first to second order energies.

Let us start by using Lemma 4.10. The fact that 0,- is not a symmetry
of the equation is manifest from the commutator terms of Lemma 4.10. If
one repeats the arguments of the previous section, these additional terms
will generate additional bulk errors. For all but the first such error, we can
treat them using Cauchy—Schwarz: e.g. for the choices p=0=¢ and § =1
(and dropping those subscripts from the norms), the errors produced by all
but the first term in Lemma 4.10 are controlled by

EBZ( (0,7) +E ())
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k
+ 6_1B Z (HjJ(O, T) + Ej(T) -+ Ej,;u.ﬁ (0, 7') + Ej,I+ (0, T))
=0
+ € B (L0, 7) + Bxpr (7) + Bgyy gy (0,7) + By 7+(0,7))
k41

k
+ ) E;(0) + Y ET(0), (4.8)
§=0 j=0

for small € > 0. Here, the 0} superscript represents 0;-commuted norms.
For the first term in Lemma 4.10, we need extra work: repeating the steps
of the previous section for the wave equation (2.12) will cause it to produce
an error of the form

! Re[T s X
= (' ReTPrriXti]) = T Rel(wy1) Kbr) + Rel(w'brs1) KT
= (w' Re[Tll)kJrlX_ll)k])/ — TRe[(w'Prr1) Xy
+ w Re[(w' dpi1) X Pri1] + sgn s Re[(w'dpy1) X df,

where X denotes either zL or zL for some choice of z(r) function (specified in
the the relevant lemmas). After the integration by parts procedure carried
out in this identity, each term can be treated using Cauchy—Schwarz and
controlled by (4.8). Notice that the same reasoning holds for (2.19). Thus,
making e sufficiently small yields control over all appropriately r-weighted
second order derivatives of 1, where one of the derivatives is .

To conclude, we need only show that we can estimate second order terms
involving appropriately r-weighted angular and time derivatives:

T Vg, TYVr, Ay
For the first two, we use the fact that Ty, = w\gi; + sgn s to reduce it
to terms that we already understand. For the last one, a similar reduction
can be attained from the constraint equation (2.15).
In the above sketch, we have overlooked details regarding the precise
computation of r-weights involved. In view of the level of detail of the

preceding sections, the reader should be able to fill in the missing details to
obtain Theorem 4.1 at last. ]

4.3 Decay of the energy and the solution

In this section, we prove Corollary 4.2. The proof strategy is very similar to
the that of Corollary 3.2: it is based on the 7P method introduced in [DR10].
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However, because we Theorem 4.1 does not yield estimates for p = 2, we
require an additional interpolation lemma as in [SRTdC23, Theorem 9.3].

Proof of Corollary 4.2. To lighten the notation, let us denote simply
E,4(7) the sum Z/‘:‘:o E‘(‘Z')_:q for any ¢ € [0,1]. Repeating Step 1 from
the proof of Corollary 3.2 with p replaced by p — n for n € (0,1), we have

B
Epi(m) < — (Ez—n,l(TO) +E5_,1(70) + Eg,,’g(To)) :
n
on a dyadic sequence {7}, satisfying 7, 1 oo.
We have not shown uniform boundedness of the E_; ; energy. However,
with the interpolation inequality

Eo,1(7n) < (B—p1 (7)) " (B (7)™

B

1-n/2
< 5 (Bana () + ELL,1 (o) + EGE ()
n

(Ez—p.1(70))"? ,

we can now easily conclude in the same fashion as Step 2 of Corollary 3.2. O
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Resumo: Nesta pequena nota estabelecemos a diferenciabilidade no sentido
do calculo de Malliavin das solucoes das Equacgoes Diferenciais Estocésticas
de McKean-Vlasov (MV-SDEs), onde se assume que o coeficiente de
tendéncia (‘drift’) é localmente Lipschitz e satisfaz uma condigao Lipschitz
‘lateral” enquanto o coeficiente de difusao satisfaz a condicao Lipschitz usual.

Como contribuicdo secundéaria, ¢é investigado como ¢é que a
diferenciabilidade no sentido do célculo de Malliavin se transfere através
do limite de sistemas de particulas que converge para a solucdo da MV-
SDE original. Estabelecer este resultado requer que os coeficientes da
equacao sejam diferenciaveis na componente espago e na componente da
medida de probabilidade, e logo o resultado apresentado nao é tao geral
quanto o resultado da primeira parte do artigo (onde ndo é necesséria a
diferenciabilidade em medida, apenas a propriedade Lipschitz na métrica
de Wasserstein). No entanto, a metodologia é de interesse independente
por ser esta a primeira vez a aparecer na literatura (ao melhor do nosso
conhecimento). A apresentagao da secgdo é de cardcter didatico e a seccao
conclui com uma discussao alargada sobre técnicas de molificagdo para a
derivada de Lions (i.e., derivadas na varidvel da medida de probabilidade).

Abstract: In this short note, we establish Malliavin differentiability of
McKean-Vlasov Stochastic Differential Equations (MV-SDEs) with drifts
satisfying both a locally Lipschitz and a one-sided Lipschitz assumption,
and where the diffusion coefficient is assumed to be uniformly Lipschitz in
its variables.

As a secondary contribution, we investigate how Malliavin
differentiability transfers across the interacting particle system associated
with the McKean-Vlasov equation to its limiting equation. This final result
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requires both spatial and measure differentiability of the coefficients and
doubles as a standalone result of independent interest since the study of
Malliavin derivatives of weakly interacting particle systems seems novel to
the literature. The presentation is didactic and finishes with a discussion
on mollification techniques for the Lions derivative.

Keywords: McKean-Vlasov SDEs, Malliavin differentiability, superlinear
growth, interacting particle systems
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1 Introduction

The main object of our study are McKean-Vlasov Stochastic Differential
Equations (MV-SDE), also known as mean-field equations or distribution-
dependent SDEs. They differ from standard SDEs by means of the presence
of the law of the solution process in the coefficients. Namely

dZt = b(t7 Zt,ﬂt)dt+0(t7 Ztvut)dwh XO - 57
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for some measurable coefficients, where u; = Law(Z;) denotes the law
of process Z at time ¢ (with W a Brownian motion; ¢ a random initial
condition). Similar to standard SDEs, MV-SDEs are shown to be well-
posed under a variety of frameworks, for instance, under locally Lipschitz
and super-linear growth conditions alongside random coefficients, sece e.g.
[AdRR22] or [dRST19]. In this setting there are also many studies on their
numerical approximation e.g. [dRES22, CdR22, CdR24], ergodicity [CdS25]
and large deviations [dRST19, AdRR™22].

Many mean-field models exhibit drift dynamics that include superlinear
growth and non-global Lipschitz growth, for example, mean-field models
for neuronal activity (e.g. stochastic mean-field FitzHugh-Nagumo
models or the network of Hodgkin-Huxley neurons) [BFFT12], [BCC11],
[BFT15] appearing in biology or the physics of modelling batteries
[DGGT11],[DFGT16]. Quoting [GPV20], systems of weakly-interacting
particles and their limiting processes, so-called McKean-Vlasov or mean-
field equations appear in a wide variety of applications, ranging from plasma
physics and galactic dynamics to mathematical biology, the social sciences,
active media, dynamical density functional theory (DDFT) and machine
learning. They can also be used in models for co-operative behavior,
opinion formation, risk management, as well as in algorithms for global
optimization.

Our 1st contribution: Malliavin differentiability of MV-SDFEs under
locally Lipschitz conditions. We extend Malliavin variational results to
McKean-Vlasov SDEs with locally Lipschitz drifts satisfying a so-called
one-sided Lipschitz condition. The result is new to the best of our
knowledge. Malliavin differentiability of MV-SDEs has been addressed in
[CM18, Proposition 3.1] and [RW19], and in both cases, their assumptions
revolve around the differentiable Lipschitz case. Our proof methodology is
inspired by that of [CM18] — both there and here, the result is established
by appealing to the celebrated [Nua06, Lemma 1.2.3].

Our 2nd contribution: transfer of Malliavin differentiability across the
particle system limit. Another large aspect of McKean-Vlasov SDE theory, is
the study of the large weakly-interacting particle systems and their particle
limit that recovers the MV-SDE in the limit. This latter limit result
is called Propagation of Chaos [Szn91] (also [BCC11],|GPV20], [CCD22],
[AdRR"22]). In the second part of this note, we study the Malliavin
differentiability of the interacting particle system and how the Malliavin
regularity transfers across the particle limit to the limiting equation. To
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the best of our knowledge, this particular proof methodology is new to the
literature.

From a methodological viewpoint, our point of attack is the projections
over empirical measures approach [CCD22,CD18a,dRP23|. This approach
allows us to use the best available Malliavin differentiability results for
standard (multidimensional) SDEs [Nua06, IdRS19], and then carry them
to the MV-SDE setting via the particle limit using Propagation of Chaos
and [Nua06, Lemma 1.2.3]. Our variational results are limited only by the
SDE results we cite. If better results are found, one only needs to replace the
reference in the appropriate place. Lastly, in relation to our 1st contribution,
this 2nd contribution is established under a full global Lipschitz and
differentiability (space and measure) assumption on the coefficients.

Organization of the paper. In section 2, we set notation and review
a few concepts necessary for the main constructions. In section 3, we
prove Malliavin differentiability of MV-SDEs under superlinear drift growth
assumptions and in section 4 we prove Malliavin differentiability of MV-
SDEs under the weaker global Lipschitz assumptions via the convergence of
interacting particle systems, providing a lengthy remark about mollification
in Wasserstein spaces.

2 Notation and preliminary results

2.1 Notation and Spaces

For collections of vectors, let the upper indices denote the distinct
vectors, whereas the lower index is a vector component, i.e. xé denote
the j-th component of I-th vector. Let x = (z!,--- ,a?N) denote a vector
in R where z¢ := (2%, -+ ,2%) for i = 1,--- , N. For matrices M and N
of agreeing dimensions, define the inner product M : N = Trace(MTN)
and the norm induced by this inner product (the Hilbert-Schmidt norm) as

|M| = y/Trace(MTM).
For g : R™ — R", writing g(z) = (¢'(z), --,¢"(x)) and define V,g as
the Jacobian matrix (gi;)i1<i<m where g;; = 0,ig.
1<j<n
Take T € [0,00) and let (Q,F, F,P) be a filtered probability space
carrying a m-dimensional Brownian Motion on the interval [0,7] and

F = (Ft)t>0. The filtration is the one generated by the Brownian motion
and augmented by the P-null sets, and with an additionally sufficiently rich
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sub o-algebra Fy independent of W. We denote by E[:] = E[-] the usual
expectation operator with respect to IP.

The space of probability measures on R? with finite second moment,
P2(R?) is Polish under the 2-Wasserstein distance

1
W,:’f/ —yPr(de,dy))?, v € Po(RY),
2wy = it (o= yPa(dndy)®s v e PR
where II(u, v) is the set of couplings for y and v such that = € II(p,v) is a
probability measure on R? x R? such that (- x RY) = p and 7(R? x -) = v.
Let Supp(p) denote the support of 1 € P(R?).

Let p € [2,00). We introduce the following spaces.

e Let X be a metric space. We denote by C(X) as the space of
continuous functions f : X — R endowed with the uniform norm
and Cj(X) its subspace of bounded functions endowed with the sup
norm ||fllec = supgex |f(z)] < oo; For k& € N denote C¥(R?) the
space of k-times continuously differentiable functions from R? to R¢,
equipped with a collection of seminorms {||g|cr(x) := sup,ex (|9(z)|+

;?:1 |0ig(x)]), g € Ck(RY)}, indexed by the compact subsets K C R

o LP(Q) := LP(Q, F;,P;RY) | ¢ € [0,T] is the space of Révalued F;-
measurable random variables X : Q@ — R? with norm || X||sq) =
E[| X P]'/P < oo.

« SP([0,T]) := SP([0,T],P;R?) is the space of RZvalued

measurable F-adapted processes (Y:):cjor) satisfying ||V sr(jo,r)) =
E[sup;efo 7y Y (8)P]H? < oo.

2.2 Malliavin Calculus

Let H be a Hilbert space and W : H — L*Q) a Gaussian
random variable. The space W(#H) endowed with an inner product
(W(hy),W(ha)) = E[W(h1)W(hg)] is a Gaussian Hilbert space. Let
CP(R™;R) be the space of infinitely differentiable functions f : R" — R
which have partial derivatives of all orders, each with polynomial growth.
Let S be the collection of random variables F': £ — R such that for n € N,
[ € C°(R™;R) and h; € H can be written as F' = f(W(h1),...,W(hy)).
Then we define the derivative of F' to be the H-valued random variable

DF =300 fW(h), - W (b))
=1

Boletim da SPM 83, Dezembro 2025 ,Matemaéticos Portugueses pelo Mundo, pp. 57-86



MALLIAVIN DIFFERENTIABILITY OF MCKEAN-VLASOV SDES WITH
62 LOCALLY LIPSCHITZ COEFFICIENTS

The Malliavin derivative from LP(Q) into LP(Q, H) is closable and the
domain of the operator is defined to be D'?, defined to be the closure of the
of the set S with respect to the norm

1
IFll1p = [EIFP) +E[DFI)|”.

We also define the directional Malliavin derivative D"F = (DF, h)4 for any
choice of h € H. For more details, see [Nua06.

3 Malliavin differentiability under local Lipschitz
assumptions

3.1 McKean-Vlasov Equations with locally Lipschitz
coefficients

In this manuscript, we work with so-called McKean-Vlasov SDEs
described by the following dynamics for 0 <t < T < o0,

dZt = b(t7 Zt7,ut)dt+ Zgl(t7 Zthut)thl? ZO = 57 (1)
=1

where u; denotes the law of the process Z at time ¢, i.e. uyy = Po th_1 and
Wt 1 =1,...,m are 1-dimensional independent Brownian motions. We
write W = (W, ..., W™) as the corresponding m—dimensional Brownian
motion. In this chapter, we work under the locally Lipschitz case as the
below assumption describes.

3.1.1 Assumptions

Assumption 3.1. Let b: [0,T] x R? x Py(RY) — RY and forl=1,...,m,
ol [0,T] x R% x Po(R?) — R, Then there 3L > 0 such that:

1. For some p > 2, & is Fo-measurable and £ € LP(Q, Fo,P;RY) .

2. ol is continuous in time and Lipschitz in space-measure ¥t € [0,T],
Vo, 2’ € RY and Y, i’ € Pa(RY) we have

0!t 1) = !0, 1] < L[ = ']+ Wal, i) ).
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3. b is continuous in time and satisfies the one-sided Lipschitz condition
in space and is Lipschitz in measure: Vt € [0,T], Va,2' € R? and
Vu, i € Po(R?) we have that

<£L‘ - ﬂi‘l,b(t,l’,ﬂ) - b(t,W,ﬂfl»#»Rd < L|$ - $/|2a
b(t, 2, ) — b(t, 2z, 1) < LWa(u, p').

4. b is Locally Lipschitz: ¥t € [0,T], Vi € Po(R?Y), Vo, 2’ € R? such that
|z], |2'| < N we have that 3Lx > 0 such that

’b(tﬂ%ﬂ) - b(tvx,nu’” < LN“T - .Z',‘.

Throughout, denote by o, the d x m matrix with columns (o!,---, o™).

Observe that time continuity is a sufficient condition for integrability
of b and ¢! since we are working on a compact time interval. The above
assumption ensures existence, uniqueness and related stability while the
following will be used to ensure the differentiability results.

Assumption 3.2. Let Assumption 3.1 hold. For anyt >0, pn € P(RY) the
maps x +— b(t,z,p) and x +— o'(t,z,p) are C*(RY). The derivative maps
are jointly continuous in their variables.

Remark 3.3. One recognises that the above assumptions can be weakened
in a few ways. For instance, the Lipschitz constant can be a mon-negative
function of time Ly, under an L'-integrability condition: fOT Lgds < o0.
Further, the time continuity t +— b(t,0,d9) can be exchanged for an
integrability condition: fOT |b(s,0,00)|ds < oo, while the time-continuity
of t — o(t,0,dp) can be exchanged for a square-integrability condition:
fOT lo(5,0,80)|?ds < 0o. We leave these points open for the interested reader.

3.1.2 Well-posedness and moment estimates

The first result establishes well-posedness, moment estimates and
continuity in time for the solution of (1).

Theorem 3.4. Let Assumption 3.1 hold with some p > 2. Then, MV-SDE
(1) s well-posed and has a unique solution Z € SP(]0,T]). Moreover, it
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satisfies
T p
B | sup 2| < 0T (E(IgP) +E|( [ [b(s.0,00)lds) |
t€[0,7] 0

vu[( [N et0apa)]),

for some positive constant C. Lastly, Z has P-almost surely continuous paths
and its law [0,T] 3 t +— py is continuous under the Wa-distance.

This result also yields estimates for standard SDEs (which have no
measure dependency).

Proof. Well-posedness and the moment estimate follow from [AdRR'22,

Theorem 3.2] as their assumption (with D = R? zy and deterministic
continuous maps b, o) subsumes our Assumption 3.1. The continuity of
the sample paths of Z and its law in Ws is trivial. O

3.2 Malliavin differentiability with locally Lipschitz
coefficients

We state the first main result of this work, the Malliavin differentiability
of the solution of (1).

Theorem 3.5. Let p > 2. Let Assumption 3.2 hold. Denote by Z the
unique solution (1) in SP([0,T]). Then Z is Malliavin differentiable, i.e.
Z € DY2(8%) N DYP(SP), and the Malliavin derivative against W satisfies
for0<s<t<T,

t
DsZ, = (3, Zy, pis) + / (Vub)(r, Zo. 1) Dy Zydr
+Z/ (Voo )(r, Zy, pi) Ds ZydW. (2)

If s >t then DsZ; = 0 P-a.s.
Moreover, we have

p
5, 1D Z |50 0,77y < SHETE[Oi?ET\D Zy } < CA+ 1215w (0,77
< C(+ €l (q)) < oo,
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and, reflecting that DZy is a Hilbert space valued random variable we have

E{ sup (/TyDSZt\st)g} <O+ €l ) < oo (3)

o<t<T Jo

This proof is inspired by that appearing in [CM18] but with critical
differences to allow for the superlinear growth of the drift and the general
Malliavin differentiability of [IdRS19].

We comment that using the proof methodology we present below, the
result above can be extended in several ways — we leave these as open
questions. The first is to allow for random drift and diffusion coefficients:
[AdRR*22, Theorem 3.2] provides well-posedness and moment estimates
and concluding Malliavin differentiability via [IdRS19, Theorem 3.2 or
Theorem 3.7].

Another open setting, with continuous deterministic coefficients, is to
establish our Theorem 3.5 with a drift map b having super-linear growth in
the measure component: for instance, by allowing convolution type measure
dependencies. Lastly, the differentiability requirements for b and o can be
weakened via mollification; see [I[dRS19, Remark 3.4].

Example 3.6 (Linear interaction kernels). Take MV-SDE (1) with solution
(Zt, pit)1>0 under the assumptions of Theorem 3.5 and let the drift function
b take a specific convolutional form. Concretely, let b(t,z, ) = (b p)(z) =
Joab(z — y)u(dy) for some b € CHR?) and let 0 = o¢ly for o9 # 0 a
constant.

Then, we have for any 0 < s <t <T

DsZ; = ogexp (/:(Vzl; * yr)(ZT)dr). (4)

We can in fact reduce the C' in space differentiability assumption to a
Lipschitz one, exploiting [Nua06 Proposition 1.2.4]. That is, we can take
a sequence of mollifiers by, = b p, for a smoothing kernel (pn)n such that
C®(R%) 3 pp(x) — = uniformly, and the expression (4) still holds.

We can generalise the above form of the drift to linear interaction kernels
of the form b(t,z,p) = fRd Yu(dy), where b : R x R4 — R and = +—
b(ulc7 -) is Lipschitz umformly to obtam forany 0 <s<t<T

D,Z; = ogexp (/St { /]Rd(vxg)(Zr,y)uT(dy)}dr).
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Proof of Theorem 3.5. The Malliavin differentiability of (1) is shown by
appealing to [Nua06, Lemma 1.2.3]. One builds a convenient sequence of
Picard iterations which converge to the McKean-Vlasov Equation and use
[Nua06, Lemma 1.2.3] to ensure that the limit is also Malliavin differentiable
in DY2(8?). Lastly, by showing that the Malliavin derivative of Z is SP-
integrable, then [Nua06, Proposition 1.5.5] yields that Z € DYP(SP).

Step 1.0. The Picard sequence. We start by defining a Picard sequence
approximation for (1), namely set Z = € and p) = Po ¢~ = Law(§) for
any t > 0; we have t + Y is a Wa-continuous map. For any n > 1 define

m
dZptt =0t 2P pf)dt + Yo' (4, 20T pf)dW, Zgtt = ¢ (5)
=1
(5) is a standard SDE with added time dependence induced by ¢ — pj* with
drift b satisfying a one-sided Lipschitz condition (in space) and ¢ uniformly
Lipschitz (in space).

Step 1.1. Ezistence and uniqueness of Z™. Take u™ ! such that ¢ —
b(t,z, 1) and t — ol(t, z, P 1) are continuous, then (a slight variation of)
Theorem 3.4, given Assumption 3.1, yields the existence of a unique solution
Zntl € 82(]0,T]). Moreover, an easy variation of [{RST19, Proposition 3.4]
yields that for n > 0, t — u?™! is continuous (in 2-Wasserstein distance) if
t — uy is. We can conclude that {Z"},>o exists and is well defined.

Using that Wa (8o, 1™)? < E[|Z"]?] and Theorem 3.4, we have
12" %2 0.1

2 T 2
< O(1+ el + | ENZPYr)
2 T 2
<C(1+ 16l + | 12" Beganpdr)
) T 9 " =12
§0(1+H§HL2(Q)+/O {C<1+H£HL2(9)+/O 12" 30,5 pdr)
" (CT)
<. <01+ HEH%z@)(Z T)\\ZOII§2([0,T})

j=0
< O+ €l (@) e 1 2°1132 0.7y

where we iterated the initial estimate on [0, 7] over small subintervals [0, r]
leading to a known simplex estimate. We conclude that

sup {1 2" |s2(jo,z7) + sup_ Wa(do, p1i) } < o0. (6)
n>0 0<t<T
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Step 1.2. Convergence of Z"™. Recall that (5) is a standard SDE, thus
standard SDE stability estimation arguments apply. We sketch such
argument only and invite the reader to inspect the proof of [dRST19,
Proposition 3.3] for the full details. Take the SDE for the difference of
VAR ALRE WY

T
2 g = [ a2 ) — bs, 2

m T
30 [ ot o 2t ) — (s, 2 AW,
=1

Applying It6’s formula to |Z/""' — Z'|2, using the growth assumptions on
b, o and taking the supremum over time and expectations, we use the BDG
inequality and then the Gréonwall inequality to obtain

1278 = Z™1 &2 0.1

T T
< CT(/O Wa (', j=)2dr) < C’T/O E(|Z" — 27 [2]]dr

r n n— (CTT)n
< CT/O 12" = 2" [Se (o pydr < -+ < T\\Zl — Z°[32(0,17)-
where we used the same simplex trick as in Step 1.1 above. We conclude
that Z™ converges to the solution of (1) in S?([0,T]) as ||Z! — ZOH?SQ([O )
is bounded and independent of n.

Step 2. Malliavin differentiability for Z™. Now, under our Assumption
3.2, [IdRS19, Corollary 3.5] holds applied to yield the Malliavin
differentiability of Z™ for each fixed n; critically, due to the equation’s
coeflicients being deterministic, that corollary does not require p > 2 and it
holds for any p > 2 (in particular, our case here for the time being p = 2).
We have that the Malliavin Derivative DZ"! satisfies DsZ;'" = 0 for
0<t<s<T, whilefor 0 <s <t <T itis given by the SDE dynamics

't
Js

D, ZM = o(s, 20T, 1) + / (Vb)) (r, Z0H ™D Z  dr

m t
+ / (Vaol)(r, 200,y Dy 20 LW,
=1"*%

Step 3. Uniform bound on DZ"™. We remark that the SDE for DZ" is
linear and satisfies [IdRS19, Assumption 2.4] with their b(s,w), o(s,w) set
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to zero, hence [IdRS19, Theorem 2.5] applies to yield

I1D-2"|52(0,17) = E[ 2P |D.Z1?] < CE[]o(-, 2", u" )]

C(1+ 112" o2y + W, 00))
< 1+ 12" oy + 12" vy
C(L+I€llq) < o0, (7)

where we used the linear growth of o and its time continuity property. The
constant C' depends heavily on the constants appearing in Assumption 3.1
and the upper bound on ¢ — o(t,0, dp) stemming from its continuity over the
compact [0, T]. Using that (6) provides an estimate of || Z"(|s2([o,77) uniform
over n and uniform over the Malliavin derivative parameter, we conclude
taking supremum that

sup sup Bl sup D21 < O+ ea) <00 (8)
neNse[0,7]  t€[0,T]

We also establish the inequality for DZ]* that yields its interpretation as
Hilbert space valued random variable. Simple manipulations and using (8)
above easily yields estimate (3) when p = 2 (when we pass to the limit in
n — c0). Concretely, we have

T
E[ sup / |Dst|2ds} SC’E[/ { Sup |DsZ}| }ds}
te0,1] /0 te[0,T

<C’/ sup |DZt|}ds
t€[0,T]

< C sup E[ sup |D3Zf|2}
s€[0,T1] t€[0,T]

C(L+[I€]172()) < oo, (9)

where we firstly used Jensen’s inequality and moved the supremum inside the
integral, then used Fubini and dominated the integral by the supremum over
the integration variable in a way that (7) can be used. Taking supremum
over n on both sides and using (8) yields (3).

By applying [Nua06, Lemma 1.2.3], we conclude that the limit of Z is
Malliavin differentiable and the limit of DZ" gives its Malliavin derivative
(identified by Equation (2)). The moment estimates for DZ", holding
uniformly over n, yield the moment estimate for DZ.
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Step 4. Higher-order moments on DZ and conclusion for DVP(SP).
Recall that p > 2. From Theorem 3.4 we have that Z € SP([0,7]) and
the estimates
1200 01y < COA 1€ 10y) and — sup WE(ue,d0) < C(1+ [€]22(0y):
0<t<T
Noticing now that (2) is a standard linear SDE (in DZ) with random (time-
continuous) coefficients satisfying a one-sided Lipschitz condition, i.e. the
SDE for DZ is linear and satisfies [IdRS19, Assumption 2.4] with their
b(s,w),o(s,w) set to zero, hence the moment estimate of [[dRS19, Theorem
2.5] applies with general p > 2 and yields

ID-Z 500,y =E[ sup |D.Z7["] < CE[lo(-, Z., n.)|"]
0<t<T

([0,17)
1+ ||Zz7 + sup W2 (uq, o
(||Mmm sup WE (. 80))
C(1+I¢I% 5 q)) < oo

Thus, akin to Estimate (8), we obtain from the above inequality

sup Bf sup IDZIY) = sup 10,215 oy < OO+ ey (10
s€[0,T]  t€[0,T] s€l0,T
Further, following the footsteps of (9) but this time in p-moment norms we
have

ELES[%%] (/0T|DsZt|2ds>g} < CE[ {tes[%%} |Ds Zt|P}ds]

< C’/ sup |Ds Zt]p}
t€[0,7]

< C sup E[ sup ]DSZt\p}
s€[0,T te[0,7

< O+ [112g) < oo

where we firstly used Jensen’s inequality and moved the supremum inside
the integral, then used Fubini and dominated the integral by the supremum
over the integration variable in a way that (10) can be used. This shows (3).
Having shown that Z € SP([0,7]) and that DZ has higher-order p-
moments (in the sense of (10) and (3)) we conclude via [Nua06, Proposition
1.5.5] that Z € DYP(SP) (and space interpolation that Z € D%4(S8%) for any

q € [2,p]).
O
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4 Malliavin differentiability via the interacting
particle system

The main goal of this section is to explore, in a didactic fashion, how
much of Theorem 3.5 can be recovered under the interacting particle system
approach. A somewhat close approach has been taken, for instance, in
[HAHT21] and [CdRSW24].

To simplify arguments we will work under the further restriction of full
Lipschitz conditions on the MV-SDE’s coefficients and thus abdicate the
more general super-linear growth and one-sided Lipschitz assumption.

4.1 The interacting and non-interacting particle system

We introduce the interacting particle system (IPS) associated to
McKean-Vlasov SDE (1). Consider the system of SDEs for i = 1,--- | N:

dXi =b(t, X}, qa)dt + > o't X;, 5N )awl, Xi=¢, (11
=1

where ﬁiv(dy) = % Z{C\le 5Xz(dy) and for [ = 1,...,m, {Wl’i}z-zl,...,N,
are independent 1-dimensional Brownian motions and {fi}izl,”. N are
i.i.d. copies of &; the (Wi, &%), in (11) are independent of W', £ in (1) (and in
fact, live in different probability spaces). We write W = (Wi .. . W™)
to be the corresponding m—dimensional Brownian motions for ¢ = 1,..., N.
The dependence on the empirical distributions in the coefficients introduces
non-linearity into the system in the form of self-interaction; hence we refer
to the above set of equations as an interacting particle system (IPS).

Since (1) and (11) live in different probability spaces, we construct an
auxiliary non-interacting particle system (non-IPS) as living in the same
probability space as (11). Fori=1,--- ,N ,

m
dZj = b(t, Z}, wy)dt + > o' (t, Z{, ) dWy',  Zi= ¢, (12)
=1

where ' is defined as the law of Z%. In this case, the {Z'};— .. n are
independent of each other, since the (W?, ¢%); are all i.i.d. and u' = 4/ = p
Vi,j = 1,---,N where pu denotes the law of the McKean-Vlasov SDE
(1). In essence, (12) is a decoupled system of N copies of (1). From
direct inspection of (12), we have the following lemma regarding the cross-
Malliavin derivatives D7 Z¢ for i # j.
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Lemma 4.1. Assume (12) is well-posed. — Then, the cross-Malliavin
derivatives of the solution {Z'}i—1.. y to (12) are all zero. That is,

DIZ!=0 forany j§#i,1<i,j<N, stecl0,T].

Proof. One sees that Z' acts independently of any other Brownian motion
W7 for j # i. The result follows immediately from the definition of the
Malliavin derivative. O

4.1.1 Preliminaries

In this section, we work under stronger assumptions requiring b and o
to be globally space-measure Lipschitz. Formally we state the framework as
follows:

Assumption 4.2. Let b: [0,T] x R x Py(RY) — R? and forl =1,...,m,
ol 1 [0,T] x R? x Po(R?) — RY be progressively measurable deterministic
maps and 3L > 0 such that:

1. For somep>2, & ¢ LP(Q,]-'O,IP;Rd) fori=1,--- N,

2. ol is continuous in time and Lipschitz in space-measure Yt € [0, 7],
Vo, z' € RY and Yu, i’ € P2(RY) we have

0!t 1) = o' (10" )| < L(Jo = /| + W 1) ).

3. b is continuous in time and Lipschitz in space-measure ¥Vt € [0,T],
Vo, z' € RY and Yu, i’ € P2(RY) we have

’b(t$7ﬂ) - b(tvxlv /,L/)l = L(‘Z’ - x/‘ + W2(ILL/'L,))

A quick inspection of (11) highlights that this system of equations can
be seen as a system in (Rd)N as opposed to N equations valued in R%. The
former has a few advantages and to formalize it we introduce the notion of
an empirical projection introduced in [CD18a, Definition 5.34].

Definition 4.3 (Empirical projection of a map). Given u : Po(R?) — RY
and N € N, define the empirical projection u™ of u via u™ : (RHN — R?,
such that
XN
Nt 2Ny = (@), with g (dy) = N Z(sz (dy),
=1
forzt e R4 1=1,...,N.
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We can use a similar notion of mapping points onto empirical projections
to express the interacting particle system as a high-dimensional SDE. Hence
we can interpret system (11) as a system in (R?)" with BY : [0, T]x (RN
(RHN and 2V : [0,T] x (RHN — RMN*dN

dX, = BN(t,X,)dt + =N (t, X )dW;, X, =&, (13)

for X = (X, , XN), W= W' -.. WV)and &€ = (¢',---,&V) where
fort € [0,T] and x = (2!, ,2V) € R¥ 2 ¢ R% i =1,--- , N we have
BN(t7X) = (bjlv(tvx)a abN(t X))
= (b(t, 2", ™), bt 2™ 5Y))
EN(t7X) = diag(J{V(t7X)a e ’UN(tvx))
= diag(a(t,xl,ﬂN), e »U(t7$NnaN)>v

with the relation between x and iV being as highlighted in Definition 4.3.
The next result shows that from the Lipschitz properties of b, o in space and
measure, one can show that x — BV (-, x), 2V (-,x) are uniformly Lipschitz
(uniformly in time).

Lemma 4.4. Under Assumption 3.1, the maps BN and ¥V in (13) are
globally Lipschitz in their spatial variables.

Proof. Let x = (x',---,2N),y = (', ---,y") € R¥W, for 2%,y € R,
i=1,---,N then
BV (t,x) - BN(t,y)| Z [b(t, 2 —b(t,y", i (y) [
N 2
<123 (jo" = yF 1+ WY (%), BV (y))
k=1
N
<20 fat =y P+ WH(EN (%), 7V (y) < 4L%x —y[%,
with the final inequality arising from the fact
(1 i 1 i 1 i i T
Wa | % 2 0uis 5yi> = <— =" — 3] > = —=[x—yl. (14)
N = N = N = VN
The proof is similar for R 3 x s %V (x) € RmMAV*dN, O
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4.1.2 Classical results

We briefly recall classical results involving the relationship between
systems described above. Well-posedness follows from classic literature,
while the second result is classically known as Propagation of Chaos (PoC),
which ascertains convergence of X’ to Z° as N — oo (as respective laws)
[Szn91].

Proposition 4.5 (Well-posedness and Propagation of Chaos). Let
Assumption 4.2 hold. Then, the solutions to the systems (11) and (12),
given by {X}}iz1.. v and {Z}}i=1... n respectively are well-posed, unique
and square integrable. It holds that

sup max {E[ sup |Z]?] +E[ sup |X{[’]} < C(1+E[¢[*)eT < o0,
NeN 1<i<N 0<t<T 0<t<T

(15)
where the involved constant C' depends on d, m, L and the quantity
T T
| ot 0.80)lde+ [ 1o(t.0.60)
0 0
but independent of N. Moreover, we have for anyi=1,--- | N,
: 2/ i ~N\| _ : i il?]
. OzttlgTE[Wz (ug, i)} = 0 and lim @g\,E[ OzltlgT‘Xt Zy } =0.
(16)

Proof. Under Lipschitz conditions this result is classical. Well-posedness
of (12) follows directly from Theorem 3.4 as it is a non-interacting particle
system (thus well-posedness of the initial McKean-Vlasov equation suffices).

As for system (11), Lemma 4.4 ensures the coefficients are uniformly
Lipschitz (as maps in (R?)") and thus well-posedness (for fixed N) follows
from general SDE theory [GK80, Theorem 1]. One can conclude the uniform
in N estimates of (15) for {X'}; by mimicking the arguments used in the
proof of Theorem 3.5.

The convergence results of (16) follows from [Carl6, Lemma 1.9 and
Theorem 1.10]. O

4.1.3 A primer on Lions derivatives

To consider the calculus for the mean-field setting, one requires to build
a suitable differentiation operator on 2-Wasserstein space. Among the
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numerous notions of differentiability of a function u defined over the Py (RY),
we try to follow the approach introduced by Lions in his lectures at College
de France. A comprehensive collection of recent results was done in the
joint monographs of Carmona and Delarue [CD18a], [CD18b|. In line with
the construction we assume our probability space to be an atomless Polish
space [CD18a, Chapter 5].

We consider a canonical lifting of the function u : Po(RY) — R? to
@ L2(Q,F,P;RY) > X — a4(X) = u(Law(X)) € RY. We can say that
u is L-differentiable at u, if @ is Fréchet differentiable at some X, such
that 4 = P o XV, Denoting the gradient by D& and using a Hilbert
structure of the L? space, we can identify D as an element of L?. It has
been shown that D is a o(X)-measurable random variable and given by
the function Du(p)(+) : R? — R?, depending on the law of X and satisfying
Du(p)(-) € L*(RY, B(R?), u; RY). Hereinafter the L-derivative of u at  is the
map u(p)(-) : R 3 v — duu(p)(v) € RY, satisfying Di(X) = d,u(u)(X).
We always denote J,u as the version of the L-derivative that is continuous
in product topology of all components of w.

Definition 4.3 relates the spatial derivatives of u with the Lions
derivative of the measure function u. Such is stated next; see also
[CD18a, Proposition 5.35 (p.399)].

Proposition 4.6. Let u : P2(R?) — R? be a continuously L-differentiable
map, then, for any N > 1, the empirical projection u!¥ is differentiable in
(RHYN and for all x',--- 2V € R we have the following relation:

1 1Y :
OpulN (2, .. al) = ~ 8uu(ﬁ ;5931)(517J)-

4.2 Exploring Malliavin differentiability via interacting
particle system limits

The novelty in this section lies not within the results, as these are implied
directly by those in our Section 3.2 or [CM18], but in the proof methodology
via limits of interacting particle systems.

Assumption 4.7. Let Assumption 4.2 hold.

1. The functionsb, o', 1 =1,...,m are continuously differentiable in their
spatial variables and their spatial derivative maps are continuous in
time. Further, the maps (Vb), (Vo0!)(t,x, 1) are uniformly bounded
forl=1,...,m (over all variables (t,z, ) € [0,T] x R? x Py(RY)).
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2. For any t € [0,T] the maps p +— b(t,z,p) and p + o' (t,z,u),
[ = 1,...,m, are P-a.s. continuous in topology, induced by the
Wasserstein metric and L-differentiable P-a.s. at every u € Pa(R%).
Moreover, 0,b(t, x, 11)(v) and 8,0 (¢, x, 1) (v) have p-versions such that
Aub(t, x, 1) (v) and 8,0t (t, z, 1) (v) are P-a.s. joint-continuous at every
quadruple (t,z, p,v) with (t,z, 1) € [0,T] x R x Py(RY), v € Supp(p)
and uniformly bounded (in all variables).

Focusing on the technique of limits of particle systems, we establish
the following result that covers the Malliavin differentiability of the particle
system, the Propagation of Chaos result and how to transfer the Malliavin
regularity to the limiting McKean-Vlasov SDE.

Proposition 4.8. Let Assumption 4.7 hold. Then the solution {Z'}i—1.. N
to (12) and the solution {X'}i—1 ... n to (11) are Malliavin differentiable with
Malliavin derivatives {D7Z"}; j—1.. n and {DIX"}; j—1.. n respectively.

For {D7Z"}; j—1... n we have that:
o Foranyj#i,1<i,j<N s,te|0,T] that DIZ} =0 (Lemma 4.1).

o When j =i then D'Z" satisfies for 0 < s <t <T
D7} = o(s. Zispi) + [ (Vab)r, Zi i) DiZidr
m t L L .
+3 [(Vao) o Zi g DiZidwl. (1)
=1"9%

If s >t then D.Z} = 0 P-almost surely.

e Moreover, for some C > 0 dependent on T and L but not on N,
(c.f. Theorem 3.5)

sup || D23 pz) < sup E| sup |DiZj[*|
0<s<T 0<s<T “0<t<T

< C+1ZE2p017) < COAA+IE1720y) < 00

For {D7X"}; j—1.... N, the Malliavin derivative of (11), we have that:

o If s>t then DIX} = 0 P-almost surely for any i, =1,--- ,N.
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o If0 < s <t then DIX} satisfies
DIX; = o(s, X3, i) Limy

+ [ @y xi g Dix; (18)

1 Y . ,
oy O X )(Xf?)Dng} ir

m t
+Z/ {(anl)(r, X pMyDIix?
=179
1 N . ,
t > (00 (r, Xi,ﬁiv)(Xf)DéXf} dwy. (19)
k=1

e Moreover, there exists a constant C' > 0 depending on T and L but
not on N such that

o 1
sup El sup |D§X§]21 < C(]lz‘:j + —)
0<s<T | 0<t<T
Finally, for any s,t € [0,T],

e DIX}—0as N — oo forj#iin L*(Q) and almost surely, and
e DX} — D'Z! as N — oo in L?().

Proof. Rewrite the IPS (11) in integral form: for i = 1,..., N,
) ) t
X§:§’+/ b(r, X1, i dr+2/ (r, X2, 5N)awh,  (20)
0
4 t
=§Z+/ oY (r, XY, XN )dr
0
+Z/ PN XL xNyawb, (1)

where (21) uses the empirical projection representation (Definition 4.3)
of the coefficients in (20); that is bY (¢, X1, -+, X)) = b(t, X*, i) and
similarly for O'E’N. In view of Assumption 4.7, it is easy to conclude that the
coefficients b ,aﬁ’N of (20) are Lipschitz continuous (via Lemma 4.4) and
also differentiable in their variables (via Proposition 4.6). From the results
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in [Nua06] or [IdRS19] for classical SDEs we conclude immediately that
the Malliavin derivatives of X exist, are unique and are square-integrable.
Furthermore, if s > ¢ then DJX} = 0 P-a.s. for any 4,j = 1,--- , N.

From application of the chain rule, the Malliavin derivative is written
for0<s<t<T <00 as

t N )
DIXi=oN(s, X!, --,X;V)n,»:j+/ Z(azkbgV)(r,X,},---,X,{V)Dngfdr
S

+Z/ > (0ot X} XN DIXEaW
S k=1

Exploiting Proposition 4.6 and reverting the empirical projection maps to
their original form, we rewrite this as

DIX! — (s, X0 7)1,
+ /t {(be)(r, Xi pNypix:
h 1 N , )
3 20 XL (X DLE )

k=1
m

t
+3 [ xi mpix;
1=1"%
1 & l i N\ vk i vk '
o D2 Bt X ><XT>D;XT} aw;.
noting that the derivatives d,:b) and Oxiaﬁ’N produce two components as
opposed to the one produced by the cross-terms 0, bﬁv and 0k af’N, k # .

Step 1. Preliminary manipulations. Applying It6’s formula to (18),

IDIXGP = |o(s, X2, i) 21 (22)
t L
+ [ 20t { (Vb Xi ) DI (23)
1 X , .
by L@ X ) (X DixE
k=1

i = J vt 1 al l i =N k\ i k2

+Z\ w0 )(r, X0, i) )DIXT 4 2 D (00" (r, X7, i) (X)) DX
k=1

+ MN(37 t)? (24)
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where My is a Hilbert space-valued local martingale term. In fact, by
standard SDE well-posedness theory, e.g. [GK80, Theorem 1], for any
s € [0,T], a L*-integrable solution to Equation (22) exists, allowing us
to conclude My is a proper martingale for finite N.1.

Let L be the Lipschitz constant which bounds the spatial and measure
derivatives of b and ¢!, [ = 1,...,m. Temporarily fix s € [0,7]. We have

E[ sup |DiX;|’]
0<t<T
< Ello(s, X!, gY)1i251?] + E[ sup |Mn(t,s)|]
0<t<T

t o .
+E[ sup /2L|D§X,E|2+2mL2|DgX,%|2
0<t<T Js

2L|DIXE L 1L
+ % > IDIXF| + 2mL2‘N > |DIXF|
k=1 k=1

2
dr]

, t 1 M
< E[|U(37X;’ﬁév)li=j|2] + KE[ sup / |DgX7Z”|2 + = E : |D?9X7]f|2dr]a
0<t<T Js N =

(25)

for some k > 0, by applying the Young and Jensen inequalities, where
we used the BDG inequality to control the martingale term. Further, one
can bound supy<,<r E[|o(s, X2, ZY)[?] uniformly in N, justified by well-
posedness and the uniform in N moment bounds of the SDE-IPS (and also
using the continuity assumption on ¢t — o(t,0,d9)). That is, by linear growth
of o, properties of the Wasserstein metric and Proposition 4.5,

sup E[|o(s, X2, m)?]
0<s<T

. 1 XN
<C(1+ sup E[|XI?] + = sup E[|X%)?
<Ot sup B[N+ 5 3 sup E[IX])
< C(L+E[E e =: o, (26)

for some C' > 0 independent of N, observing that the {¢/}; are i.i.d.

We note that [GK80, Theorem 1] provides wellposedness and moment estimates for
the SDE, but critically, such estimates are dependent on N and explode as N 7 +oo.
Nonetheless, for any fixed N the estimates suflice to ensure that E[My(s,t)] = 0 for any
s,t. Obtaining moment estimates uniformly in N is done in a subsequent step of the proof.
This is the exact same as in the proof of Proposition 4.5.
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Step 2. Controlling the empirical mean of the Malliavin derivative. We
now aim to gain control over the quantity % SN DIX!. Averaging (25)
over the index i and once more using that the {¢’}; are i.i.d., we have

N

1 Jxi|2
E[Nz;ogtlg DIX]P|
Ko ivi2 A al iy |2
< N NZ;/ {yDng\ +NT;11D;XT | }dr}
Q 1 i1
< N+2KE[NL ;]Dng\ dr]. (27)

Taking the supremum inside the expectation means we are not able to apply
Gronwall’s inequality directly. However, we have that

22
<N—|—2nEl /Z|DJX dp]

Applying Gronwall’s inequality yields

1 N
E DIX?
[N > 102

1Y « «
Jyt|2 26(r—s)(,—2ks _ ,—2kr 26T
E[ g |DI X — sup (1+e (e e )><—e .

=1

Hence, substituting (28) back into (27), we get

1 & oo 2
sup E |— sup |DIX!? 14+ kT Ty .=
o B3 s 102x0E| < 3 )=y

It is immediate to see that Wy is uniformly bounded over N, hence

lim sup E | sup —Z|DJXZ|2 =0 forany j=1,---,N.
N—oog<s<r |o<t<T N

Using Jensen’s inequality and (28), observe that

sup E[ sup Z\D]Xt\Z] <U¥y—=>0 as N — +oo (29)
0<s<T | ozt<r N

1 ok
= ]\}gnOON;\DgXt|:0P—a.s.
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Step 8. Convergence of the individual terms. Injecting the bound Wy into
(25), we obtain

L T L
sup E l sup |D§X§|21 < ali;+ kTUy +m/ E[|DIX}|*]dr.
0<s<T |0<t<T 0
Applying Gronwall’s inequality again, we bound
o t
E [|DIX{P| < <a11,:j + mT\I/N> + 5 / enlt=s=r) (an,»:j + /@T\IJN>dr
S

= E[|DIX]|?] <eT (anizj + HT\I/N).

Hence,
sup E l sup ]DgXtiP} < (O[]].Z’:j + KT\I/N) (1 + /iTe“T>. (30)
0<s<T  |[0<t<T

Hence, applying an identical argument to Equation (9) we have:

T

sup max E l sup / ]DgXZ]stl < 0.
NeN1<i,j<N - fo<t<T JO

In particular, we have that X} € D%?(S?) uniformly in N.

Aside, we obtain that DJX} — 0 in DY%(S?) for i # j as the size of
interacting particle system N — oo. This is in line with Lemma 4.1, since
referring back to our non-IPS analogy, particles essentially become more
conditionally independent as the particle system size gets larger.

We can now apply [Nua06, Lemma 1.2.3]. Let {Z'};—1.. v denote the
solution to the non-IPS (12). By Proposition 4.5, we have

lim max E[ sup ’XZ—ZZQ} =0.

N—0co1<i<N 0<t<T

The established uniform in N upper bound on E[|DJX¢|?], given by
(30), allows us to conclude that Z¢ € DV?(S?) and DIZ} = limy_y0o DIX]
as prescribed by [Nua06, Lemma 1.2.3].

Step 4. Recovering the limiting equation and conclusion. It remains
only to identify and confirm the stochastic differential equation the limiting
object of DI X} as N — oo satisfies.

We now consider the L?-limit of the right hand side of (18). First,
note that the MV-SDE (17) is an affine SDE with random coefficients
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that are space-measure Lipschitz, hence existence and uniqueness follows
from [Mao08, Theorem 2.1]. Define do’ := o'(s, X, 5l¥) — ol(s, Z¢, ul),
I =1,...,m and dos to be the d x m matrix valued process with columns
§ol. By our Lipschitz assumption on o', for all s € [0,77:

(G| < L(1XE = Zi| + Wa(i, d)) — 0, (31)

as N — oo in L?(Q) by Proposition 4.5. Computing the difference between
the SDEs (17) and (18),
p o t t.1 N . .
DIiX! - DIz :6Us+/ HTdr+/ {N (9,b)(r, X;,ﬂ,{v)(Xf)DgX,’f}dr
S S k=1

m t ) m t o1 N o ) ;
+30 [tawt 37 [ {5 S @) X ) (XHDIXE paw
=1"9% =1"9% k=1
where

iy = (Voo ) (r, X3, i) ) DIXT — (Voo )(r, 2y, 1) DI Z

Squaring both sides of the equation, expanding the squares and taking
expectations, we have

. . t 2 m t )
IDIX} — DIZ{|32 — ® = H/ 9rdrHL2(Q) + HZ/ AW
=1

2
£2(Q)’
(32)
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where we define

t
@y = B[00, ] +2E[5asz/ bydr]
+ 2E[5 '/tli(a b)(r, X1, i )(X}) DI X dr |
Os - i Nk:l o y Ny r s
t t1 N , .
P28 [ drs [ 0> @) XL ) (X DIX e
s s =1
moot t1 N . .
+2B[3 [afdrs [0 @) X ) (XP) DIX
I=1"% s k=1

+E|

] i SN\ vk vk ]2
| & S0 Xim)(xhpixtar] |
s k=1

+E[g/:

The term @y is a sequence which converges to zero as N — oo. This is
justified by repeated use of the Cauchy-Schwarz and Jensen inequalities, over
the bounds (29) and (31); the L?(Q) boundedness of 6, and 7, is justified by
the Lipschitz property of ¢! and b (i.e. V.ol and Vb are uniformly bounded
maps). The remaining term on the left hand side of (32) converges to zero
by the conclusion of [Nua06, Lemma 1.2.3] (shown in Step 3 of this proof).
Hence so must the right hand side of (32) and we obtain that

er} .

N

1 . .

= D2 @), X, i) () DI X
k=1

t , . t . .
lim | (Vob)(r, Xt gN)DIX! dr = / (Vab)(r, Zi, i) DI Z1 dr,

N—oo Jg
and
t . . . t L y .
tim [ (Vo) X2 RN DIX;AW] = [ (Voo)o 22 ph) DI ZLAWSY.
S

N—oo Jg

in the L2?-sense and the it follows that MV-SDE (17) is identified as the limit
of (18).
O

Remark 4.9 (Mollification: Lifting Assumption 4.7(2.); the measure
differentiability requirement). We do not carry out the analysis here, but by
drawing on techniques of mollification in Wasserstein spaces it seems possible
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to remove the measure differentiability assumption of Proposition 4.8. There
are several ways to carry out mollification over the space of measures, with
the main difficulty being that the Wasserstein space of measures is an infinite
dimensional one.

[Inf-Sup convolution]:  Motivated by the study of Hamilton-Jacobi
equations in infinite dimensional spaces, Lasry-Lions [LL86] propose
inf-sup convolution (in Hilbert spaces) to show that bounded uniformly
continuous scalar functions defined on a Hilbert space H can be uniformly
approximated by functions belonging to the class of differentiable maps with
Lipschitz derivatives. Critically, their methodology preserves, in the infinite
dimensional space, certain good properties that other known mollifications
at the time were not known to. As an example, in [DDJ23] and working
on the torus, the the inf-sup convolution techniques of [LL86] are used to
establish optimal rates for the convergence problem in mean field control.
Notably, the mollification procedures of [DDJ23] rely on the properties of
the Hilbert Sobolev space H™* for s > d/2 + 1, i.e., the dual of the Hilbert
space of functions with s generalized derivatives in L*.

[Smoothing via truncating Fourier expansions]: In [CD22], working over
the probability measure P(T?) on the d-dimensional torus T, a mollification
procedure of real-valued functions on P(T?) based on the Fourier coefficients
of the measure is introduced. Very roughly, the mollification is carried
out by truncating higher-order coefficients of the Fourier expansion at a
conveniently chosen threshold and combining with a Fejér kernel (see their
Definition 3.13). It is currently open how to extend the analysis from T¢ to
R,

[Smooth approzimation over L> under Wi]: In [CZ21, Section 3|, the
authors construct a novel mollification technique for measure functionals
in C(PL(RY)) under the 1-Wasserstein distance and the approzimation
is carried in L> (the subset of bounded RVs with norm | X||p~) =
esssup,cq | X (w)|). Critically, their mollified map satisfies uniformly the
same Lipschitz property of the original functional. Such property does not
hold under Wy (unless the functional is also Wh -Lipschitz) but a convergence
result is provided (see their Theorem 3.1).

[Smoothing the approximating particle projection]: The interacting
particle system point of view allows us to benefit from a finite dimensional
framework and draw from standard mollification arguments (in (RN ). The
most suitable reqularisation method for our IPS approach has been shown in
[CCD22] (also [CD18a,CD18b] and the complementary [dRP23] adding all
the missing details of the proofs of [CD18a,CD18b]). There, regularization
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is applied directly to the empirical projection map u'¥ (of Definition 4.3 and
not u) via convolution with a smooth kernel. The method allows to control
the derivatives of the mollified map by the Lipschitz constant.

In [CM23], the authors close the two open questions left by [CZ21].
They show that when u is Wy-continuous there exists a sequence {uy}r €
C>(P2y(RY)) converging to u uniformly on compact subsets of Po(R%). If
u s additionally uniformly (resp. Lipschitz) continuous then each uy is also
uniformly (resp. Lipschitz) continuous, with the same modulus of continuity
(resp.  Lipschitz constant) as u — this closes [CZ21, Remark 3.2(i)].
Moreover, for u € CY(Po(R?)) (resp. u € C?*(P2(R?Y))) we show that
the convergence also holds for the first-order derivative (resp. second-order
derivatives) — this closes [CZ21, Remark 3.2(ii)]. The smooth approximating
sequence {up}r € O®(P2(RY)) of [CM23] is constructed relying on the
empirical distribution, similarly to what is done in [CD18a, Theorem 5.92]
in the proof of Ité’s formula along a flow of measures, although there it
is not really a smoothing as both w and uy are of class C*(Po(R?)), but
rather a way to approzimate a function u on P2(RY) by functions defined
on finite-dimensional spaces.
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1 Reciprocity laws

One of the most celebrated theorems of Gauss [Gau86] is the quadratic
reciprocity law. It states that for two distinct odd primes p # q, there is an

equality
2) (4 < oy
(B) (%) = =,

where the Legendre symbol on the left equals 1 if p has a square root modulo
q, and —1 otherwise. This law has the mesmerizing effect of determining the
existence of square roots of a prime p modulo another prime ¢, provided one
understands the case of ¢ modulo p, which would be a completely different
problem a priori.

There are several non-trivial proofs of this fact, but we are going to
regard it as a special case of a very general reciprocity law using the language
of algebraic number theory. Consider a finite field extension F/Q and let
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Op C F be the subring of algebraic integers. While this is no longer a unique
factorization domain, the ideals I C Of do factor uniquely into a product
of prime ideals p, i.e., such that the quotient Op/p is an integral domain.
In algebraic number theory, the goal is to gather as much information as
possible on the prime ideal decomposition of pOp for any finite extension
F/Q. This can lead to the solution of certain Diophantine equations, e.g.,
decompose p = m? + n? with p prime inside Z[].

We say that the prime p is unramified with respect to F/Q if pOp de-
composes as a product of different primes. In this case, there is a conjugacy
class of Frobenius ¢, € Galp/g whose elements reduce to x + 2P modulo
some p above p. The Frobenius plays a decisive role in the entirety of this
article. For instance, the Legendre symbols can be rewritten in terms of the
value of ), in Galg, x5/ = {£1}. Emil Artin [Art27] found a formulation
of reciprocity encompassing all previously known examples.

Theorem 1.1 ([Art27]) For any abelian Galois extension F/Q and
every character p: Galp,g — C*, there erists a Dirichlet character
Xp: (Z/NZ)* — C* for some N such that p(ypp) = xp(p)-

The original proof of this result was analytic in nature rather than al-
gebraic, and had to do with the density of split primes. This is also not so
surprising if we think in terms of L-functions. Dirichlet [LD69] proved the
existence of infinitely many primes in arithmetic progressions by studying
the L-function given by the Euler product

L(s,x) = [[(@1 = x)p~)~"
PIN

that converges on the right half-plane Re(s) > 1 and then meromorphically
continued to the entire complex plane. In a similar fashion, we have the Artin
L-function L(s, p) for Re(s) > 0 attached to a n-dimensional representation
p: Galg — GL,(C), whose unramified portion is given by the characteristic
polynomial of p(y,) evaluated at p~*. Artin reciprocity can be formulated
in terms of the equality L(s, x,) = L(s, p).

Let us now mention the ring of adéles. Hensel [Hen01] introduced the ring
Ly, = lim, Z/p"Z of p-adic integers, a discrete valuation ring and a profinite
set. Its fraction field Q, = Z,[p~!] is called the field of p-adic numbers. We
define the finite adéles A® := Z @7 Q with Z := [1,Zp, and the full adeles
A := A @ R by including the real place. This is a locally compact abelian
group and Q embeds diagonally as a discrete closed subgroup. The ring
A plays a crucial role in number theory, as it encapsulates the local-global
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principle, i.e., the idea that one should compare global questions over Q to
local questions over A.

Chevalley [Che40] rephrased Artin reciprocity in terms of A and proved
it algebraically. First, one defines a dense injection Q) — Gal&]; into the
profinite Galois group of the maximal abelian extension. The image of p
equals ¢, on the maximal unramified extension Q)" and the identity on
the maximal cyclotomic extension Q]‘;yc. The local maps can be explicitly
constructed via Galois cohomology and Lubin—Tate theory [LT65], and then
are assembled into a global isomorphism

Q*\AX /Ry ~ Galy

of topological groups. This is the adelic formulation of Artin reciprocity.

1.1 Acknowledgements
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2 Elliptic curves and modular forms

In the previous section, we saw how the adele units relate to the abelian
Galois group of Q. Note that A* equals the A-valued points of the alge-
braic group G,,. At the same time, Gal@b captures the information afforded
by characters x: Galg — C* = G;,(C). In this section, we discuss what
happens when G,, is replaced by GLs.

Consider the upper half space 5 = {7 € C: im(C) > 0}. The real Lie
group SLo(R) acts on % by M6bius transformations:

() = a b 7__a7‘—|—b
N=\¢ a et +d
so the point ¢ has stabilizer given by the maximal compact subgroup
SO2(R) C SLg(R). This identifies % with the quotient SLa(R)/SO2(R),
the simplest example of a Hermitian symmetric space. At the same time,

we still have an action of the arithmetic group I'(1) := SLa(Z) on D := &
and we define the modular curve Xp(;) := IT'(1)\D. Besides, one can write

Xp(1) = SLa(Q)\SLa(A)/(SLa(Z) x SO2(R))
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so the modular curve also fits into the previous framework of adelic unifor-
mazation.

However, there is more to this story and it turns out that the points of
the modular curve are elliptic curves themselves, i.e., genus 1 smooth curves
in P2. This means Xr(1) is a moduli space of a class of algebraic varieties,
a recurrent theme in algebraic geometry. Indeed, for every 7, we associate
a complex torus C/A, with A, := (Z + 7Z). The homothety class of A is
invariant under SLa(Z), so our assignment descends to a bijection between
Xp(1) and the set of complex tori. Now, Weierstrass defined a certain series
or(2) converging everywhere on C except A, and proved that it satisfies the
functional equation ¢ (2)? = 4p,(2)® — gap,(2) — g3. The coefficients gy =
60G4 and g3 = 140G are rescaled Eisenstein series Go, (7) 1= D 0£NEA, A2
converging when n > 3, some of the most famous examples of modular forms.
We define an elliptic curve B, = {(p,(2), 9}.(2)),z € C/A;}, realizing Xp)
as a moduli space of elliptic curves.

The advantage of realizing Xr(;) as a moduli space of elliptic curves is
that this definition extends to an algebraic variety over Q. One can obtain
variants of the modular curve by replacing I'(1) by deeper level I' C T'(1),
e.g., the congruence subgroups I'(n) := ker(SLa(Z) — SL2(Z/nZ)). The
resulting map Xrp,) := L'(n)\D — Xp(1) is a finite étale cover and admits a
Q((p)-realization by adding isomorphisms of the n-torsion E|[n] := ker([n] :
E — E) with (Z/nZ)% Modular curves can be compactified to X; by
adding cusps in P}, and Deligne-Rapoport [DR73] studied their integral
models AT, i.e., certain schemes over Z|[(,], whose generic fiber recovers Xp.

Until now, we have only described the underlying geometry of the au-
tomorphic representations of GLo. The main players in the automorphic
representation theory are certain I'-equivariant functions investigated by
Hecke [Hec27], called modular forms. Concretely, a modular form of weight
k and level T is a function f: .s# — C such that (cr + d)*f = f o~ for
every v € I', admitting a Fourier expansion near the cusps at infinity. We
give some examples below so the reader can get a better feeling. We have
already seen the Eisenstein series G, (7), which are modular forms of level
I'(1) and weight n. Jacobi defined the theta function 6(7) = Y,z emin®T
converging when 7 € JZ by the Poisson summation formula, a modular form
of level I'(2) and weight 1/2. Furthermore we have the discriminant of the
Weierstrass equation A(7) = > [[,~;(1 — *™7)24 " a modular form of
level T'(1) and weight 12. Its Fourier coefficients 7(n) were conjectured by
Ramanujan to satisfy |7(p)| < 2p'*/2. The study of modular forms has lead
to many remarkable arithmetic identities.
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Hecke defined the L-series L(s, f) = Y,,~1 ann™*® attached to a cusp form
f, i.e., vanishing at the cusps, of weight k and level T', where the sequence
an are the Fourier coefficients of f, and proved it admits a meromorphic
continuation to C with poles at s = 0 and s = k. Moreover, when a1 = 1,
then L(s, f) has an Euler product with terms equal to (1—a,p 5 +pF—1725)"1
for almost all p. Deligne [Del71a] associated 2-dimensional complex Galois
representations py to modular forms f of weight k& > 2 by using the étale
cohomology of modular curves, and proved the Ramanujan conjecture with
the help of his proof in [Del74] of the Weil conjectures.

On the other hand, an elliptic curve over QQ has an associated L-function
L(s,E). Indeed, consider the Galois representation pg: Galpg — GL2(C)
deduced via scalar extension from the natural action on the Tate Zy,-module
Ty(E) = lim, E[{"] ~ Z2 for a fixed prime ¢, and set L(s, E) := L(s, pg).
This L-function has an Euler product expansion with terms of the form
(1 —app™® +p'=2%)71 for almost all p, with a, giving the trace of ¢,. This
is not a coincidence:

Theorem 2.1 ([BCDTO01]) Elliptic curves over Q are modular.

The statement means that for each such F, there exists some normalized
cusp form f of weight 2 such that the associated representations pg ~ py or
equivalently L-functions L(s, E) = L(s, f) coincide. Originally, this result
was conjectured by Taniyama—Shimura [ST61]. Nowadays it is known as
the modularity theorem and was proved by Breuil-Conrad—Diamond—Taylor
[BCDTO1] building on work of Wiles [Wil95] and Taylor—Wiles [TW95] for
semistable curves. The work of Wiles received widespread attention because
Ribet [Rib90] had previously observed it implies Fermat’s last theorem.

3 Shimura varieties and Langlands

The previous two sections handled the Langlands program for GL, with
n < 2. Now, we address the much more demanding case of GL,, for arbitrary
n. We being by explaining how to replace elliptic and modular curves. An
abelian variety A is a geometrically connected projective algebraic group over
a field. Elliptic curves are abelian varieties of dimension 1, with group law
given by P+ (Q + R = 0 for any collinear triple. Over C, an abelian variety
is given by a m-dimensional torus Ay := C"/Ay with Ay = Z" + ZZ",
where Z belongs to the Siegel upper half space D := ;. The elements
of D are symmetric matrices Z € M,(C) with positive definite imaginary
part. Note that Ay carries a polarization Az (automatic for elliptic F),
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i.e., an alternating form on the lattice Az. Again, we have an identification
D ~ Sp,,,(R) /Uy (R) via Mo6bius transformations, where U, (R) C Sp,,,(R) is
the real unitary subgroup of the real symplectic group. For any congruence
subgroup I' C Spy, (Z), the quotient X1 := I'\D is thus a moduli space of
polarized abelian varieties with level structure, defined over a finite extension
of Q.

It is not a fluke that the symplectic group Sp,, appeared above ins-
tead of SL,: unfortunately, the automorphic quotients of SL, for n > 2
are never complex manifolds. To remedy this, we need to work with more
general groups. Let G be a reductive group over Q, i.e., a linear algebraic
Q-group whose maximal smooth unipotent connected subgroup vanishes.
This includes semi-simple groups like Sp,,, and SL,, but also general li-
near groups GLy,, unitary groups U, r/q, orthogonal groups Oy, etc. Let
D = G(R)/Zg(R)T Ky be the Riemannian symmetric space obtained by
quotienting out the connected component of the center Z5(R), and a com-
pact real Lie subgroup Ko, C G(R) with maximal compact Lie subalgebra.
Finally, we set

X = G@Q\(D x G(A™))/K

for any compact open subgroup K C G(A*°). One can show that this equals
the disjoint union of quotients I'\D by arithmetic subgroups I' C G(Q), so
it is a real orbifold. If K is sufficiently small, Xk is a real manifold. After
Shimura [Shi63] worked out a wide variety of examples, Deligne [Del71b]
introduced the notion of a Shimura datum, where D arises as the conjugacy
class of homomorphisms S := Resc/rGm — Gr, and satisfies a series of
axioms to ensure that D is a disjoint union of Hermitian symmetric spaces.
For Shimura data and neat K, Baily—Borel [BB66] proved that the X are
quasi-projective smooth C-varieties, by constructing minimal compactifica-
tions of I'\D. These X are called Shimura varieties and vastly generalize
moduli of polarized abelian varieties. Deligne [Del79] proved that, for al-
most all (G, D) with G classical, they descend to a finite extension F/Q,
and the general case was handled independently by Borovoi [Bor83] and
Milne [Mil83]. Shimura varieties play a distinguished role in the Langlands
program, because their étale cohomology relates to both automorphic and
Galois representations.

Finally, we are ready to discuss the notion of an automorphic represen-
tation of GL,,, or even of a general reductive group G over Q. We consider
the Hilbert space L?([G]) of square-integrable functions on the automorphic
space [G] := G(Q)Ac(Q)\G(A) with its natural Radon measure. Here, Ag
is the maximal Q-split central torus of GG, and one kills it to ensure the fi-
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nite volume of [G]. An automorphic representation of G(A) is an irreducible
unitary G(A)-representation appearing as a subquotient of L?([G]). At the
same time, we define automorphic forms as K-invariant smooth functions
¢ : G(A) — C of moderate growth with finite translates under K, and the
center of U(Lie(GRr)). For GLg, we recover modular forms up to a twist
and furthermore, automorphic representations can be described in terms of
automorphic forms.

Our final ingredient for stating the global Langlands correspondence
(GLC) is the notion of automorphic L-functions. Langlands [Lan70] was
studying the constant terms of Eisenstein series, i.e., their values at the
boundary of I'\D, when he was led to the L-function of an automorphic
representation of GLy,(A) for all n. Indeed, the Satake isomorphism encoun-
tered in the next section associates a dominant coweight p(,) of GL,(C) to
the p-primary part 7, of the automorphic representation 7. For unramified
p, one sets L(s,m,) to be the value at p~* of the characteristic polynomial
of p(mp). More care is needed to define L(s, 7o) and L(s, ) for ramified
p, and show that the Euler product L(s, ) := L(s, 7o) [, L(s, 7p) admits
a meromorphic continuation to C.

Conjecture 3.1 ([Lan70]) The Artin L-function L(s,p) of an irreduci-
ble Galois representation p: Galg — GL,,(C) coincides with the L-function
L(s,m,) of an automorphic representation 7, of GL,(A).

This is a crude version of the GLC that does not pin down the auto-
morphic representation 7,. Advances in the theory of Shimura varieties and
p-adic Hodge theory have led to a better understanding of how the GLC
should look like, and we refer to [BG14] for a modern treatment of the GLC
in this direction. Over the p-adic field Q,, we get the local Langlands cor-
respondence (LLC) with a much clearer formulation. The LLC predicts a
bijection.between isomorphism classes of irreducible admissible representa-
tions of GL,(Qp) on the automorphic side and GL,(C)-conjugacy classes
of semisimple L-parameters Wg, x SL2(C) — GL,(C) x Galg,. These
so-called L-parameters are certain group homomorphisms from the Weil—
Deligne group Wgq, x SLy(C), such that the image of the Frobenius ¢ is
semisimple. This conjecture was proved by Harris—Taylor [HT01] using glo-
bal ingredients coming from the cohomology of Shimura varieties, whose
decomposition allowed them to relate automorphic and Galois representa-
tions. For general reductive groups other than GL,, the situation is more
complicated as one does not expect a bijection anymore, but rather a map
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with finite fibers called L-packets. This is a matter of current intense inves-
tigation.

4 Geometric Langlands

It is well known that there is an analogy between number fields and function
fields, by which we mean a field K(X) of rational functions on a geometri-
cally connected proper smooth curve X over IF,,. Indeed, if one considers the
affine spectrum of Z, this is a 1-dimensional scheme and its closed points
are given by its primes, just like the places of K(X) correspond to closed
points of X. From the point of view of algebraic geometry, it is however
much easier to work with curves over FF,,. Besides, one also gets a canonical
Frobenius homomorphism .

Let G be a split connected reductive group over the curve X in the
sense of Chevalley [Cheb5], see also [GD63] (for the unfamiliar reader, this
includes classical groups such as GL,,, Spy,, SOy, but unitary groups like
SU,, are non-split). Consider the moduli stack Bung classifying G-bundles
on the curve X. This is a smooth Artin stack over IF, and we can write

Bung(F,) = G(F,)\G(Ax)/G(Ox) 1)

where the right side resembles the automorphic side of Artin reciprocity.
Indeed, in this setting, we define automorphic forms as sections of constant
Qy-sheaves on this space for some prime £ # p. Besides the stack of G-
bundles, there are other important stacks to consider, such as the Hecke
stack denoted by Hkg which classifies modifications & --+ & of G-bundles
along a point of the curve x € X; or the stack of G-shtukas Sht that is
given as the pullback of the Frobenius graph of Bun¢ along the natural map
Hkg — Bung. Shtuka stacks play a similar role to Shimura varieties in the
number field case.

Originally, Drinfeld [Dri74] came up with the notion of vector bundles
equipped with a meromorphic ¢-semilinear structure, which he named shtu-
kas (Russian for “thing, stuff”) and applied it in [Dri80] to prove the GLC
when GL3 over global function fields. These techniques were then further
developed by Laumon—Rapoport—Stuhler [LRS93] to prove the local Lan-
glands correspondence (LLC) for local fields in characteristic p. After that,
Laurent Lafforgue [Laf02] used shtukas to prove the GLC for GL,, over X,
and finally his brother Vincent Lafforgue [Laf18] figured out the automorphic
to Galois direction for arbitrary G over X.
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Theorem 4.1 ([Laf18]) There is a natural map © — o from automorphic
representations of G(Ax) to semisimple Langlands parameters, i.e., GY(Qy)-
conjugacy classes of continuous 1-cocycles Galg(x) — GY(Qy).

Several ingredients go into the proof of this theorem, the most original
one being the construction of the so-called excursion operators. Another
fundamental ingredient that we want to address is the geometric Satake
equivalence. Let O, be the complete local ring of X at z and F, be its
fraction field. The classical Satake isomorphism following [Sat63] identifies
the spherical Hecke algebra He := C[G(O,)\G(Fy)/G(0O)] of G with the
Weyl invariants H'Y = C[X.(T)]" of the Hecke algebra of a maximal torus
T C G. Up to passing to f-adic coefficients, we can identify H¢ with the
Grothendieck group Ky of étale Q-sheaves on the fiber Hk¢ , of the Hecke
stack at the point x and ’HYW with that of representations of the L-group
L =GV x Galp,. This observation can be upgraded to an equivalence of
categories:

Theorem 4.2 ([Gin95]) There is a natural symmetric monoidal equiva-
lence of abelian categories between the category P(Hkg ) of perverse Q-
sheaves on the Hecke stack and the category Rep(“G) of representations of
the L-group of G.

Recall that for a smooth variety over F,,, Poincaré duality holds for étale
cohomology by [SGA73b|. However, if we work with non-singular varieties,
then this is no longer the case and Hkg ,, is very far from smooth. It admits a
pro-smooth cover by the affine Grassmannian Grg , which is an ind-scheme.
Its closed G(Oy)-equivariant subvarieties Grg g <, are called Schubert va-
rieties and indexed by dominant coweights p of G. These are very rarely
smooth, but are always normal and Cohen—Macaulay if 71 (G) is p-torsion
free by a theorem of Faltings [Fal03] (if 71(G) has p-torsion, pathologies
occur by [HLR18]), see [Lou23] for a new proof via distribution F,-algebras.

Fortunately, Goresky—-MacPherson [GM83] discovered in the topological
setting, later rephrased by Beilinson—Bernstein—Deligne-Gabber [BBDG18|
in the algebraic setting, that constant sheaves shifted by the dimension
along a smooth stratification of X can be glued to complexes on X (called
a perverse sheaf nonetheless). One gets an abelian full subcategory P(X) C
D(X) of the derived category of sheaves, which satisfies a form of Poincaré
duality even for non-smooth X. The geometric Satake equivalence furnishes
a plethora of perverse sheaves (one calls them also Satake sheaves) on the
Hecke stack, which are used as the convolution kernels of geometric Hecke
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operators. It is also known with Z- and Fj-coefficients thanks to the work
of Mirkovi¢—Vilonen [MVO07].

5 Geometrization for p-adic fields

In this section, we want to explain some of the emerging story over p-adic
fields due to Fargues—Scholze [FS21], which takes a lot of inspiration from
global function fields. It is already a daunting task to work in the local
p-adic field situation, so from now on we will forget about global number
fields.

The first problem that we encounter is that we do not really have a decent
curve, or at least the curve that we would normally have, i.e. the affine
spectrum of Z,, is not that rich geometrically. Even the number ficld setting
is not useful because we lack a canonical Frobenius to move things around...
The idea here comes in a sense from the theory of Witt vectors [Wit37]. They
allow us to lift perfect Fp-algebras to mixed characteristic. Scholze [Sch12]
defined a tilting functor that passes from mixed characteristic perfectoid
rings to perfect IF-algebras. While tilting is a functor, there is a myriad of
untilts and classifying them yields the Fargues-Fontaine curve [FF18].

More precisely, a perfectoid Tate ring is a pair (R, R™) consisting of a su-
bring R* C R = R*[1/w]| equipped with the w-adic topology such that w?
divides p and the Frobenius ¢: Rt /w — R'/w’ is an isomorphism. The
tilting functor of [Sch12] takes (R, RT) to the perfect Tate ring (R’, R*T),
where R’ is the limit of Rt /p along ¢. Kedlaya-Liu [KL15] proved that
every untilt (S, S**) of a perfect Tate ring (S, ST) can be uniquely obtai-
ned as the quotient S** = W(ST)/¢ with € = p + [w]a, where [w] is the
Teichmiiller lift. This leads us to define the absolute curve Y over Spa(Q,)
whose (S, ST)-valued points are given by the non-vanishing locus of p[w]
in the affinoid adic space Spa(W(S™)). The adic Fargues—Fontaine curve
X :=Y/¢” is the quotient by the totally discontinuous action of the Frobe-
nius ¢. Here, we have to use the theory of adic spaces due to Huber [Hub96]
which captures analytic features in a better fashion; this is related also to the
recently developed notion of analytic rings and stacks by Clausen—Scholze
[CS19].

Now, one can define Bung in this setting again as the stack of G-
torsors on X. Its geometric points are in bijection with Kottwitz’s set B(G)
classifying p-conjugacy classes in G(W(I_Fp)[l /p]) by a theorem of Fargues
[Far20], with topology explicitly described via the combinatorics of Newton
polygons as shown by Viehmann [Vie21]|. Scholze [Sch17] developed a for-
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malism of étale cohomology for perfectoid stacks, and [FS21] proves that
D(Bung) captures the derived categories of smooth representations of the
inner forms J, of the Levi subgroups of G attached to b € B(G), glued in a
yet mysterious way.

One can also define the Hecke stacks Hkg, affine Grassmannians Grg
and shtuka stacks Shtg in this setup. These are stacks on perfectoids with
a natural map to the mirror curve Div} of the Fargues-Fontaine curve
X. Using the concept of universally locally acyclic sheaves, [FS21] proved
the geometric Satake equivalence for Hk¢g, but the L-group is given by the
semi-direct product G¥ x Wq, with the Weil group. Most of the formal
arguments in [Lafl8] concerning excursion operators can be repeated to
yield the automorphic to Galois direction of the LLC for p-adic fields.

Besides, the Galois side of the LLC can be geometrized via the
stack Z1(Wq,,G") of L-parameters studied by Zhu [Zhu20] and Dat-
Helm-Kurinczuk—Moss [DHKM20], which classifies continuous 1-cocycles
v: Wo, — GY(Qy). The Langlands philosophy combined with the pre-
vious geometrization efforts suggests that one should find a correspondence
between derived categories of sheaves on the automorphic space and the
Galois space.

Conjecture 5.1 ([FS21]) There is an equivalence D(Bung)Y  ~
DL ([GY\Z (W, ,GY)]) of derived categories.

coh

On the left of the equivalence, we consider the full subcategory of com-
pact objects inside D(Bung), whereas on the right of the equivalence we
consider the category of bounded complexes of coherent sheaves on the
stack [GV\Z'(Wgq,,G")]. Similar versions of this conjecture have recen-
tly appeared also by Hellmann [Hel23] and Zhu [Zhu20] and it can be made
much more explicit as follows. In [FS21], the Hecke action on D(Bung)
given by the Satake sheaves is extended to a full action by the category
Perf([GV\Z'(Wq,,G")]) of perfect complexes on the stack of L-parameters.
One can therefore ask that the equivalence above respects the spectral ac-
tion. Moreover, it is expected that the inverse equivalence maps the struc-
ture sheaf O to a Whittaker sheaf W, i.e., obtained via compact induction
from a Whittaker datum ¢ on a maximal unipotent subgroup U(Q)).

6 Sheaves on integral models

In this section, we discuss further developments related to integral Z,-models
and their reduction to F,,. The curve Y admits an obvious integral model Y
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by including characteristic p untilts, but it is no longer natural to consider
its Frobenius quotient, because the action is not free anymore. Let G be
a parahoric Zy-model in the sense of Bruhat-Tits [BT84] of our connected
reductive Qp-group G: this notion means that G(Z,) C G(Qp) behaves
for many purposes like a parabolic subgroup, e.g. take the pullback of an
actual parabolic subgroup along the reduction map G(Z,) — G(F,). Then,
one can still define the notions of Hecke stacks Hkg and shtuka stacks Shtg,
and affine Grassmannians Grg. The bounds by coweights u extend to Z, by
taking closures, and one of our contributions revolved around understanding
this procedure in detail.

Theorem 6.1 ([AGLR22, GL22]) The v-sheaf Grg <, is normal with
special fiber equal to the p-admissible locus. If p is minuscule, then it is
representable by a unique normal, Cohen-Macaulay, flat Z,-scheme with
reduced special fiber.

Part of this had been previously conjectured by Scholze—Weinstein
[SW20] and much of the motivation stemmed from the arithmetic of Shi-
mura varieties, where the minuscule integral Schubert varieties appear as
local models for controlling the singularities, see the book of Rapoport—Zink
[RZ96]. These were studied extensively in the last decades, most notably by
Pappas, Rapoport, and Zhu [PR08, PZ13], but the approach in [AGLR22]
was the first to actually provide a complete and functorial theory.

One important ingredient in [AGLR22] is the formalism of kimberlites
due to Gleason [Gle22], which are v-sheaves of formal nature with a scheme-
theoretic reduction whose complement is a diamond, and admitting a speci-
alization map between the underlying topological spaces. In [AGLR22| we
proved that Grg <, can be recovered from its Z,-fibers and the specialization
map between them. Note that the special fiber of the unbounded Grassman-
nian Grg was first defined by Zhu [Zhul7] and then Bhatt—Scholze [BS17]
proved it is an ind-perfect scheme. The p-admissible locus in the theorem
goes back to Kottwitz—Rapoport [KR00] and equals the union of the G(Zj)-
orbit closures in Grgr, of the Weyl conjugates of y. We are able to pinpoint
the specialization map for minuscule p by using a convolution analogue of
the Iwasawa decomposition.

Arguably, the most crucial task in [AGLR22]| is identifying the special
fiber of Grg <;,. This requires working with the derived category D(Hkg) of
étale Qp-sheaves on the Hecke stack building on [Sch17]. The main tool for
us is the functor of nearby cycles R¥ : D(X5) — D(X5) specializing between
geometric fibers. Its origins lie in Morse theory: for a map f: X — D with
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an isolated singularity at the origin, RW¥ carries the cohomology classes of
the non-singular fibers to the fiber at 0. In the case of schemes, Deligne
defined RV for a map f: X — Z, in [SGAT73a] by pushing sheaves forward
along the absolute integral closure, and this definition of also works in the
situation of [AGLR22]. Using constant terms functors, we could prove that
universal locally acyclic sheaves are preserved under RV and their images
are actually scheme-theoretic.

Theorem 6.2 ([AGLR22, ALWY23]) The functor RV: P(Hkgc,) —
D(Hkg 5 ) lifts to the Drinfeld center and lands in P(Hkg s ).

This is the analogue of the main theorem of Gaitsgory [GaiOl] in the
function field case, but the p-adic setting complicates matters. For instance,
nearby cycles of algebraic schemes preserve perversity by Artin vanishing,
but this is no longer true for general v-sheaves. In order to prove it, we intro-
duced Wakimoto sheaves in [ALWY23] at Iwahori level following Arkhipov—
Bezrukavnikov [AB09], and used them in combination with geometric Satake
to a filtration of RV by Wakimoto perverse sheaves. As for the centrality of
RW, we constructed the main isomorphisms in [AGLR22], but only verified
the higher homotopy coherences in [ALWY23].

In [AGLR22|, we applied nearby cycles and geometric Satake to show
that the special fiber of Grg <, coincides with the p-admissible locus.
Another application of the central sheaves is the normality of Grg <, proved
in [GL22] by a much simpler method than [Zhul4] in the function field case.
We use the Wakimoto filtration to show connectedness for the analytic tu-
bes of the closed points in the special fiber of Grg, up to codimension 2.
This reduces normality to a combinatorial Se property for the special fiber,
which we verify in the function field case thanks to a dynamical argument
of Le-Le Hung-Levin—Morra [LHLM?22].

A natural continuation of the above is to extend the central functor
to a Bezrukavnikov equivalence for p-adic fields in analogy with [Bezl6]
for Laurent series fields. It asserts that there is an equivalence of derived
categories

Deon([GY\Stgv]) =~ D(Hkz 5 ) (2)

of coherent sheaves on the left and étale Qg-sheaves on the left. Here, Stev
is the dual Steinberg variety of triples and Z is a Iwahori model of G. In
[ALWY23], we followed [AB09] to construct roughly one half of the equi-
valence using the Springer resolution of the nilpotent cone Ngv in place of
the Steinberg variety. Unfortunately, there is one essential ingredient still
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missing in the p-adic setting beyond the GL, case. We need to bound cer-
tain Hom spaces involving quasi-minuscule representations and the fastest
way to do this is extending the monodromy operator on the image of RV to
the entire category of perverse sheaves. This is classically done via rescaling
uniformizers but cannot be performed in the p-adic setting. We hope to
address this also in our future work.

The importance of the Bezrukavnikov equivalence lies in its usefulness
for geometric Langlands. Recently, Zhu [Zhu20] proposed a different geome-
trization of local Langlands over @, where instead of Bung he considers the
stack Isocg of G-isocrystals, which geometric points equal B(G) but carries
the opposite topology. In upcoming work of Hemo—Zhu, the Bezrukavnikov
equivalence is used via the trace of Frobenius to produce a Langlands equi-
valence for tame representations with Isocq in place of Bung. We are thus
led to anticipate the following.

Conjecture 6.3 There is an equivalence D(Isoce) ~ D(Bung) of derived
categories.

Recently, Gleason—-Ivanov [GI23] constructed a geometric correspon-
dence between Isocg and Bung. In an ongoing project, we aim to tackle the
conjecture above by using this geometric correspondence. Simultaneously,
the Bezrukavnikov equivalence and our partial work towards it in [ALWY 23]
should be an essential ingredient in comparing the (tame) spectral action
on the two sides.

Referéncias

[AB09] Sergey Arkhipov and Roman Bezrukavnikov. Perverse shea-
ves on affine flags and Langlands dual group. Israel J. Math.,
170:135-183, 2009. With an appendix by Bezrukavnikov and
Ivan Mirkovic.

[AGLR22] Johannes Anschiitz, Ian Gleason, Jodo Lourengo, and Timo Ri-
charz. On the p-adic theory of local models. arXiv preprint
arXiv:2201.012534, 2022.

[ALWY23] Johannes Anschiitz, Joao Lourenco, Zhiyou Wu, and Jize Yu.
Gaitsgory’s central functor and the Arkhipov-Bezrukavnikov

equivalence in mixed characteristic. arXiv preprint ar-
Xiv:2811.04043, 2023.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 87-107



JOAO LOURENGO 101

[Art27]

[BB66]

[BBDG18]

[BCDTO1]

[Bez16]

[BG14]

[Bor83|

[BS17]

[BT84]

[Che40)]

[Cheb5]

[CS19]

Emil Artin. Beweis des allgemeinen Reziprozitatsgesetzes. Abh.
Math. Sem. Univ. Hamburg, 5(1):353-363, 1927.

W. L. Baily, Jr. and A. Borel. Compactification of arithmetic
quotients of bounded symmetric domains. Ann. of Math. (2),
84:442-528, 1966.

Alexander Beilinson, Joseph Bernstein, Pierre Deligne, and Ofer
Gabber. Fuaisceaux pervers. Société mathématique de France,
2018.

Christophe Breuil, Brian Conrad, Fred Diamond, and Richard
Taylor. On the modularity of elliptic curves over Q: wild 3-adic
exercises. J. Amer. Math. Soc., 14(4):843-939, 2001.

Roman Bezrukavnikov. On two geometric realizations of an
affine Hecke algebra. Publ. Math. Inst. Hautes Etudes Sci.,
123(1):1-67, 2016.

Kevin Buzzard and Toby Gee. The conjectural connections
between automorphic representations and Galois representati-
ons. In Automorphic forms and Galois representations. Vol.
1, volume 414 of London Math. Soc. Lecture Note Ser., pages
135-187. Cambridge Univ. Press, Cambridge, 2014.

M. V. Borovoi. Langlands’ conjecture concerning conjugation
of connected Shimura varieties. volume 3, pages 3-39. 1983.
Selected translations.

Bhargav Bhatt and Peter Scholze. Projectivity of the Witt vec-
tor affine Grassmannian. Invent. Math., 209(2):329-423, 2017.

F. Bruhat and J. Tits. Groupes réductifs sur un corps local. II.
Schémas en groupes. Existence d’une donnée radicielle valuée.
Publ. Math. Inst. Hautes Etudes Sci., (60):197-376, 1984.

C. Chevalley. La théorie du corps de classes. Ann. of Math. (2),
41:394-418, 1940.

C. Chevalley. Sur certains groupes simples. Tohoku Math. J.
(2), 7:14-66, 1955.

Dustin Clausen and Peter Scholze. Condensed mathematics.
2019.

Boletim da SPM 83, Dezembro 2025, Matemaéaticos Portugueses pelo Mundo, pp. 87-107



102 GEOMETRIC REPRESENTATION THEORY AND p-ADIC GEOMETRY

[Del71a]

[Del71b]

[Del74]

[Del79]

[DHKM?20]

[DR73]

[Dri74]

[Dri80]

[Fal03]

[Far20]

[FF18]

Pierre Deligne. Formes modulaires et représentations /-adiques.
In Séminaire Bourbaki. Vol. 1968/69: Exposés 347-363, volume
175 of Lecture Notes in Math., pages Exp. No. 355, 139-172.
Springer, Berlin, 1971.

Pierre Deligne. Travaux de Shimura. In Séminaire Bourbaki vol.
1970/71 Exposés 382-399, pages 123-165. Springer, 1971.

Pierre Deligne. La conjecture de Weil. I. Publications Mathéma-
tiques de Institut des Hautes Eludes Scientifiques, 43(1):273—
307, 1974.

Pierre Deligne. Variétés de Shimura: interprétation modulaire,
et techniques de construction de modeles canoniques. In Auto-
morphic forms, representations and L-functions (Proc. Sympos.
Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part,
volume 2, pages 247-289, 1979.

Jean-Francois Dat, David Helm, Robert Kurinczuk, and Gil-
bert Moss. Moduli of Langlands parameters. arXiv preprint
arXiv:2009.06708, 2020.

Pierre Deligne and Michael Rapoport. Les schémas de modules
de courbes elliptiques. In Modular functions of one variable II,
pages 143-316. Springer, 1973.

V. G. Drinfeld. Elliptic modules. Mat. Sb. (N.S.), 94(136):594—
627, 656, 1974.

V. G. Drinfeld. Langlands’ conjecture for GL(2) over functional
fields. In Proceedings of the International Congress of Mathe-
maticians (Helsinki, 1978), pages 565-574. Acad. Sci. Fennica,
Helsinki, 1980.

Gerd Faltings. Algebraic loop groups and moduli spaces of bun-
dles. J. Eur. Math. Soc. (JEMS), 5(1):41-68, 2003.

Laurent Fargues. G-torseurs en théorie de Hodge p-adique.
Compos. Math., 156(10):2076-2110, 2020.

Laurent Fargues and Jean Marc Fontaine. Courbes et fibrés
vectoriels en théorie de Hodge p-adique. Société mathématique
de France, 2018.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 87-107



JOAO LOURENGO 103

[FS21]

[Gai01]

[Gau86)

[GD63]

[GI123]

[Gin95]

[GL22]

[Gle22]

[GMS3]

[Hec27)

[Hel23]

[HenO1]

Laurent Fargues and Peter Scholze. Geometrization of the local
Langlands correspondence. preprint arXiv:2102.13459, 2021.

D. Gaitsgory. Construction of central elements in the affine
Hecke algebra via nearby cycles. Invent. Math., 144(2):253-280,
2001.

Carl Friedrich Gauss. Disquisitiones arithmeticae. Springer-
Verlag, New York, 1986. Translated and with a preface by
Arthur A. Clarke, Revised by William C. Waterhouse, Corne-
lius Greither and A. W. Grootendorst and with a preface by
Waterhouse.

Alexandre Grothendieck and Michel Demazure. Schémas en
groupes. Publ. Math. Inst. Hautes Etudes Sci., 1963.

lTan Gleason and Alexander B Ivanov. Meromorphic vector
bundles on the Fargues—Fontaine curve. arXiv preprint ar-

Xiv:2307.00887, 2023.

Victor Ginzburg. Perverse sheaves on a loop group and Lan-
glands’ duality. arXiv preprint alg-geom /9511007, 1995.

Ian Gleason and Jodo Lourenco. Tubular neighborhoods of local
models. arXiv preprint arXiv:2204.05526, to appear in Duke
Math J, 2022.

Ian Gleason. Specialization maps for Scholze’s category of dia-
monds. preprint arXiv:2012.05483, 2022.

Mark Goresky and Robert MacPherson. Morse theory and inter-
section homology theory. In Analysis and topology on singular
spaces, II, III (Luminy, 1981), volume 101 of Astérisque, pages
135-192. Soc. Math. France, Paris, 1983.

E. Hecke. Zur Theorie der elliptischen Modulfunktionen. Math.
Ann., 97(1):210-242, 1927.

Eugen Hellmann. On the derived category of the Iwahori-Hecke
algebra. Compos. Math., 159(5):1042-1110, 2023.

Kurt Hensel. Ueber die Entwickelung der algebraischen Zahlen
in Potenzreihen. Math. Ann., 55(2):301-336, 1901.

Boletim da SPM 83, Dezembro 2025, Matemaéaticos Portugueses pelo Mundo, pp. 87-107



104 GEOMETRIC REPRESENTATION THEORY AND p-ADIC GEOMETRY

[HLR18]

[HTO1]

[Hub96]

[KL15]

[KROO]

[Laf02]

[Laf18]

[Lan70]

[LD6Y]

[LHLM22]

[Lou23]

Thomas J Haines, Joao Lourenco, and Timo Richarz. On the
normality of Schubert varieties: remaining cases in positive cha-
racteristic. arXiv preprint arXiv:1806.11001, accepted at Ann.
Sci. Ec. Norm. Supér., 2018.

Michael Harris and Richard Taylor. The geometry and cohomo-
logy of some simple Shimura varieties.(AM-151), Volume 151.
Princeton University press, 2001.

Roland Huber. Etale cohomology of rigid analytic varieties and
adic spaces. Aspects of Mathematics, E30. Friedr. Vieweg &
Sohn, Braunschweig, 1996.

Kiran S. Kedlaya and Ruochuan Liu. Relative p-adic Hodge
theory: foundations. Astérisque, (371):239, 2015.

R Kottwitz and M Rapoport. Minuscule alcoves for GL,, and
GSpayn. Manuscripta mathematica, 102(4):403-428, 2000.

Laurent Lafforgue. Chtoucas de drinfeld et correspondance de
Langlands. Invent. Math., 147(1):1-241, 2002.

Vincent Lafforgue. Chtoucas pour les groupes réductifs et
paramétrisation de Langlands globale. J. Amer. Math. Soc.,
31(3):719-891, 2018.

R. P. Langlands. Problems in the theory of automorphic forms.
In Lectures in Modern Analysis and Applications, III, Lecture
Notes in Math., Vol. 170, pages 18-61. Springer, Berlin-New
York, 1970.

G. Lejeune Dirichlet. Mathematische Werke. Binde I, II. Chel-
sea, Publishing Co., Bronx, NY, 1969. Herausgegeben auf Ve-
ranlassung der Koniglich Preussischen Akademie der Wissens-
chaften von L. Kronecker.

Daniel Le, Bao V Le Hung, Brandon Levin, and Stefano Morra.
Local models for Galois deformation rings and applications. In-
ventiones mathematicae, pages 1-212, 2022.

Jodo Lourencgo. Distributions and normality theorems. arXiv
preprint arXiw:2512.17121, 2023.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 87-107



JOAO LOURENGO 105

[LRS93]

[LT65]

[Mil83]

[MV07]

[PROS]

[PZ13]

[Rib90]

[RZ96]

[Sat63]

[Sch12]

[Sch17]

Gérard Laumon, Michael Rapoport, and Ulrich Stuhler. D-
elliptic sheaves and the Langlands correspondence. Invent.
Math., 113(1):217-338, 1993.

Jonathan Lubin and John Tate. Formal complex multiplication
in local fields. Ann. of Math. (2), 81:380-387, 1965.

J. S. Milne. The action of an automorphism of C on a Shimura
variety and its special points. In Arithmetic and geometry, Vol.
I, volume 35 of Progr. Math., pages 239-265. Birkhduser Boston,
Boston, MA, 1983.

I. Mirkovi¢ and K. Vilonen. Geometric Langlands duality and re-
presentations of algebraic groups over commutative rings. Ann.
of Math. (2), 166(1):95-143, 2007.

G. Pappas and M. Rapoport. Twisted loop groups and their
affine flag varieties. Adv. Math., 219(1):118-198, 2008. With an
appendix by T. Haines and Rapoport.

George Pappas and Xinwen Zhu. Local models of Shimura va-
rieties and a conjecture of Kottwitz. Invent. Math., 194(1):147—
254, 2013.

Kenneth A. Ribet. From the Taniyama-Shimura conjecture
to Fermat’s last theorem. Ann. Fac. Sci. Toulouse Math. (5),
11(1):116-139, 1990.

M. Rapoport and Th. Zink. Period spaces for p-divisible groups,
volume 141 of Ann. of Math. Stud. Princeton University Press,
Princeton, NJ, 1996.

Ichir6 Satake. Theory of spherical functions on reductive alge-
braic groups over p-adic fields. Inst. Hautes Ftudes Sci. Publ.
Math., (18):5-69, 1963.

Peter Scholze. Perfectoid spaces. Publ. Math. Inst. Hautes Etu-
des Sci., 116:245-313, 2012.

Peter Scholze. Etale cohomology of diamonds. ArXiv e-prints,
September 2017.

Boletim da SPM 83, Dezembro 2025, Matemaéaticos Portugueses pelo Mundo, pp. 87-107



106 GEOMETRIC REPRESENTATION THEORY AND p-ADIC GEOMETRY

[SGAT3a]

[SGAT73b]

[Shi63]

[ST61]

[SW20]

[TW95]

[Vie2l]

[Wil95]

[Wit37]

[Zhul4]

Groupes de monodromie en géométrie algébrique. II. Lecture
Notes in Mathematics, Vol. 340. Springer-Verlag, Berlin-New
York, 1973. Séminaire de Géométrie Algébrique du Bois-Marie
1967-1969 (SGA 7 1I), Dirigé par P. Deligne et N. Katz.

Théorie des topos et cohomologie étale des schémas. Tome
3. Lecture Notes in Mathematics, Vol. 305. Springer-Verlag,
Berlin-New York, 1973. Séminaire de Géométrie Algébrique
du Bois-Marie 1963-1964 (SGA 4), Dirigé par M. Artin, A.
Grothendieck et J. L. Verdier. Avec la collaboration de P. De-
ligne et B. Saint-Donat.

Goro Shimura. On analytic families of polarized abelian varie-
ties and automorphic functions. Ann. of Math. (2), 78:149-192,
1963.

Goro Shimura and Yutaka Taniyama. Complex multiplication
of abelian varieties and its applications to number theory, vo-
lume 6 of Publications of the Mathematical Society of Japan.
Mathematical Society of Japan, Tokyo, 1961.

Peter Scholze and Jared Weinstein. Berkeley Lectures on p-adic
Geometry, volume 389 of AMS-207. Princeton University Press,
2020.

Richard Taylor and Andrew Wiles. Ring-theoretic properties
of certain Hecke algebras. Ann. of Math. (2), 141(3):553-572,
1995.

Eva Viehmann. On Newton strata in the B(;;—Grassmannian.
arXiv preprint arXiw:2101.07510, 2021.

Andrew Wiles. Modular elliptic curves and Fermat’s last theo-
rem. Ann. of Math. (2), 141(3):443-551, 1995.

Ernst Witt. Zyklische Koérper und Algebren der Charakteristik
p vom Grad p”. Struktur diskret bewerteter perfekter Korper

mit vollkommenem Restklassenkorper der Charakteristik p. J.
Reine Angew. Math., 176:126-140, 1937.

Xinwen Zhu. On the coherence conjecture of Pappas and Rapo-
port. Ann. of Math. (2), pages 1-85, 2014.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 87-107



JOAO LOURENGO 107

[Zhul7] Xinwen Zhu. Affine Grassmannians and the geometric Satake in
mixed characteristic. Ann. of Math. (2), pages 403-492, 2017.

[Zhu20] Xinwen Zhu. Coherent sheaves on the stack of Langlands para-
meters. arXiv preprint arXiv:2008.02998, 2020.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 87-107






TROPICALIZING MODULI SPACES AND APPLICATIONS

Margarida Melo
Dipartimento di Matematica e Fisica, Universita Roma Tre
Largo San Leonardo Murialdo 1-00146 Roma Italy
e-mail: margarida.melo@uniroma3.it

Resumo:

Descrevemos relagoes intrinsecas entre o espaco de moduli de curvas
projetivas, a sua compactificacdo através de curvas de Deligne-Mumford es-
taveis, e o espaco de moduli de curvas tropicais. O ponto chave consiste
na identificagdo de uma categoria de objetos combinatoriais que governa a
estratificacdo por tipo topoldgico em ambos os espacos de moduli. Descre-
vemos também algumas aplicacoes do uso destes instrumentos ao estudo da
geometria do espago de moduli de curvas e aplicagdes semelhantes a outros
espagos de moduli.

Abstract

We describe intrinsic relations between the moduli space of smooth pro-
jective curves, its compactification via Deligne-Mumford stable curves, and
the moduli space of tropical curves. The key point lies in describing a ca-
tegory of combinatorial objects governing the topological type stratification
of both moduli spaces. We also illustrate remarkable applications of this
interplay on understanding the geometry of the original space and explain
similar applications to other moduli spaces.

palavras-chave: espaco de moduli, curvas suaves, curvas estaveis, tropica-
lizacdo, estratificacdo topoldgica, curvas tropicais, cohomologia racional.

keywords: moduli spaces, smooth curves, stable curves, tropicalization,
topological stratification, tropical curves, rational cohomology.

1 Introduction

Moduli spaces are parameter spaces for algebro-geometric objects with cer-
tain fixed geometric invariants. In algebraic geometry, it is often the case
that such spaces are also endowed with the structure of algebraic variety,
algebraic scheme or algebraic stack. Therefore, one can use again algebro-
geometric tools to study such spaces and, using their modular interpretation,
give answers to classification problems for the original varieties and their de-
formations.
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The most studied moduli space in algebraic geometry is certainly the
moduli space of curves of given genus. Indeed, it was already considered
by Riemann, who introduced the term Moduli and considered the set of
isomorphism classes of complex structures definable over a compact, con-
nected, topological surface of genus g > 2 as a complex variety of dimension
3g — 3, denoted by M,. Along the second half of the 20’th century, the
moduli space of curves was then extensively studied by algebraic geometers
and generalized in many ways. For instance, one can fix a number n of dis-
tinct and ordered points on the curves: such a space is known as the moduli
space of pointed/marked curves and is denoted by M, ,; or even add the
information of a map from the curve to a given space with geometric cons-
traints on the image of the fixed points, the moduli space of stable maps:
this space is particularly relevant for applications to enumerative geometry
and the development of Gromov-Witten theory.

An important limitation of the moduli space of curves is the fact that it is
not compact, so it cannot be used properly to classify important phenomena
regarding curves from the point of view of enumerative geometry, which re-
quires techniques usually available for compact spaces. This limitation was
completely solved after the breakthrough work by Deligne and Mumford,
followed by Knudsen, who constructed a remarkable modular compactifi-
cation for Mg ,: the moduli space of stable curves M, in [DM69] and
[Knu83]. This compactification has many important geometrical properties,
such as the fact that it is smooth (viewed as an algebraic stack), normal
crossings (i.e., the boundary locus looks like the intersection of coordinate
hyperplanes locally at any point). More importantly, its strength relies on
its modular properties: Mg,n itself is a moduli space parametrizing pointed
stable curves, i.e., curves admitting nodal singularities and satisfying a sta-
bility condition, which ensures that there are only finitely many topological
types of such curves.

Even if the moduli space of curves is one of the most studied and fasci-
nating spaces in algebraic geometry, there are still many mysterious aspects
of its geometry that keep attracting the attention of mathematicians with
different points of view. A remarkable example of success is the structure
of the stable cohomology ring of M, which is a polynomial ring in the so-
called kappa classes as conjectured by Mumford and later proved by Madsen
and Weiss in [MWO07]. On the other hand, the rational cohomology ring of
My, is completely understood only for low values of g and n, and recently
there have been lots of efforts trying to understand more deeply its topology.

It turns out that, by applying Deligne’s theory of weights, part of the

Boletim da SPM 83, Dezembro 2025, Mateméticos Portugueses pelo Mundo, pp. 109-123



MARGARIDA MELO 111

cohomology of M, ,, is governed by the topology of any of its normal cros-
sings compactifications. It is then natural to expect that combinatorial
methods come into the picture in order to shed some light on the unders-
tanding of the geometry of such boundaries.

Tropical geometry is a new area within algebraic geometry whose geome-
tric objects are piecewise linear, and therefore much more combinatorial in
nature. It has experienced an extraordinary development in the last 20 ye-
ars and has shown to be an important tool as well when applied to describe
degenerations of algebro-geometric objects. The spirit of tropicalization is
that one can zoom in locally at a given point of a variety and extract the
geometrical behaviour of its nearby points by representing them within a fan
of polyhedral cones. When applied to normal crossings compactifications of
moduli spaces, this acquires a modular meaning: one can classify all possible
degenerations of a given object by looking at the tropicalized moduli space,
which is a (generalized) cone complex parametrizing the analogous tropical
objects up to tropical modification.

The construction of tropical moduli spaces was inspired by the pionee-
ring work of Mikhalkin-Zharkov in [MZ07], who described analogous tropical
notions of abstract curves, divisors, sheaves, abelian varieties, and so on. Ba-
sed on these notions, one can construct tropical moduli spaces as generalized
cone complexes, as in the case of curves, Jacobians and abelian varieties in
[BMV11]. These spaces have also been intrinsically realized as tropicaliza-
tion of both the non-archimedean analytification and the logarithmic version
of the original compactified spaces in [ACP15] and in [CCUW20).

At this point, the role of tropical geometry becomes clear as it provides
a modular description for the combinatorial data used to compactify the ori-
ginal objects. These modular descriptions are indeed quite helpful and have
been recently applied with great success in a number of results concerning
geometric properties of the original spaces. One of such achievements is the
beautiful computation of the top-weight cohomology of the moduli space of
curves in the breakthrough work of Chan, Galatius and Payne [CGP21]. We
will try to explain this application in the remaining part of this text.

We start by introducing our main combinatorial tools: graphs and cate-
gories of graphs.

We then give a short description of the moduli space of projective curves,
its Deligne-Mumford compactification, and its stratification by topological
type.

We continue by introducing the moduli space of tropical curves, high-
lighting its analogy with the moduli space of stable curves, and by briefly
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explaining the tropicalization morphism from the Berkovich analytification
of the Deligne-Mumford compactification to the moduli space of curves.
Finally, we put all our spaces together and explain Chan, Galatius and
Payne’s computation of the top-weight rational cohomology of the moduli
space of curves by computing the homology of the moduli space of curves.
We conclude by briefly mentioning other remarkable applications of tropical
geometry to the geometry of classical algebro-geometric varieties.

2 Preliminaries: Graphs and categories of graphs

Given a graph G, we will indicate with V(G) the set of vertices of G and
with F(G) the set of edges of G. Given an edge e € E(G), we will write
e = uv, for u,v € V(G) to indicate that v and v are the ends of e. Notice
that we will allow for the existence of multiple edges and loop edges as well
(in that case we write e = uu). We will consider our graphs to be connected,
unless otherwise stated: in that case, we will denote with ¢(G) the number
of connected components of G.

Our graphs will often be weighted, i.e., endowed with a weight function
w: V(G) = Z>p. Given a (weighted) graph G = (G, w), the genus of G is
set to be

9(G) = > wv)+h(G) =g,
veV(Q)

where b1(G) = |E(G)| — |V(G)| + ¢(G) is the first Betti number of G.
Definition 2.1. Let g,n be non-negative integers such that 29 —2+mn > 0.

o A (g,n)—graph is a (weighted) graph G of genus g and n legs, i.e., G is
a genus g graph endowed with a leg function leg : [n] := {1,...,n} —
V(G).

o The (g,n)—graph G is said to be stable if Vv € V(G) with w(v) = 0,
we have that
val(v) + |leg *(v)| > 3,

where val(v) denotes the valence (or degree) of the vertex v.

A morphism of weighted graphs G = (G, w) and G’ = (G’,w') is a pair
m = (my,7g), where my : V(G) — V(G') is surjective and 7 : E(G) —
E(G")UV(G) is surjective onto E(G’) such that:
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o 7 is compatible with the incidence function, i.e., if e = uv € E(G)
and mg(e) = € = u'v' € E(G'), then we must have that 7y (u) = o/
and 7y (v) = v';

o 7 respects the weight function, i.e., for all v’ € V/(G’), 7=1(¢v/) C G is
a connected subgraph of G with g(7~1(v")) = w'(v');

o 7 induces an inclusion i, : £(G’) — E(G) such that mg o iy = idgq).

If both G and G’ are endowed with leg functions leg : [n] — V(G) and
leg’ : [n] — V(G'), we further ask that my be compatible with induced
markings, i.e., Vi € [n], leg/(i) = my (leg(i)).

The morphism 7 is said to be an isomorphism if i, is bijective (that
is, edges of G are mapped bijectively to the edges of G'). Indeed, since we
are assuming that our graphs are connected, this implies that also my is
bijective. Given S C E(G) inducing a connected subgraph G[S] of G, the
contraction of S is a particular morphism 7g : G — G/S which maps all
the vertices and edges of S to a vertex vg € G/S and is an isomorphism
elsewhere. One can check that morphisms of weighted graphs are obtained
by iterating isomorphisms and contractions.

Remark 2.2. It follows easily from the definitions that morphisms of weigh-
ted graphs preserve the genus, the markings and also the stability condition,
i.e., the image of a stable graph via a morphism of graphs is still stable.

In the light of Remark 2.2, we can consider the set of (stable) (g,n)-
graphs as a category, as follows.

Definition 2.3. Let g,n be non-negative integers as above. The category
of stable graphs of type (g,n) is the category G, such that:

e objects are stable weighted graphs of genus g and n markings;
e morphisms are morphisms of weighted stable graphs.

Remark 2.4. The stability condition implies that, for fixed g and n, there
are only finitely many isomorphim classes of (g, n)-stable graphs. Moreover,
it is an easy consequence of the Handshaking Lemma, that the maximal
number of edges and vertices of a stable graph of genus g with n legs is,
respectively, 3¢ — 3 +n and 2g — 2 + n.

The reader might suspect that the fact that the maximum number of
edges of a stable graph of given genus matches the dimension of M, ,, is not
a coincidence.
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Figura 1: The category of stable graphs of genus 2 and no markings, G .
Dotted arrows represent morphisms in the category obtained by (weighted)
contraction of edges.

3 Moduli spaces in algebraic geometry

Let M, denote the space of isomorphism classes of smooth projective curves
of genus g (remember that these correspond to compact Riemann surfaces
of genus g if the curves are defined over the complex numbers). Recall that
for g = 0, since all smooth rational curves are isomorphic to the projective
line, My = {pt}; while for g = 1, one can see that isomorphism classes of
elliptic curves are classified by an invariant, called the j-invariant, which
corresponds to a point in the affine line A', so M; = A'. For g > 2, in
the seminal paper [DM69], Deligne and Mumford showed the existence of
My over Z and proved that it is an irreducible quasiprojective variety of
dimension 3g — 3.1.

More generally, one can consider the moduli space M, ,, of smooth curves
of genus g with n distinct markings. Then, if (g, n) is such that 29—2+n > 0,
Knudsen in [Knu83] built on the work of Deligne-Mumford to show that
My is a quasiprojetive variety of dimension 3g — 3 + n.

Since then, the moduli space of smooth curves of given genus and dis-
tinct » markings has been deeply studied. However, it is easy to see that
M., is not compact, as smooth curves degenerate to singular curves, and
since distinct points may collide. In the above-cited papers, the authors

'Deligne-Mumford actually constructed M, as an algebraic stack in [DM69]
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constructed modular compactifications for the spaces M,, by means of
(Deligne-Mumford) stable curves.

Definition 3.1. A stable (marked) curve is a nodal curve X, possibly with
several irreducible components (and n distinct smooth points), satisfying
the following stability condition: for each irreducible component C of X
isomorphic to a smooth rational curve, C' contains at least 3 special points
of X, i.e., the number of points where C intersects the rest of X plus the
number of markings on C' must be at least 3.

Remark 3.2. It is easy to see that the above stability condition is equivalent
to the condition that the automorphism group of X is finite. Notice also
that there exist stable curves of genus g with n markings if and only if
2g—24n>0.

Theorem 3.3. [[DM69], [Knu83]] Let ¢ and n be non-negative integers
such that 2g — 2 +n > 0. Then there are irreducible projective varieties
Mg,n parametrizing isomorphism classes of stable curves of genus g and n
markings. The compactification M, C Mg,n is toroidal® and smooth if
seen as an algebraic stack, and the boundary is a normal crossings divisor.

The topological type of a nodal curve X is encoded by its dual graph,
defined as follows.

Definition 3.4. Let X be a nodal curve with irreducible components C;, i =
1,...,v. The dual (weighted) graph of X is the graph Gx whose vertices v;
of Gx correspond to the irreducible components C; of X, with weight w(v;)
equal to the geometric genus of C;, and such that to each node n meeting
components C; and C; we associate an edge e, with ends in v; and v; (in
particular, internal nodes correspond to loops of Gx).

Figure 1 above contains all dual graphs of stable curves of genus 2 and
no markings.

Remark 3.5. It is easy to see that the arithmetic genus of a nodal curve
X coincides with the genus of its dual graph Gx. Moreover, X is stable if
and only if Gx is stable.

2The theory of toroidal embedding was developed in [KKMSD73] and [AMRT75] as
a tool to compactify locally symmetric domains. An embedding is said to be toroidal if
locally in the étale topology it is isomorphic to the embedding of a torus in a toric variety.

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 109-123



116 TROPICALIZING MODULI SPACES AND APPLICATIONS

3.1 Stratification of M,, by topological type
Let G € Gy, be a stable graph and set

Mg = {X € Mgm Gy = G},

i.e., Mg consists of the locus of curves in M, ,, with fixed topological type.
It is a quite important and deep fact about the geometry of Mgm that
the category G, governs the stratification of M, ,, by topological type, i.e.
each stratum Mg is irreducible and locally closed of codimension |E(G)|, and
its closure is made of smaller dimensional strata according to morphisms in
Ggns ie.,
Mg = 11 Mgy, (1)
G'—GeMor(Gg,n)
So, not only do objects in the category of stable graphs G, ,, parametrize the
strata of the decomposition of ./ng by topological type, but the morphisms
encode the topology of strata: in particular, a weighted contraction G’ — G
indicates an algebraic degeneration from curves with dual graph G to curves
with dual graph G’, while an automorphism of a graph G € G, indicates
that the stratum Mg has a self-gluing.
This decomposition can be understood in terms of local affine coordinates
of the variety M, ,, showing that the boundary of the compactification

. . o . 3
My C My, is a normal crossings divisor®.

4 Moduli Space of tropical curves

4.1 Tropical curves

Definition 4.1. A (g,n) tropical curve (or tropical curve of genus g with n
legs, or markings), is a pair I' = (G, 1) where G is a (g, n) stable (connected)
graph, called the combinatorial type of T', and [ : E(G) — Rs¢ is a length
function on the edge set of G.

Notice that a tropical curve is endowed with the structure of a metric
space obtained by gluing intervals in Euclidean space of length [(e), for all
edges e € E(G), along their ends, according to the incidence rule associated
with G. We say that two tropical curves are isomorphic if their combina-
torial types are isomorphic via an isomorphism of graphs which induces an
isometry of the associated metric spaces.

3 A normal crossings divisor is a divisor that can be expressed locally as the union of
coordinate hyperplanes.
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The moduli space of tropical curves M,"? was constructed in [BMV11]
for n = 0 and for any n in [Capl2] following the work of Mikhalkin-
Zharkov in [MZ07]. Indeed, our space is a parameter space for abstract
tropical curves, i.e., tropical curves up to tropical equivalence, as discussed
by Mikhalkin-Zharkov in loc.cit., as opposed to a parameter space of tropical
curves embedded in a certain space.

The starting point is to associate to any stable graph G' € G, ,,, a rational
polyhedral cone

Cg = leo(c)l

parametrizing length functions on tropical curves I' with topological type
G. Then, faces of the closed cone Cg should parametrize degenerations of
tropical curves in Cg obtained from sending the lengths of some edges to
zero. Formally, such identifications are associated to morphisms 7 : G —
G' € Gy, whose induced inclusions i, : E(G’) — E(G) naturally yield face
morphisms

ir:Cqo — Ca, (2)

which we will denote with the same symbol, by abuse of notation.

Notice that in the case when 7 : G — G is an isomorphism, the associated
face morphism i, : Cq — Cq is an automorphism of the cone Cq. Indeed,
this corresponds to the fact that points in the moduli space of tropical
curves with combinatorial type GG should be in bijective correspondence with
Ca/Aut(G).

In order to construct the moduli space M, _j;fgp of tropical curves of genus ¢
with n markings, one considers the union of all cones Cg, for G € Ggn, glued
together along face morphisms associated to graph morphisms G — G’ in
Gg.n)- We are therefore ready to define Mgtfﬁp in the category of generalized
cone complexes.

Definition 4.2. Let g,n be non-negative integers such that 2g — 2 +n >
0. The moduli space of tropical curves of genus g and n markings is the
generalized cone complex
Mgt,ragp = 1<l_ Cym
GeGyn

By its very construction, the moduli space of tropical curves is a complex
of polyhedral cones of real dimension 3g — 3 + n. Since some of the cones
may have some interior points identified via self-gluing morphisms, such an
object is usually called a generalized cone complex.
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For the sake of applications to the topology of Mg ., it is actually more
convenient to consider the link of M, ;fﬁp, i.e., the locus of tropical curves with
volume (or total length) equal to one, which we will denote by L(MP).
Indeed, one can think of L(M;f,‘;p) as being obtained by intersecting Mgfﬁp
with a sphere. Indeed, while Mgtff{p, being made of cones, is easily seen
to be contractible, its link L(M, gtf,‘;p) is not, and its topology is much more
interesting.

The reader may also notice that L(Mgtf,‘;p) is closely related to Outer
Space: the classifying space for the free group on g letters constructed by
Culler and Vogtmann in [CV86].

4.2 Tropicalization morphisms

The moduli space of Deligne Mumford stable curves and the moduli space of
tropical curves are closely related: in fact, the category of stable graphs G, ,,
governs both the toroidal stratification of the boundary d(M,, C M,,)
and the topology of M{'oP (see (1), (2) and Definition 4.2). Indeed, in both
situations, objects in G, ,, parametrize topological types of stable curves and
of tropical curves, while morphisms encode the topological type of strata
lying in the closure of curves of a given topological type. However, the
identification is order reversing: a morphism G — G’ in G ,, indicates that
the locus Mg of curves with dual graph G lies in the closure of the locus
of curves with dual graph G’, and, on the other direction, that the locus of
tropical curves with combinatorial type G’ can be seen as a face of the cone
parametrizing tropical curves of combinatorial type G (see [Capl3] for more
details).

The relation between the Deligne-Mumford compactification and the mo-
duli space of tropical curves turns out to be much deeper, as highlighted in
the breakthrough work of Abramovich, Caporaso and Payne [ACP15]. In-
deed, in loc. cit., the authors study the Berkovich analytification associated
with the toroidal compactification M, ,, C My, together with its intrinsic
topological retraction to a generalized cone complex.* The authors then
show that this generalized cone complex is isomorphic to the moduli space
of tropical curves Mo

As a consequence of this relation, one can also obtain the following iden-
tification:

A(My € Myn) = LOMEP), (3)

4A tropicalization morphism for the moduli space of curves has also been constructed
in the category of logarithmic geometry in [CCUW20].
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where A(Mgy, C M,,) is the dual complex associated with the normal
crossings compactification My, C Mg,n. Recall that the dual complex of
a normal crossings compactification M C M is a cell complex encoding the
irreducible components of the boundary divisor and the way they intersect.
More precisely, if D = M \ M is a normal crossings divisor, the boundary
complex A(D) associated with the embedding of D in M is a A-complex
whose geometric realization has a vertex for each irreducible component
D; of D, an edge for each irreducible component of the intersection of two
D;’s, and so on. For instance, the dual complex of the union of three lines
intersecting transversally in the projective plane is a triangle.

5 Applications to the topology of the moduli space
of curves

As mentioned in the introduction, many aspects of the topology of the mo-
duli space of curves remain unknown, despite the enormous efforts that
algebraic geometers and mathematicians, in general, have been making to
study this fascinating space. For instance, as mentioned in the Introduction,
the rational cohomology ring of Mg, H*(Mg,,Q), is completely known
only for very small values of g and n.

If we see the moduli space of stable curves in the category of algebraic
stacks, it turns out to be smooth. One can therefore apply Deligne’s the-
ory of weights to endow H*(M, ,, Q) with a mixed Hodge structure whose
graded pieces Gr}/VHk(Mgm,Q) range between k and min{2k,2d}, where
d = dim(Mg,,) = 39 — 3 + n. Since the graded pieces vanish for j > 2d, we
call Gry, H¥(M, ,, Q) the top-weight rational cohomology of M, .

Moreover, as we discussed above, M, ,, is endowed with a normal cros-
sings compactification: the moduli space of stable Deligne-Mumford curves
Mg,n. Therefore, again by Deligne’s theory of weights, the following identi-
fication holds:

Gr%HQd_k(Mg,na Q) = Hk—l(A(Mg,n C mg,n)7 Q)7 (4)

where A(M,,, C M,,,) is the boundary complex of the normal crossings
compactification introduced in (3).

Therefore, the identification in (4) allows us to compute part of the
cohomology of M, , via the homology of its boundary complex, which is
an object of combinatorial nature, and therefore expected to be simpler.
However, as it is often the case, the combinatorial problem turned out to
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be quite difficult itself, so it remained unknown until quite recently, via the
insight introduced by the identification of the boundary complex with the
link of the moduli space of tropical curves (3). Indeed, via this identification,
the combinatorial object encoding the geometry of the boundary divisor was
given a modular interpretation via tropical curves, which gave a whole new
insight into the problem.

The remarkable contribution of Chan, Galatius and Payne in [CGP21]
comnsisted in identifying a graph complex, the so-called Kontsevich commu-
tative graph complex, which computes the cohomology of L(M ;mp). Then,
taking advantage of (3) and (4) and of previous results by Willwacher con-
cerning the asymptotic behaviour of such complex, the authors were able to

prove the following: ‘
dim H*~5(M,, Q) > 9,

where 3 is a certain constant bigger than 1.

Notice that this result is contrary to expectations. In fact, the virtual
cohomological dimension of M, is equal to 4g—5 and the cohomology groups
H*9=4=k(M ¢, Q) were expected to be non-zero for only finitely many values
of g by previous conjectures by Kontsevich and Church.

5.1 Further achievements

The remarkable results obtained by Chan, Galatius and Payne motivated
many similar applications. Indeed, the fact that tropical moduli spaces
can give a (at least partial) modular interpretation to the combinatorial
data used to compactify algebro-geometric moduli spaces has been proved
to hold in other remarkable situations, as the moduli space of spin curves
in [CMP20] the moduli space of admissible covers in [CMR16], Universal
Jacobians in [AP20] and [MMUV22], etc.

Even if an intrinsic tropicalization result is not known in the case of
the moduli space of abelian varieties of given dimension, A, the machinery
of Chan, Galatius and Payne was nevertheless used to compute the top
weight rational cohomology of A, in [BBCMMW24] for small values of g.
Similarly, it is also being applied to a number of different moduli spaces,
and the community expects that several interesting results will be proved
by applying closely related strategies in the near future.

There are other remarkable applications of tropical methods in appro-
aching problems in classical algebraic geometry, as for instance the use of
tropical linear series in proving results concerned with linear series in alge-
braic curves, by applying Baker’s specialization lemma. This line of research
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has been extremely successful in the last few years, starting with the tro-
pical proof of the Brill-Noether theorem in [CDPR12] and heading to most
recent achievements as the notorious computation of the Kodaira dimension
of Msy and Ma3 in [FJP25]. We invite the reader to look at [BJ16] for a
very nice survey on such applications.
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Resumo:

As restrigdes de Virasoro para os invariantes de Gromov-Witten sdo um
tépico que tem estado ligado desde o inicio ao desenvolvimento da teoria de
Gromov-Witten. Neste artigo vamos sintetizar alguns dos desenvolvimentos
recentes no estudo das restri¢dbes de Virasoro no mundo paralelo das teorias
de contagem de feixes e representacoes de quivers. Damos uma visdo histé-
rica do tépico e explicaremos os resultados precisos no contexto de espagos
moduli de representacdes de quivers. Vamos ainda discutir a vertex algebra
que controla fenémenos de wall-crossing, que é a principal ferramenta na
prova dos resultados existentes.

Abstract

Virasoro constraints for Gromov-Witten invariants is a topic that has
been tied together with the development of Gromov-Witten theory. In this
paper we survey the recent developments in analogous Virasoro constraints
in the parallel world of sheaf and quiver representations counting theories.
We give a historical overview of the subject and explain the precise state-
ments in the setting of moduli spaces of representations of a quiver. We
discuss the wall-crossing vertex algebra, which is the main tool in the exis-
ting proofs.

palavras-chave: Geometria enumerativa, espagos moduli, restrigoes de Vi-
rasoro.

keywords: Enumerative geometry, moduli spaces, Virasoro constraints.

1 Introduction

1.1 Enumerative geometry and moduli spaces

Enumerative geometry is a very classical subject and it has been greatly
influential in the development of Algebraic Geometry since the 19th century.
In its classical form, the goal is to count the number of geometric objects with
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given properties. One beautiful theorem from the early days of enumerative
geometry is the following:

Theorem 1.1 (Cayley-Salmon). Let X C P3 be a smooth cubic surface.
Then X contains exactly 27 lines.

In the early 90s, the field was revolutionized by the introduction of ideas
coming from string theory; physicists Candelas-Ossa-Green-Parks [CdIOGP]
were able to predict the answer to a classical problem (counting rational
curves on a quintic 3-fold) using the idea of mirror symmetry in string
theory. Their prediction was then proved mathematically by Givental [Giv1].
Witten’s conjecture [Wit], which we will discuss in Section 2, was another
striking mathematical conjecture inspired by physical ideas, and it is the
beginning of the story of Virasoro constraints in enumerative geometry.

Along with the new physical input, mathematicians developed powerful
tools to define and study new enumerative invariants. In the modern appro-
ach to enumerative geometry, moduli spaces play a crucial role. A moduli
space M is simply a space that parametrizes some sort of geometric objects.
Enumerative invariants are typically numbers that one can extract from a
moduli space. This may be achieved using intersection theory, by integra-
ting naturally defined cohomology! classes D € H®(M); it is often the case
that the moduli space is not smooth but we can still integrate using a virtual
fundamental class [M]VF € Hy(M), constructed by Behrend—Fantechi [BF],
and define numbers

/ - D:=deg (DN [M]'™) €Q.
[M]vix

The Virasoro constraints are explicit and universal relations among all
these numbers when we vary D.

Example 1.2. Let M = Gr(C%,2) be the Grassmannian, which parametri-
zes 2-dimensional subspaces of C* or, equivalently, lines on P3. The Grass-
mannian has a rank 2 tautological bundle F C C* ® Oy, whose fiber over
a point is identified with the corresponding subspace of C*. Given a cubic
surface X C P2, the loci of points in M corresponding to lines contained in
X is the vanishing loci of a section on the rank 4 bundle Sym?3(F"). Hence,
for a generic X, we expect that the number of lines in X is

/ ca(Sym?(FV)) = 27.
Gr(C4,2)

!Throughout this paper, cohomology is always with Q coefficients, i.e. H*(M) =
H*(M,Q).
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The number can be calculated via Schubert calculus. The special feature of
Theorem 1.1 is that it holds for every smooth X, and not only for a generic
one.

1.2 Outline of the paper

This paper is a survey of the recent advances in the series of papers
[MOOP, Mor, vB, BLM, Boj, LM] in conjecturing and proving Virasoro
constraints for moduli spaces of sheaves and representations of quivers. In
Section 2 we will discuss the origin of Virasoro constraints in enumerative
geometry, which is Witten’s conjecture and its generalization to Gromov-
Witten theory. In Section 3 we start discussing the more recent develop-
ments in sheaf theory, the relation with Gromov-Witten invariants via the
Gromov-Witten/Donaldson-Thomas correspondence, and we list the fami-
lies of moduli spaces for which the Virasoro constraints have been proven.

In the last two sections we specialize the discussion to the case of moduli
spaces of representations of quivers (without relations). These are a simpler
analogue of moduli spaces of sheaves, and most of the features of Virasoro
constraints can be explained in this setting. In Section 4 we give a precise
formulation of the constraints proven in [Boj, LM].

Finally, Section 5 is about wall-crossing and Joyce’s vertex algebra [Joy2,
Joyl, GJT]. It was discovered in [BLM] that Joyce’s vertex algebra is closely
related to the Virasoro constraints. The wall-crossing formulas proven by
Joyce are the main tool in proving most of the known cases of Virasoro
constraints in sheaf/quiver theories. We explain the idea of the proof in the
quiver setting.

2 Witten’s conjecture

In 1990, Witten [Wit] made a striking prediction about integration on the
moduli space of stable curves ngn. His idea came from two dimensional
quantum gravity, which roughly can be thought as a theory of integration
over the (infinitely dimensional) space of Riemannian metrics on a surface.
He argued that this physical theory could be modeled mathematically in
two ways. On one hand, it could be modeled by approaching the space of
Riemannian metrics by a space of triangulations (a triangulation gives a
metric which is flat in the interior of the triangles and singular along the
edges); this idea establishes a connection to matrix models. These matrix
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models were known at the time to produce a solution to the Korteweg—de
Vries (KdV) hierarchy or, equivalently, to the Virasoro constraints.

On the other hand, supersymmetry indicates that the integral over the
space of all metrics should localize to an integral over the space of confor-
mal metrics, which is finite dimensional. Mathematically, this can be made
precise by considering integration over the Deligne-Mumford moduli space
of stable curves

C nodal curve of genus g,

Mon=13(C,p1,..., )
g {( h Pn)’ pl,...,pnecsmomh,#Aut(C,pl,...,pn)<oo}

These are smooth and projective Deligne-Mumford stacks (or orbifolds).
Over the moduli of stable curves there are line bundles LLq,...,L, defined
by

(Li)(C,pl,...,pn) = T;XC

The first Chern class of these line bundles ¢; = ¢1(L;) € H*(Mgy) are
called the psi classes. We can integrate them to define numbers:

k n
<Tk1...7'kn>g:/_ o e Q. (1)
g,n
These are the Gromov-Witten invariants of a point. Now, Witten’s predic-
tion was that if one organizes these numbers correctly we should also get a
solution to the KdV hierarchy, or to the Virasoro constraints! Define the
generating function

F = Z w292 Z Uy o n' Pk (Thy -« - Tk’n>g

g,n=>0 E1,....kn 20

and let Z = exp(F). Both F and Z are generating series in the formal
variables u and t1,to,...; Z is called the partition function. For n > —1, let
L,, be the differential operator

1
Ln=7 >

k+1=2n

82
01,01,

0 1 0 6n—1TE dno

IMopront1  2u% OThnts 4 16

1
+5 > (2k+1) o1
k>0

where Tog 1 = ti/(2k + 1)L
Remark 2.1. These operators satisfy the Lie bracket relation

[Ly, Ly] = (n —m)Lypqpm for n,m > —1.
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The Virasoro Lie algebra Vir is the Lie algebra spanned by {Lj,},ecz and a
central element C' with Lie bracket given by

n3—n

G C.

[Lm Lm] = (n - m)Ln+m + (5n+m:0

Thus, the operators L, define a representation of the Lie subalgebra
Vir>_; C Vir spanned by {Lp}n>_1. It was observed in [Get] that one
may extend this to a full representation of the entire Virasoro algebra with
central charge 1 (i.e. C acting as the identity). However, the Virasoro
operators L, with n < —1 do not impose new constraints.

Witten’s conjecture was proven by Kontsevich, and it says the following:

Theorem 2.2 ([Kon]). For every n > —1 one has

Ln(Z)=0.

2.1 The string equation

The case n = —1 of Theorem 2.2 is known as the string equation and it
was proved by Witten in [Wit]. By taking the tg, ...t, coefficient, it is
equivalent to the statement that

n

(T0Thy - - - Tkn>g =

7

(Thy « o Thy—1 - - - Thy, >g (2)
1

n

for 2g — 2 +n > 0, together with the exceptional case

<7‘07'07'0>0 =1.

This equation is much easier to prove than the general case of Witten’s
conjecture, and it follows from an analysis of the geometry of the map
MWH — ngn which forgets one of the marked points and stabilizes the
resulting curve.

To make a connection with how we will later write the Virasoro cons-
traints for sheaves and quiver representations, let us write down the string
equation in the language of the descendent algebra. Define the descendent
algebra DV to be the polynomial algebra in infinitely many variables

DWit = (@[7’0,7’1,7’27 - ] .
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For each genus g, we have a linear map (-)4: DWit 5 @ defined on mono-
mials 7y, ...y, by integration over Mg ,, cf. (1). Then the string equation
(for g > 0, so that we can ignore the exceptional case) can be written as

((R-1 — TO)D>9 =0 for every D € DV, g > 0.

It is possible to formulate Witten’s conjecture in the same spirit for every
n, see [MOOP, Proposition 5].

2.2 Generalization to Gromov-Witten theory

In 1997, Eguchi-Hori-Xiong [EHX] proposed a generalization of Witten’s
conjecture to the Gromov-Witten theory of an arbitrary (smooth, projective)
target variety X. In Gromov-Witten theory, one considers the moduli spaces
of stable maps

Myn(X,5).

Its points parametrize (marked) curves together with a map f: C' — X in
curve class (3, i.e. with f,[C] = f in H2(X;Z). Gromov-Witten invariants
are obtained by integrating psi classes together with pull-backs of cohomo-
logy classes from X via the evaluation maps ev;: My, (X,3) — X. The
moduli spaces of stable maps are often not smooth, so the integration needs

to be done in a virtual sense. The Gromov-Witten invariants are

GW

(7)) = /ng(m]virg Wevin e (3)

where k; > 0 and 7; € H*(X). When X is a point we recover the integrals
over the moduli of stable curves that we discussed before. We refer the
reader to Chapters 25 and 26 in [HKK'] for a gentle and more detailed
introduction to Gromov-Witten invariants.

After one organizes the Gromov-Witten invariants into a generating se-
ries ZX, which is called the partition function, the general Virasoro cons-
traints are the conjecture that for n > —1

Ly(Zz%) =0

where L;X are some explicit differential operators. The reader can find the
precise form of the operators in [Get].

There are two large families of varieties X for which the Gromov-Witten
Virasoro conjecture is known: X with semisimple quantum cohomology (this
includes any toric variety and Grassmannians, for instance) [Giv2, Tel] and
curves [OP]. Apart from those, it is a widely open problem.
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3 Virasoro constraints in sheaf and quiver theo-
ries: overview

Recently, there has been a proposal of Virasoro constraints in a new setting;:
moduli spaces of sheaves and moduli spaces of quiver representations. For
now, we want to explain how the constraints were first discovered in this
setting, give a rough idea of what they look like, and list the cases in which
the constraints are proven.

3.1 Gromov-Witten/Donaldson-Thomas correspondence

Maulik, Nekrasov, Okounkov and Pandharipande [MNOP1, MNOP2] con-
jectured that the Gromov-Witten invariants of a 3-fold X should be related
to the Donaldson-Thomas invariants of the same 3-fold; we refer to this as
the GW/DT correspondence. Donaldson-Thomas invariants are a different
kind of enumerative invariants, defined by integration over moduli spaces of
ideal sheaves, instead of stable maps. Given a curve C' C X, we denote by
Ic its ideal sheaf. For each m € Z and § € Hy(X;Z) we have a moduli
space

I,(X,B) ={lc: C C X a l-dimensional subscheme, [C] = 3, x(O¢) = m}.

There is a universal curve C C I,,,(X, ) x X and a universal ideal sheaf
Ic on Ip,(X,8) x X. The universal ideal sheaf may be used to construct
natural cohomology classes

chi(7) = w1 (chy(Ie)wyy) € H*(Ln(X. 3))

where k > 0 is an integer, chy(I¢) € H*(In(X, ) x X) denotes the k-th
Chern character of the sheaf I, v € H*(X) and 77, mx are the projections
of I,(X,5) x X onto I,,(X, ) and X, respectively. The moduli spaces
I,(X, ) have a virtual fundamental class and the Donaldson-Thomas in-
variants are defined to be

[ )., () € Q. @
[ (X, 8]V

The correspondence proposed in [MNOP1, MNOP?2] states that there is
a universal way to determine all the Gromov-Witten invariants (3) from
the Donaldson-Thomas invariants (4), and vice-versa. The conjectured
correspondence is quite complicated. In involves taking a fairly strange
change of variables ¢ = e ™™ to relate two generating series and it involves
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a complicated transformation to convert the Gromov-Witten descendents
Ty (71) - - - Tk, (9n) into Donaldson-Thomas descendents chg, (71) . . . chg, (7).

In light of this, there is a very natural question: can the Gromov-Witten
Virasoro constraints be moved to the Donaldson-Thomas side? What do
they say? Oblomkov, Okounkov and Pandharipande were able to guess a
precise conjecture that first appeared? in [Pan].

The understanding of the GW/DT correspondence has improved a lot
since it was first proposed, and this allowed to partially establish the connec-
tion between Virasoro constraints for Gromov-Witten and for Donaldson-
Thomas invariants.

Theorem 3.1 ([MOOP, Theorem 5]). Suppose that the GW /DT corres-
pondence holds. Then the Gromov-Witten Virasoro constraints in the sta-
tionary regime® and the Donaldson-Thomas constraints in the stationary
regime are equivalent.*

A consequence of this are the stationary Virasoro constraints for
Donaldson-Thomas invariants of toric 3-folds, since both the GW /DT cor-
respondence and the Virasoro on the Gromov-Witten side are known.

3.2 Universal constraints

It turns out that Virasoro constraints are present (or at least expected to be)
in a much more general family of moduli spaces, which includes the moduli
of ideal sheaves used to define Donaldson-Thomas invariants. It was noted
in [MOOP, Mor] that the Virasoro constraints for Pandharipande-Thomas
invariants (a closely related cousin to Donaldson-Thomas invariants) imply
similar constraints for Hilbert schemes of points on surfaces. Work of van
Bree [vB] conjectured and gave strong numerical evidence that moduli spaces
of stable torsion-free sheaves on surfaces should also be constrained.

This lead to the general conjectures appearing in [BLM], which apply to
a large family of moduli spaces. It applies to moduli spaces of sheaves (on
curves, surfaces, ideal sheaves on 3-folds, etc.) but also to many variations:

2The author explains that they made this conjecture roughly 10 years before the paper,
so around 2007.

3Stationary regime means essentially that we only consider invariants (3) and (4) with
v € H22(X). Away from the stationary regime, the GW/DT correspondence is poorly
understood.

4The results in [MOOP)] are stated for Pandharipande-Thomas invariants rather than
Donaldson-Thomas invariants, but in the stationary case these are essentially the same
by [OOP, Theorem 22].
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sheaves with or without fixed determinant, moduli spaces of pairs, moduli
spaces of quiver representations, moduli spaces of sheaves with Oh-Thomas
virtual fundamental classes, moduli spaces of Bridgeland stable objects, and
moduli spaces of parabolic bundles on curves. We remark that this general
setting does not apply to Gromov-Witten theory, in which Virasoro cons-
traints have a fundamentally different flavour.

In the next section we will explain the precise conjecture in the setting
of quivers. For now, we shall only describe its general shape. Given a mo-
duli space M of sheaves or quiver representations, there are certain natural
cohomology classes we can construct on M; for example in the Donaldson-
Thomas case those were chi(y). We write this in terms of a descendent
algebra D) which admits a realization map D — H®(M). If M has a virtual
fundamental class, we get numerical invariants f[M]Vir D € Q by realizing
D and integrating it. The Virasoro constraints are universal and explicit
linear relations among such numbers. We always describe them analogously
to how we wrote the string equation in Section 2.1. We define some operator
(or operators) L: D — D and formulate the constraints as

/ L(D)=0 forevery D € D.
[jw]vir

The operators L will be defined in terms of some canonical representation
{Lp}n>—1 of Vir_; on D. Depending on the context, L might be precisely
L., but it might also be a small perturbation or a combination of all the L,
operators.

Remark 3.2. The sheaf/quiver Virasoro constraints relate invariants de-
fined by integration on a single moduli space. The same is not true for
Gromov-Witten theory: for instance in the string equation (2) the left hand
side is defined by integration in MWH and the right hand side by integra-
tion in Mg,n. This is a hint that the sheaf/quiver Virasoro constraints are
in some sense simpler.

We list now the cases in which the Virasoro constraints have been proven
in the past few years:

1. Donaldson-Thomas and Pandharipande-Thomas invariants on toric 3-
fold X in the stationary regime [MOOP].

2. Hilbert scheme of points on a surface S with h!(S) = 0 [Mor].?

®Joyce announced that he is able to remove the assumption h'(S) = 0 in upcoming
work [Joy3].
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3. Moduli of stable bundles on a curve [BLM].

4. Moduli of Bradlow pairs on a curve [BLM]. This was conjectured by
van Bree in [vB].

5. Moduli of torsion free stable sheaves on a surface S with h%1(S) =
R%2(S) = 0 [BLM].

6. Moduli of Bradlow pairs on a surface S with h%1(S) = r%2(S) = 0
[BLM]. In particular they hold for the nested Hilbert schemes S[Bo’m]
on such surfaces.

7. Moduli of 1-dimensional sheaves on a surface S with h%1(S) =
h%2(S) = 0 [BLM] provided the technical condition [BLM, Assump-
tion 5.7] holds. When S = P2, S = P! x P! or S = Bl (P?) this is
shown unconditionally in [LM].

8. Punctual Quot schemes on a curve or on a surface with h%2(S) = 0
[BLM] holds.

9. Moduli spaces of quiver representations, possibly with relations [Boj,
LM].

In Section 5 we will sketch the proof of (9). The ideas explained there
are the main tool used in the proof of results (3) — (9).

4 Virasoro constraints for moduli of quiver repre-
sentations

In this section we define moduli spaces parametrizing representations of a
quiver and give a precise formulation of the Virasoro constraints in this
setting.

4.1 Moduli spaces of quiver representations

A quiver is a directed graph, which we write as a 4-tuple Q = (Qo, @1, s, 1)
where Q9 and ()1 are the sets of vertices and arrows, respectively, and
s,t: Q1 — Qo are the functions assigning to an arrow its source and target,
respectively.

A representation V of a quiver is an assignement of a vector space V, to
each node v € Qo and linear maps fe: Vi) — Vi) to each arrow e € ;.
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Given a representation V', we say that (dim(V;))veq, € Zgg is the dimension
vector of V. A morphism bewteen representations V' and W consists in a
collection of maps V,, — W, for each v € )y that makes all the maps assign
to the edges commute. Thus, representations of a quiver () form an abelian
category Repg,.

The construction of well-behaved moduli spaces of quiver representations
requires the choice of a stability condition. Given a choice of weights 6 =
(Ov)veqo € R%0 one defines the slope of a representation by

_ Tuegy b dim(Vy)
> e, dim(Vy)

Note that this only depends on the dimension vector of V', so we will also
write pg(d) for d € Z9° with the obvious meaning.

po(V)

Definition 4.1. A representation of a quiver V is said to be #-semistable if
o(W) < pg(V') for every 0 £ W C V.
It is said to be #-stable if the inequality above is strict for every W C V.

Given a dimension vector d € Zgg let

Z5% € Z5 C ] Hom(C%©, o)
e€Q1
be the subsets of §-stable and #-semistable representations. Note that some
of these representations are isomorphic, so we can construct a moduli space
parametrizing (S-equivalence classes of) f-semistable representations by ta-
king the quotient (in the sense of geometric invariant theory [MFK])

Alg—ss _ Zg—ss // Gd
by the natural action of
Gg= H Hom(C%,C%).
vEQRo

We refer to [Kin| for further details on the construction. Similarly we may
define Mg_St - ]Wg_ss; when ]Wg_ss = ]\Jg_St we will sometimes abbreviate
to Mg. When the quiver @ is acyclic (i.e. it does not contain oriented
cycles), the moduli spaces Mg_ss are projective. When 6 and d are such
that there are no strictly semistable objects (i.e. Zg_St = Zg_ss) the moduli
space M g is smooth of dimension

L+ ) dyodyey — Y. d2.

e€EQ vEQo
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Example 4.2. Let Ky be the Kronecker quiver, with two vertices {1,2}
and N arrows from 1 to 2:

Let 0 = (01, 02) with 61 > 65. Then the moduli of quiver representations
M{y1y(Kn) = Gr(CN k),

is the Grassmannian parametrizing k& dimensional subspaces of CV.

Example 4.3. Let Q be an acyclic quiver. Then it is possible to choose
a stability condition 6 which is increasing along the edges, meaning that
Oi(e) > Os(e) for any e € Q1. As shown in [GJT, Proposition 5.6}, for such

stability conditions, M g_St is a point when there is a v € Qg such that
dy =1 and d,, = 0 for w # v; otherwise, Mg_St is the empty set.
4.2 Descendent algebra

Let M =M 3 be a moduli space of f-stable quiver representations on () and
assume that M g'St =M g-ss‘ We have a universal representation V on M,
which consists of a collection of vector bundles F,, of rank d,, for each v € Qg
and maps ¢e: Vo) — Vy(e) for each e € Q1. We can produce cohomology
classes in H*(M) by taking Chern classes of the bundles V,. This motivates
the definition of the descendent algebra.

Definition 4.4. Let () be a quiver. The descendent algebra of (), denoted
by DY, is the free commutative Q-algebra generated by symbols

{chi(v) ‘ k€ Zzo, v € Qo).
The universal representation V' defines a realization homomorphism
&y: DO — H*(M)
defined on generators by

ch(v) — chg(Vy) .
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An important subtlety is that the universal representation V is not unique.
If L is any line bundle on M, then (V, ® L),cq, defines a new universal
representation. This issue can be addressed in two ways: either we fix a
choice of universal representation in some way, or we consider the weight
0 descendent subalgebra on which &) does not depend on the choice of V.
This subalgebra is defined concretely as follows:

DY, = ker (R1: DY - D?) C DV

where R_; is a derivation that we define later in Definition 4.5. This su-
balgebra has the property that &, (D) does not depend on V for D € Dgto.
Hence we get a well-defined homomorphism

¢ DY — H(M).

wto

4.3 Virasoro constraints

To formulate the constraints we define a representation of Vir_; in D€ as
follows:

Definition 4.5. Define the Virasoro operators {L,|n > —1} on the des-
cendent algebra DY as a sum of two operators L, = R,, + T,,. First, R, is a
derivation operator such that

Rn(chg(v)) = k(k+1)--- (k+ n) chgypn(v).
Second, T,, is a multiplication operator by the element

T, = Z a!b! Z chg(v)chy(v) — Z chg(s(e))chy(t(e))

a+b=n 1€EQo e€Q1

We also define the weight 0 Virasoro operator

Lyt, = Z ﬂLnoRm{l
wtop — — .
w1 (n+1)!

It is a nice exercise to check that the commutator of these operators is
L, L] = (m — n)Lpsm -

This is not quite a Virasoro representation as we defined earlier due to a
sign difference, but it is very close; indeed, it means that the dual operators
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LY define a representation of Vir_; on (D?)”. It also follows from those
commutator relations that R_; o Lyt, = 0; hence, the image of Ly, is con-
tained in DY, , so the realization E(Lwto (D)) € H*(M) is well defined. We

wto?
are ready to formulate the Virasoro constraints.
Theorem 4.6 ([Boj, LM]). Let ) be an acyclic quiver, d € Zgg a dimension
vector and # € R?0 a stability condition such that M g T = Mg_St. Then

/ ¢(Lyto(D)) =0  for every D € DY
Mg

When there is some vertex vy such that d,, = 1, we may give an equiva-
lent formulation by fixing a normalized universal sheaf.

Theorem 4.7. Let () be an acyclic quiver, d € Zg% a dimension vector
and 6 € R9 g stability condition such that J\Ig_ss =M g St Suppose that
there is v9 € Qo such that d,, = 1 and let F be the (unique) universal
representation on M g such that V,, is the trivial line bundle.

Then

/ , &(Ly(D)) =0  for every D € D? and n > 0.
Md

Example 4.8. We illustrate how the Virasoro constraints look like for M =
Gr(C*,2), see Examples 1.2 and 4.2. Let V be the universal representation
over M = ]\/[(92’1)(1(4), where K, is the Kronecker quiver in Example 4.2,
normalized by asking that Vs is the trivial line bundle. Then F = V) is the
tautological vector bundle (recall Example 1.2) and the 4 universal maps
are obtained by composing F C C* ® Ogr(ct,2) with the 4 projections onto
the coordinate axis C* ® Ogr(ct,2) = Ogr(ct,2)-

For convenience denote p, = klchy(1) € DF4. We will omit the
realization morphism &y, so pr also denotes klchiy(Vi) = klchy(F) €
H?k(Gr(C*,2)). We have

0= / Li(p) =3 pip2
Gr(C4,2) Gr(C%,2)

0= / La(p}) = 2/ P1P3 +/ P
Gr(C4,2) Gr(C4,2) Gr(C4,2)

0 :/ L1(p1p2) 2/ % +2/ p1p3
Gr(C4,2) Gr(C4,2) Gr(C4,2)

0= / Ls(p1) =/ P4+ 2/ Pip2 -
Gr(C4,2) Gr(C4,2) Gr(C4,2)
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By further using that fGr(C472) p} = 2 [EH, Exercise 4.38] we determine all
the integrals of descendents using the equations above:

/ pi‘=2=/ 3, / pips = —1, / p4=0=/ pips .
Gr(C4,2) Gr(C4,2) Gr(C4,2) Gr(C4,2) Gr(C4,2)

It is shown in [LM] that the Virasoro constraints for the Grassmannian
recover all the descendent integrals up to a constant, as illustrated above in
the case of Gr(C%,2). The same is not true for other quivers. Indeed, the
descendent integrals on M g will depend heavily on the choice of stability
condition #, but the Virasoro constraints are completely independent of 8!

5 Wall-crossing and the vertex algebra

5.1 Wall-crossing and flips

We have seen that the construction of moduli spaces of representations
Mg_ss depends on a choice of a stability condition § € R90. Wall-crossing is
essentially the study of how the moduli spaces and corresponding descendent
integrals change when 6 changes.

Example 5.1. Consider the Kronecker quiver and Examples 4.2 and 4.3:
they say that M(Gk 1)(K ~) is the Grassmannian when #; > 6, but empty if
01 < @5. There is a drastic change when we cross the wall

{(01.02): 61 = 0} C R

in the space of stability conditions. We call the regions {#: 6; > 63} and
{0: 61 < 62} chambers. For 6 on the wall, 1y is constant so every represen-
tation is semistable, but only the representations with total dimension 1 are
stable.

More generally, the space of stability conditions R%° is divided into
chambers by walls of the form

W(dy,d2) = {0 € R?: pg(dy) = po(d2)} -

The moduli spaces M g do not change unless we cross a wall W (dy, d2) with
d = dy + da. Studying what changes when we cross a wall is a great tool
to understand moduli spaces since sometimes we can wall-cross to a much
simpler moduli space.
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for the moduli spaces M g :
Wy = W((la 0, O) (17 1, 1)) , Wa = W((la 1, O)(
W((Oa 0, 1) (27 1, O)) , Ws = W((27 0, O) (O

)

’

Example 5.2. Consider a quiver with 3 vertices {1, 2,3} with any number
of arrows 1 — 2 and 2 — 3, and let d = (2,1, 1). There are 5 possible walls

1,0,1)), W3 =W ((0,1,0),(2,0,1))

Wy =

In the figure below we represent the wall and chamber structure on the two
dimensional subspace 0; +05+03 = 0 of the space of stability conditions R?0
(note that the stability of representations is unaffected by adding a constant

to each entry of 6, so any stability condition is equivalent to one of these).

The shadowed region is the region of increasing stability conditions 87 <

Ay < B3, see Example 4.3; the moduli spaces Mg are empty in this region.
Note that the wall W; = Wj is a double wall. The remaining ones are simple
walls in the sense that we explain below, and the dashed path between 6_
and 64 is a simple wall-crossing path; as we will explain now, M g_ and M g*

are related by a flip.

We describe

— ‘/Vl = VV{, = {61 = 0}
I/VQ = {91 + 292 = 0}
‘Vg, = {91 - 492 = O}

— Wi = {56, + 46, = 0}

now a situation in which wall-crossing can be understood
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very geometrically, which is that of simple wall-crossing. Let d € Zgg and
0_ and 0, two stability conditions. We make the following assumption:

(A) 6_ and O, are not on a wall, so there are no strictly 6i-semistable
representations.

(B) There is a continuous path of stability conditions 6; from 6y = 6_ to
01 = 64 which crosses a unique wall W (dy,dsz) with d; + ds = d. We
let 6 be the stability condition at the intersection with the wall.

(C) We have
po_(di) < po_(dz) and pg, (d1) > g, (d2) .

(D) The path 6; does not cross any walls W (ds3,ds) with d3 + ds = d; or
d3 +dy = da.

Denote
0 04 0_ 0_
M_=M;,”, M, =M, ,J\lledl and ]Vbz]\ldl .

Note that M7 and My are the same whether they are defined with 6_ or 64
stability by condition (D). How do M_ and M differ? The representations
which are 6_-stable but not #,-stable are the non-split extensions of the
form

0=V =V =2V—=0 (5)

where V7, V5 are 64-stable representations with dimension vectors dq, ds, res-
pectively. Note that pg, (d1) > pg, (dz) is equivalent to pg, (d1) > g, (d), so
V1 destabilizes V' with respect to 8, -stability. On the other hand, represen-
tations which are 6 -stable but not _-stable are the non-split extensions of
the form

0=V, =V =1V =0. (6)

Both of these families of representations are -stable but not f-semistable
for the stability condition # on the wall. The representations of the form
(5) and (6) define loci Z_ C M_ and Z, C My, respectively, and M_ \
Z_ = My \ Zy. Both Zi are projective bundles over M; x Mpy; their
fibers over (Vi, V) are PExt!(V5,V}) and PExt!(Vi,V5), respectively. So
essentially we can control the “difference” between M_ and M, by the
“smaller” moduli spaces M7 and M,. Indeed, Thaddeus proves a general
theorem [Tha] implying that M_ and M, are related by a flip. This s means
that the blow-ups of M_ at Z_ and M, at Z, are the same space M, and
we have a flip diagram as follows:
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PN

— M_ M+ — Z+

M1><M2

The curved arrows are embeddings, the arrows from M to ML are blow-
ups and the exterior arrows are all projective bundles; 7 is the common
exceptional divisor of the two blow-ups.

The flip diagram allows us to compare integrals on M_ and M, by
pulling back to M. The difference, of course, is related to integrals on M;
and M,. However, sometimes it is not possible to connect two stability
conditions by simple wall-crossing paths. In Example 5.2 crossing the wall
W1 = Wj5 is not simple wall-crossing because it is a double wall; successive
extensions of V1, Vo, V3 with dimension vectors (1,0,0), (1,0,0) and (0,1, 1),
respectively, will change stability.

5.2 The wall-crossing vertex algebra

In [Moc], Mochizuki described a way to understand the non-simple wall-
crossing behavior of descendent integrals in the context of moduli spaces of
sheaves on surfaces. More recently, Joyce [Joyl, Joy2, GJT] has proposed
a formalism to state and prove more general wall-crossing formulas. Joyce
constructs a vertex algebra to write down such formulas in a conceptual way.
This vertex algebra is very closely related to the descendent algebra intro-
duced before by results from [Gro, BLM, LM], and this is the perspective
we take here.
For d € Z%° define

DY = D?/(chy(v) = dy | v € Qo) -

Given a moduli space M g and a fixed universal representation V, the reali-
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zation morphism &y factors through ]D)C?, so it defines a linear functional

DY =¥y H*(MY) Y
Define the space of functionals

V=@ @)

dezRo

Joyce constructs a natural vertex algebra structure on V. We refer to [Kac]
for an introduction to vertex algebras, but we can mention that a vertex
algebra structure on a vector space V consists of the data

eV, T:V=V, Y:V=End(V)[z7}, 2]

satisfying some complicated axioms. In our case, |0) corresponds to the
functional in ]D)OQ sending the algebra unit to 1 and any (non-empty) product
of descendents to 0. The operator 7' is the dual of the operator R_; that we
defined earlier. The state-field correspondence Y is the most complicated
and interesting part of the construction, but we will not discuss it here.

A moduli space together with a universal representation defines an ele-
ment of V. However, as explained in Section 4.2, there is no canonical
choice of universal representation, so a moduli space only defines canoni-
cally a functional on

D«

d,wtg

= ker (R_lz ]D? — ]D)C?) .
Since T is defined to be the dual of R_;, we have an isomorphism

V=V/T(V)~ @ D)
dez%0

It is a general fact from vertex algebras, due to Borcherds [Bor], that V=
V/T (V) inherits a Lie algebra structure from the vertex algebra structure
on V. Given a moduli space M, its class [M] € V contains information
about all the descendent integrals. Joyce shows that wall-crossing formulas
can be written using the Lie bracket on V! For example, in the setting of
simple wall-crossing that we described before we have an identity

[My] = [M_] + [[Ms], [M]]

in V. But Joyce’s formalism is also able to deal with non-simple wall-
crossing, in which case we get more complicated formulas with iterated
brackets.
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Example 5.3. We go back to Example 5.2 and consider _ = (1,5, —6) and
0y = (—1,5,—4); these are separated only by the double wall W, = Ws.
Joyce’s wall crossing formula in this case gives

0 0_ 0_ 0_ 0_ 0_
(Mg} )] =M ] + [0 Ml + [[Mg0.0))s Mg )]
1 0 0_ 0_
T3 []u(l 0,0)’ [[]\1(1 0,0)) [M(0,1,1)m :

This can be used effectively since we understand explicitly the vertex
algebra V.

Theorem 5.4. The vertex algebra V is isomorphic to the lattice vertex
algebra associated to Z%0 and the pairing X M. Z%0 x 790 — 7 which is
the symmetrization of the Euler pairing x¢ of Q given by

eld.d)= > dyd,— > dy(e)dy(e

vEQRO e€Qo

5.3 Vertex algebra and Virasoro

Vertex algebras are a natural source of representations of the Virasoro
algebra. Any lattice vertex algebra associated to a lattice (A, B) with
B: A x A — Z a non-degenerate pairing comes equipped with a so cal-
led conformal element w € V which induces a representation of Vir in V.
Even if B is degenerate (which is sometimes the case with Xsym) there is
still a representation of Vir_; on V.

It was shown in [BLM, Boj, LM] that this canonical representation of
Vir_; coming from the fact that V is a lattice vertex algebra is precisely the
dual of the representation of Vir_; on the descendent algebra that we defined
earlier in Section 4.3. A moduli space M satisfying Virasoro constraints
can be translated to a vertex algebra language: it means that the class
[M] € V is a physical state, as defined in [Bor|! This is not only very
interesting because it gives a conceptual meaning to the constraints, but
it also has an important consequence: this point of view shows that the
Virasoro constraints are compatible with wall-crossing in the sense that the
subspace of physical states is a Lie subalgebra.

Proposition 5.5 ([Bor]). Suppose that [Mi],[My] € V are physical states
(read as “M; and M, satisfy the Virasoro constraints”). Then [[M], [M2]] €

Visa physical state as well.

Boletim da SPM 83, Dezembro 2025, Mateméaticos Portugueses pelo Mundo, pp. 125-148



MIGUEL MOREIRA 145

From this compatibility, the proof of Theorem 4.6 is straightforward.
The Virasoro constraints hold trivially for the increasing stability conditions
(see Example 4.3), so we can deduce them for any stability 6 from the
compatibility with wall-crossing!
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Resumo: Equacgoes de vortices sao EDPs que descrevem configuragoes de
campos BPS para modelos sigma de gauge em fibrados. No trabalho que
aqui expomos, consideramos a situacdo em que a base é uma superficie
de Riemann e a fibra (ou alvo) é uma variedade de Kéhler térica, ambas
compactas. Os espagos de mddulo que parametrizam as solugdes (a menos de
transformagoes de gauge unitdrias), neste caso, sao espagos de configuragoes
generalizados associados a um complexo simplicial que pode ser extraido dos
dados combinatorios do alvo. Os grupos fundamentais destes espagos podem
ser interpretados como um novo tipo de grupos de trangas (coloridas) em
superficies, cuja descricdo apresentamos de forma bastante concreta.

Abstract: The vortex equations are PDEs describing BPS field configu-
rations for gauged sigma models in fibre bundles. In the work surveyed
here, we focus on the situation where the base is a Riemann surface and the
fibre/target is a toric Kéhler manifold, both assumed compact. Then the
moduli spaces of solutions (up to unitary gauge) are generalised configura-
tion spaces associated to a certain simplicial complex that can be extracted
from the toric data. The fundamental groups of such spaces can be under-
stood as a novel type of surface braid groups with coloured strands, which
we shall describe in very concrete terms.

palavras-chave: teoria de gauge, vértice, espagos de modulo, geometria
torica, grupos de trancas, grafo, sistemas diofantinos

keywords: gauge theory, vortex, moduli spaces, toric geometry, braid
groups, graph, Diophantine systems

1 Introduction

In elementary particle physics and condensed-matter theory, quantum field
theories (as well as approximations or extensions to them) are studied with
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a wide variety of tools. The concept of particle, which is sometimes rather
elusive, is captured by ‘charges’ modelled on invariants provided e.g. via
algebraic topology or algebraic geometry, or from the representation the-
ory of symmetry groups. Such invariants appear naturally in classification
problems in pure mathematics, where in many situations one needs to sup-
plement them by constructing moduli spaces parametrising different isomor-
phism classes of objects with the same invariants arising in families. Prime
examples of such spaces feature in the surveys by Margarida Melo [26] and
Miguel Moreira [27] also included in this Special Issue.

Moduli spaces keep fascinating mathematicians [30] from a variety of
backgrounds. They have been used crucially to tackle (sometimes unexpect-
edly) very hard problems — from the geometry of 4-manifolds to quantum
gravity. In this review, we explore moduli spaces parametrising solitonic
configurations called vortices [24] in gauge theory. Vortices are like particles
in the sense of having a point core, though their energy density is extended
in space, forming peaks around the cores that superpose nonlinearly. In
Fig. 1 we plot the energy density distribution of two vortex configurations
of topological charge 2 on the hyperbolic disc. Here the charge corresponds
to the degree of a map S' — S! from the boundary of the disc to a circle
in the target C parametrising the degenerate minima of a Higgs potential.
One reason we chose the hyperbolic disc is that it leads to the integrability
of the vortex equations [41]; but the vortices we will concentrate on live
on compact Riemann surfaces and almost never enjoy this property. Vortex
moduli spaces (with their intrinsic geometry [3]) can been employed to study
vortex dynamics in the classical field theory [37, 33, 31, 38]. Quantisation
of moduli spaces is a more ambitious venture [33, 18, 40|, but one may hope
to uncover nonperturbative aspects of quantum field theories in this way.

Figure 1: Plots of energy density functions for configurations of 2-vortices on the
hyperbolic disc, with well-separated cores (left) and coalescing cores (right)
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The topology of vortices advertised in our title refers concretely to the
moduli spaces — more specifically, we shall look at their fundamental groups.
It turns out that they are computable and interesting objects (providing
examples of a novel type of braid group); in addition, they hint at how the
solitonic particles interact in the quantum theory.

2 Gauged sigma models, the vortex equations and
their moduli

We start by defining vortices more precisely and in higher generality. For
that, one needs to choose:

¢ (%, js,wy) a riemannian, oriented surface (the base)
e (X, jx,wx) another Kéahler manifold (the target)

The word gauged refers to an internal symmetry that corresponds to a Hamil-
tonian and holomorphic action of a compact Lie group G on X. Letting
g := Lie(G), we denote by ¥ the composition of a moment map p: X — g*
for this action (satisfying du(§) = tewx for all £ € g) with the ‘musical’
isomorphism f : g* — g associated to an invariant metric on G.

We shall assign a distribution of energy to pairs of fields

(A, ¢) € A(P) x (%, PX)

where A is a connection on a principal G-bundle P — ¥ and ¢ a section of
the associated bundle PX := P xg X — X. To each such pair we associate
a topological charge

(85 = ((f x ¢)/G):[S] € HF(X;Z)

in the G-equivariant 2-homology of X; here, f : P — EG is the lift of a
classifying map f: ¥ — BG for P with P = f*EG.

Given all these ingredients, the potential energy of a gauged sigma model
is specified by the Yang—Mills—Higgs functional

B(A.0) = 5 [ (1FaP + 144 + o 0P).

To find its minima, one could in principle try to solve its Euler-Lagrange
equations (second-order PDEs on ¥). A more convenient strategy is to

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 149-172



152 TOPOLOGY OF VORTICES WITH TORIC TARGETS

perform the so-called Bogomol'nyi’s trick (taking advantage of the decom-
position d4 = 94 + 94 for the covariant derivative; see e.g. [29] for more
details)

BA9) = (lox — 050+ 5 [ ([sBas oo +29%P) )

and observe that the minima in each topological class, whenever the first
term (which is constant) is nonnegative, satisfy the first-order PDEs

09 =0 (2)
«Fo+pfop=0 (3)

known as the vorter equations; solutions to these are examples of what are
called (classical) BPS configurations in field theory. Equation (2) says that
¢ is a holomorphic section, whereas (3) relates the curvature 4 of A to
the moment map evaluated at ¢. Note that the metric on ¥ intervenes in
equation (3) via its Hodge operator . Both equations are invariant under
the infinite dimensional group G(P) := Auty(P) of gauge transformations.

Remark 2.1. There is a completely analogous manipulation for the case
(lwx — p, [#]S) < 0 yielding antivortex equations, where 0 is replaced
by 04 in (2) and the (+) sign flips to (—) in (3); in this sense, it is clear
that a pair (A, ¢) on a connected surface ¥ cannot be of both vortex and
antivortex type unless A is flat (i.e. F4 = 0) and ¢ covariantly constant,
which corresponds to a vacuum configuration. We will see in a moment
(cf. Example 2.1) how to implement coexistence of vortices and antivortices
within a BPS solution in another sense.

Vortex moduli spaces are defined by fixing h € HS(X;7Z) and taking

2), (3) are satisfied
Mﬁf(zw:{m,qﬁ)’” ) ae st } (P)

and [¢]§ = h

(and similarly for antivortices). Such a space (of gauge orbits) can be for-
mally understood as a Kéhler quotient [28], and more rigorously one can
show [29] that it receives a Kihler structure w2 from the natural L? inner
product on the space of fields A(P) x T'(3, P¥X). Usually it is straightfor-
ward to understand the underlying complex structure, but it is much harder
to describe or compute the Kéhler form w2 (or the corresponding Kéhler
metric gr2) [3, 6].
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Though we have sketched how vortex moduli spaces are motivated by
physics, we would like to point out that these objects have also found many
applications in pure mathematics. Just to mention a few: they have been
useful to compute Gromov—Witten invariants of symplectic quotients [4],
to define invariants for Hamiltonian actions in analogy to Gromov—Witten
theory [29, 25, 14], as a tool to study the topology of other interesting moduli
spaces [21], or in a proof of the celebrated Verlinde formula [39].

In what follows, we shall restrict attention to gauged sigma models where

o X is a Kahler toric manifold (see [12, 1]);
e G=TCT:=T%C X is its (real) torus.

Assuming (for simplicity) that X,¥ are compact, we obtain a very neat
description of MiX(¥), which we now explain.

Toric manifolds can be described via certain combinatorial data. One
possibility (favoured by algebraic geometers [15]) is in terms of a fan F
consisting of simplicial real cones in all dimensions from 0 up to dim¢ X. In
particular, the 1-dimensional cones p € F'(1) are called rays and determine
T-invariant divisors D, in X. Another possibility, with more of a symplectic
flavour, is through the Delzant polytope [11]

A=puX)cCyg

(the image of the moment map for the T-action). This A determines a
normal fan F' = Fana, whose rays consist of the inner normals to the facets
of A.

The following notation will be very useful. We denote by

SFY = Sym* (%) := £F /&,

the k-th symmetric product of the Riemann surface 3; this is a smooth
complex manifold, whose points are interpreted as effective divisors in X
in classical algebraic geometry of curves. Let us now suppose that we are
given a simplicial complex A together with a function k : Sk%(A) — N on
its O-skeleton (whose points/vertices we shall sometimes refer to as colours).
For convenience, we set

gkv= [ sV
AeSkO(A)
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Let [Ai,---,Aj] denote the simplex with vertices A;,...,\; € SkY(A). We
consider the following space of effective divisors in 3 braided by A:

4
DivE (35 A) = {d € SEY 1 Ao, -, A € A= [ supp(dy,) = (Z)} (4)
=0

We can think of each component dy of d as a set of k(\) points (counting
multiplicities) of colour A in ¥. The space (4) is a considerable generalisation
of the usual notion of configuration space for X; we shall refer to particular
realisations of it in what follows.

Now we go back to our toric targets. In that context, we shall take as
simplicial complex

A = (3A)Y. (5)

when a Delzant polytope A = p(X) is given for a target X. Let us spell out
the notation in (5): by A we mean its boundary, which we may interpret
as spherical polytope, and (-)¥ means the dual polytope in that sense. For
instance: if OA is the (outer shell of a) cube, then its dual (JA)Y is an
octahedron; this example corresponds to X = (P1)3.

Under an appropriate (open) stability condition, the moduli spaces
./\/lff (X) can be described quite neatly. To spell out this condition precisely,
we need a little more detail (see [9] for a full discussion, in a more general
setting). In the commutative diagram of Abelian groups

0 M——% . Divp(X) —2 = C(X) ——0

~ ~ | T ~
_jc _Lcl _lq

0 — H%(BT; Z) —%> H3(X;Z) —2> H%(X;Z) —= 0

the top row is the standard short exact sequence computing the divisor
class group Cl(X) of a toric variety X, M denoting the character lattice of
T (see [15]); we interpret the map c] as constructing equivariant first Chern
classes [22] from T-equivariant divisors on X. Let ap be the dual map to
the extension of the morphism a to real coefficients, and Vol(X) = [;ws.
Assume that h € HI (X;7Z) is a BPS charge [9]: in our setting, this simply
means that it is an element of the lattice cone dual to the image of the
cone of equivariant effective divisors Div{ (X) under c]. Then the stability
condition reads
ag(h)

Vol(%) € int A
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under identifications Hy(BT;R) = Homg (M, R) = Lie(T") (see [15], pp. 597
and 574, respectively). We have the following result.

Theorem 2.2. Suppose that X is constructed from a Delzant polytope A
and that
ky = {c{ (D,),h)  for p € Fanp(1).

Then MX(X) is nonempty and there is a diffeomorphism

Mi (2) =Divk(S;(00))c [  S*s. (6)
pEFanp (1)

Proof. The result (6) is a particular case of a more general theorem in [9]
for vortices in toric fibre bundles over Kéhler manifolds of any dimension.
The statement Mi () # () follows from the projectivity of ¥ (implying that
positive line bundles admit holomorphic sections). O

Example 2.1 (The gauged P!-model). The simplest type of nonlinear vor-
tices (with X compact) are obtained for X = P! = §2 and 7' = U(1) = St
with a fan of two rays pi corresponding to the North and South poles. Es-
sentially, the case ¥ = S? was first considered in [34]. Theorem 2.2 gives
the description

1
M, k) (8) =8 x S\ Dy, gy,

where Dy, j_) is the diagonal in the Cartesian product; this agrees with
previous work in the literature [35, 29, 2]. In this simple example we see that
the solutions of the vortex equations (2) and (3), up to gauge equivalence,
are completely specified by the positions of zeros and poles of the section
¢ (taking multiplicities into account). These “vortex cores” can be totally
arbitrary on the surface provided zeroes and poles do not coalesce — even
though zeroes and poles can coalesce among themselves. One such configu-
ration is suggested in Fig 2, where the larger dots convey zeroes and poles
of higher multiplicity, around which the energy density will have a shape
somewhat similar to the graph on right half of Fig 1. The main difference
between zeroes and poles is that the magnetic field F4 has (respectively)
the same or opposite sign to the orientation of X; thus the shape of the
fields near a pole is rather similar to that of an antivortex in the sense of
Remark 2.1.

We note that the moduli spaces Mj (¥) are complex manifolds (their
natural complex structure being induced on SX¥ from jx) with bound-
ary normal-crossing divisors. For instance, in Example 2.1 we have
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Figure 2: A configuration of vortices and antivortices in the gauged P!-model

8./\/1?,;7,6_)(2) = D, r_)- The Kéhler metric g» has been studied close
to this boundary in [32].

3 Fundamental groups of vortex moduli spaces
with toric targets

Very concretely, the topology of vortices (in the title) that we propose to dis-
cuss is the fundamental group of the moduli spaces M;s (X) in Theorem 2.2.
Before we get there, we make a short interlude to advertise a useful variation
on the braid group on surfaces [5].

Let > be an orientable surface. We introduce groups DBy (X, I") of di-
visor braids on ¥ that depend on a graph I', undirected and not necessar-
ily connected, whose vertices are decorated with integers through a map
k : Sk%T) — N. Here is an informal definition:

o Divisor braids have coloured strands, and the colours used are in bijec-
tion with the vertices Sk°(I") of T'. To allow for composition, we must
demand that they are colour-pure.

¢« We extend the set of isotopies to allow strands of the same colour to
pass through each other transversally, unlike ordinary braids.

o Strands of different colour are also allowed to pass through each other
unless the vertices corresponding to their colours are connected by
an edge in I'. Clearly, we can assume that I' has no multiple edges
(connecting two given vertices), and we forbid self-loops (i.e. edges
starting and ending at the same vertex).
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« As subscript we use a map k : Sk%(I') — N (or decoration of vertices)
recording how many strands k() = k) there are of a given colour A.

For instance, we could take I' = I'(,y to be the complete graph with r
vertices (any pair of vertices is connected by an edge) and the constant
function k = 1; then it is easy to check that DB;(X,T(;) is the usual pure
braid group PB,(X). But we will also be interested in more general graphs
with the properties listed above (see e.g. Fig. 3). Given such a graph, we
denote by —I' its negative: it has the same set of vertices as I' and the
complementary set of edges. We define

Confy (2, T) := Divk(%;-I) < Skx. (7)

This generalises the usual notion of configuration space Confy(X) of k points
on X, which is obtained as

Confy (%) = Confy (X, y);

it also extends nontrivially the notion of configuration space defined from a
graph without decorations in [13]. The definition (7) can be used to give an
alternative (and rigorous) definition of divisor braid groups as

DBy (%,T) :=m (Confg(%,T)).

Figure 3: Sightseeing in Coimbra provides opportunities for graph theorists

Let us now go back to vortices. Recall that Theorem 2.2 gave a de-
scription of the moduli spaces ./\/ll)fA (X)) under certain assumptions on the

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 149-172



158 TOPOLOGY OF VORTICES WITH TORIC TARGETS

geometric ingredients defining the gauged sigma model. These were inter-
preted as spaces of effective divisors Div¥ (X, A) braided by A = (9A)Y
that are actually of a more general sort than the configuration spaces (7),
since they involve conditions where multiple intersections of points in X may
occur. However, we have the following result from [8]:

Theorem 3.1. There is an isomorphism of fundamental groups
mDivE(Z,A) = mDivE (2, Sk (A)).

In particular, m (MffA (E)) s a divisor braid group.

Thus the study of divisor braid groups is well motivated by physics. In
the rest of this article, our focus will be on describing presentations for these
groups.

The first obvious task is to search for a convenient set of generators. If
k= k| := ZAeSkO(F) kx, then DBy (X, T") is obviously a quotient of the usual
braid group Bg(X) on k strands. Let

Ok := H S,y By (%) := 07! (6k) C Bi(%).
AeSkO(T)

Then we have a diagram of groups

1 — PBy(Y) ™ B — & — 1
!
DBy (%)

where the row is short exact, and the map | is surjective. We also have
Lemma 3.2. The composite ¥ : PBy(X) — By(X) — DBy(X) is surjective.
In what follows, we shall work under two simplifying assumptions:

(A) X is compact of genus g.
If g > 0, it is convenient to regard X as resulting from identifying
opposite sides/edges of a 4g-gon, labelled ey, and respecting mirror
orientations. For g = 0, we may start with any such polygon and
collapse its entire boundary to a point.

(B) k is such that k) > 2 for any colour A.
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Definition 3.3. For the pure braid group PBy(X), fix k distinct basepoints
z; in X, labelled by 1 < i < k. Consider a closed path ~; : [0,1] — X with
7i(0) = vi(1) = z; and ~;(t) # zj for all j #i,t € [0,1]. Let ®(;) be a braid
defined by a path in ¥* with components

2 if j o

() (t) =<7 ’
)it {%’(t) if j =1,
A pure braid of this type is called monic.

Our next goal is to show that divisor braid groups are generated by
(images under W of) certain monic braids. For convenience, let us fix distinct
basepoints z; along a bisector of the 4g-gon used to construct X. We define
the following monic braids:

o ajp=P(vip), 1<i<k 1<0<2

The path 7; ¢ runs from z; straight to the midpoint of edge ey, crosses
to the opposite side, and finally returns straight to z;; see Fig, 4.

o bij=0(yy ), 1<i<j<k

The path ~; ; starts at z;, encircles the point z; positively, and then
traces back its way to point z;; see Fig, 5 (left).

o tij=P(Rj), 1<i<j<k

The path 7;; starts at z;, encircles the points z;y1,...,2;, and goes
back to point z; without any further zigzagging; see Fig, 5 (right).

Figure 4: A divisor braid of type a;¢ on a surface of genus g > 0

We can use these braids to construct convenient sets of generators for
pure braid groups.
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Figure 5: Divisor braids of types b; ; (left) and t; ; (right)

Lemma 3.4. Suppose ¥ is a compact and oriented surface of genus g.
If g > 1, PB(Y) is generated by the classes a;, and b; ;.
If g =0, PB(X) is generated by the classes t; ;.

Proof. For g > 1: the a;¢ and t; ; are well-known generators of PBy(X) (see
e.g. [20] for a presentation), and one can see that the ¢; ; are products of b; ;
for i < j <k.

For g = 0: the ¢;; correspond to generators of PB, given by Artin, as
products of his generators for B,,. O

As a consequence of Lemmas 3.2 and 3.4, we obtain a first set of gener-
ators for our divisor braid groups:

Corollary 3.5. For any (I',k) as above, the W(a;¢), U(b;;) generate
DBy (Z,T) if g > 1, and the W(t; ;) generate DBy (S?,T).

These generators satisfy relations that we need to understand; as it might
be expected, the sets of generators themselves contain some degree of redun-
dancy. The following result will be useful to simplify our presentation.

Lemma 3.6. Let 7,7 be two paths in ¥ such that v(0) = ~(1) = z,
~'(0) =~/(1) = zy and z; # zy. Suppose further that

(i) the images of 7,4’ do not intersect in ¥; or that

(ii) zi, z belong either to strands of the same colour or of different colours
not connected by an edge in T'.

Then WU (®(y)) and ¥(P(4')) are commuting divisor braids.

An interesting consequence of Lemma 3.6, which will bring a dras-
tic simplification to the sets of generators in Corollary 3.5, is that
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U(D(agyr)), ¥(P(bi,;)) only depend on the colour of their basepoints; see [§]
for the complete argument. So for each A we may pick an arbitrary z;, of
this colour and restrict the set of generators to

axe = VY(aiy ),  Brau = V(biyi,)
In fact, we can do a little better.

Lemma 3.7. The classes a0 and 3y, generate DBy (3, I"); moreover, the
classes 3, satisfy
Bar =eand By x = By

Proof. The first assertion is now clear. The relation ) )y = e is also clear,
whereas By = By, is better verified by hands-on manipulation; we try to
convey this in Fig. 6. O

-
A
O

7
ERS
O (>

Figure 6: A pictorial check of the relation 8y = Bx/,x: all these pictures represent
the same divisor braid (actually just two strands thereof, with the other strands
kept straight) in two colours; the bottom row is obtained from the top row by
vertical projection

We still expect further relations.

Lemma 3.8. Let A\, \' be two different colours, and 1 < £, ¢ < 2g. Then
[, an o] = ﬁﬁu

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 149-172



162 TOPOLOGY OF VORTICES WITH TORIC TARGETS

S

h (!

Figure 7: Checking that the relation [ay, oy ] = ﬁ/\i}\, holds: one can
disentangle the divisor braid depicted to obtain the inverse of Fig. 6

Proof. Again, this is best verified by drawing pictures — see Fig. 7. O

Lemmas 3.7 and 3.8 can be used to slim down further our set of gener-
ators, as follows.

Corollary 3.9. The classes ) ¢ generate DBy (3, T') if ¥ has positive genus,
whereas DBy (S5?,T) is generated by the classes () .

Let us continue our search for relations. The following assertion depends
crucially on assumption (B).

Lemma 3.10. The elements 5y y» € DBy (3,I") are central.

Proof. It is required to prove that the a), commute with the 3, , (for all
possible labels). Since k, > 2, there is at least another basepoint z. # z;,
of colour p. Now represent 3, , with a monic braid got from a path 7 in
¥\ Ujxi,{2;} starting from this z. and avoiding the path used to define ) g;
this commutes with a) ¢ by Lemma 3.6—(i). O

Note that the classes 3y, were constructed from strands projecting onto
a disc in X, so they do not depend on (the genus g of) X. Let Ex(I") denote
the group they generate.

Theorem 3.11. DBy (X%,1") sits in a central extension
0 — Ex(T) — DBy(S,T) 5 H{(S;2)%" — 0 (8)

where component A of h sums the 1-cycles on X in colour .
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Proof. Without loss of generality, we take g > 1. Certainly Ey(I") C ker(h),
and h factors through the quotient DBy (3,T') — DBy (X, T)/Ex(T); so it
is only required to prove that the induced map h from this quotient to
Hy(X;7Z)%" is an isomorphism. It is clearly surjective, since the h(ay ¢) with
A fixed generate H(X;7Z); note also Hy(3;Z)®" has rank greater or equal
to that of the quotient. O

The next result summarises what we can already tell about the classes
By with 1 <A p < k.

Theorem 3.12. The 3, ,, satisfy:
(1) Bayu = 0 if there is no edge in I' connecting X\ and jui;
(i) Bax=0;

(iii) Z/Hé)\ kuBau = 0.

Proof of (iii): Consider a path v starting at z;, , going straight to the bound-
ary of the 4g-gon, then around that boundary, and back to z;, ; it is a product
of commutators in w1 (3\ Ujz;, {2}, 2i, ), hence ®(7) is trivial. On the other
hand v encircles each z; with j # iy exactly once, so ®(v) represents the
sum given. O

For concreteness, it is useful to consider a simple example in two colours;
so we take the complete graph I'p) = e—e (in other words, we go back to

MI(P,;+ k,_)(E) in Example 2.1), and assume ki, k_ > 1. As generators for

DB, 1_y(%,(2)), we want to streamline our previous notation and rather
take
ai,ay, ... ag,ay and ai,ay, . .. ag, ag;

think of these as images of monic braids for generators of 7;(X) based at
far-enough points *, * € 3 around which the blue and red strand basepoints
cluster. Here, subscript labels refer to handles of X, and the primed and
unprimed generators for a given handle refer to symplectic conjugates in
a canonical basis for Hj(3;Z). We have also chosen to drop the colour
labels and instead paint the generators explicitly. So the images of these
generators under abelianisation (i.e. under the components of the map h in
8) yield generators of the two copies Hy(3;7Z) ® Hi(X;7Z). Let us now make
a list of all the relations that can be written from the results obtained so

Boletim da SPM 83, Dezembro 2025, Matemaéticos Portugueses pelo Mundo, pp. 149-172



164 TOPOLOGY OF VORTICES WITH TORIC TARGETS

far:
[ai, aj] = [ai,a}] = [aj,aj] = e Vi,j by Lemma 3.6-(ii),
[ai, a;] = [ai,a}] = [a},a}] = e Vi,j by Lemma 3.6-(ii),
[ai,a;] = [az,a] = e Vi, j by Lemma 3.6—(i),
lai,aj] = e Vi # j by Lemma 3.6—(i),
[ai,al] = ¢ Vi by Lemma 3.8.

To be precise: in the last line, we labelled the commutator of pre-images of
symplectic conjugates (in the singular 1-homology of ) of different colours
by ¢, and noted that it does not depend on the handle label. Recall that
¢ corresponds to the divisor braid depicted in Fig 6. What else can we say
about this element ¢? From what we have learned until now,

e cis central, by Lemma 3.10;
o ord(c) divides both k4 and k_, by Theorem 3.12—(iii).

However, we still need to know something very crucial about ¢, namely:
e is c=e?

We invite our readers to convince themselves that the answer to this question
is, in fact, impossible to deduce from the results in this section.

Remark 3.13. If assumption (B) is relaxed in this example, i.e. ky = 1 for
some \ € SkO(F(g)), then the corresponding divisor braid group is trivial —
and in particular ¢ = e. If k is the constant 1, this statement follows from
PB5(X) being the trivial group; otherwise, we need to combine the usual
proof of this fact with the move on two strands depicted in Fig. 6.

4 A link invariant and metabelian presentations

We will argue that ¢ # e is the most general answer to the question asked
before Remark 3.13; in fact, we will compute the order of the element c.
For this, we shall construct a link invariant for divisor braids with graph
I' =T'(5) = e—e and then calculate its value on the commutator c.

Let us consider the oriented 3-manifold M := S! x X, with natural
projections p; : M — S* and ps : M — ¥. Suppose that a pair (£4,¢_) of
closed braids of degree (k4,k_) is given; this means that [/1] € H;(M;Z)
satisfy pr.[l+] = k1 [S1]. Let us set

k= ged(ky, k)

and assume that:
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o the images ,/_ C M are disjoint;
o polli] =0¢€ H(X;Z).

We consider {_ C M and the homology long exact sequence [23] for the pair
(M, M \ £_) with coefficients in Zf, := Z/kZ,

oo — Hy(M; Zz) Y Ho (M, M\D_; 7:) 5 Hy(M\I_;Z;) 5 Hy(M;Z;) — - -

Since p1.[l4] = k4 [S'] and pa[f4] = 0, Kiinneth’s formula implies that ¢
maps [(4+] € HI(M \ (_;Z) as

[04]+2> (k4 (mod B), 0(mod ) = (0,0) € Hy (S' Zg) & Hy (55 Zy),
Exactness at Hy(M \ /_;Z;) now ensures that
[04] € coker ¢ = Ho(M, M\ £_; Zg) /im(1)). (9)

We now invoke a somewhat exotic form of Poincaré duality known as
Poincaré-Lefschetz duality, see Corollary VI.8.4 in [10]. This yields a com-
mutative diagram

0

H(M: Z) — " H(T_: Z4) HX(M0:Z;)  (10)

f:leM %LDZ_ %LDM,Z_

Ho(M;Z) —~ Hy(M, M\ T_; Z) ~2— Hy (M \ I3 Zz)
The lower row is the part of the homology long exact sequence for the pair
(M, M \ £_) above, while the upper row is part of the cohomology exact
sequence [23] (cf. 3.1, p 199) corresponding to the pair (M, £_). The vertical
maps are isomorphisms, the leftmost being the usual Poincaré duality map.
Let us now consider the map

(10D - HY (0 Zg) — 2,

evaluating the pairing at the generator [(_] € Hy(¢_;Zz). This vanishes on
im(H'(M;Zz) — H'({_;Zj,)), since (once again by Kiinneth) it vanishes on
[S'] (as k— = O(mod k)), and thus it is well defined on the cokernel of v
Therefore we can evaluate it on the class Dg_l [¢4] interpreted as in (9), and

conclude that
((£4,02)) == (D7 4], [0-]) € Z
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is a well-defined link invariant, which is useful in our context.

Considering the link representing the divisor braid ¢ depicted in Fig 6,
and taking into account that we are evaluating at generators in each colour,
we have that

(4, 02)) € 2

is in fact a generator of the group Zz. It follows that c¢ is an element of
DB, _y(X,T(2)) of order ged(ky,k ), generating its centre. More pre-
cisely, we can characterise the divisor braid group of the two-colour example
at the end of section 3, and connecting to Example 2.1, as follows.

Theorem 4.1. The divisor braid group

DB, x y(E,T(9) =m (M%’L,k_)(z))

sits in a central extension (or abelianisation short exact sequence)
0 — Zgeas, k) — DB, i )(5,T2)) — H1(Z;2)%* — 0.

A group whose commutator is Abelian is sometimes called metabelian;
thus a short exact sequence like the one in Theorem 3.11 is called a
metabelian presentation. It is not hard to classify the representations of
these groups. For instance, In the concrete example of Theorem 4.1, the
representation varieties have ged(ky, k—) connected components, which are
copies of a 2g-torus if g is the genus of X. Interestingly: in the non-coprime
case, there are representations that do not factor through the abelianisa-
tion if g > 0. This simple fact has a remarkable physical consequence: the
P'-model, an Abelian gauge theory which can be regarded as the simplest
nonlinear extension of the familiar Abelian Higgs model, may support non-
abelian anyons [36] in positive genus.

At this point one might wonder what can be said of divisor braid groups
in general; by Theorem 3.11, under the simplification assumptions (A) and
(B), they are still metabelian, but to which extent are their commutator
subgroups nontrivial? Is it possible to construct, for more general graphs
I', enough link invariants to rescue the elements /3y , of the group Ex(I') in
Theorem 3.11 from being trivial?

Remarkably, the answer is yes! The construction of a relevant I'-linking
number is more technical than the link invariant constructed above, and
involves a tool from homological algebra called the Eilenberg—Zilber func-
tor [17]. We refer the reader to [8] for an account of the general construction.
The upshot is that there is a presentation of the group Fy (I") with generators
B and relations
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(i) Bapy =By for 1<A<p<r
(ii) By, if there is no edge between X and p in T’
(iil) Py = azukaBap for 1< p<r.

We conclude this section by precisely stating a presentation of divisor
braid groups extending the results above, and also proved in [8]. Assuming
ky > 2 for all A € SK%(I"), and ¥ oriented compact of genus g > 0, let us
suppose that a) ¢ are A-coloured copies of elements ay in a basis of H;(3;Z).

Theorem 4.2. The divisor braid group DBy (X,T') is isomorphic to the
group generated by ax e, by, (1 <€ <29, 1<\ pu<r)and relations

(Z) b/\,,ll,b)\’7u’ = b)\’,u’b/\,,u,;

(i) by, = e if no edge in I' connects X and fi;
(tit) by, = byx;

. k

(1) T1zn by, =€

(v) by, Qv = @y by s

. —1_—1 f(ag,ap)
(vi) AN Q0 Ay 0@y g1 = b,\,u .

In (vi), f(-,-) denotes the intersection pairing in Hy(X;Z).

5 Describing the centre of divisor braid groups

One can state more precisely how the finitely generated abelian group Ey (T)
depends on both the graph I' and its decoration k. Recall that a graph is
bipartite if its vertices can be consistently assigned opposite signs across all
edges. For instance, the graph I'() is bipartite but neither I'(.y with » > 3
nor the graph illustrated by Fig. 3 (attending to the triangles formed by the
edges attaching to the walls) are. The cleanest result on Ey(T") is about its
rank; it depends on I" alone.

Theorem 5.1. Suppose I' has connected components I';, and that:
e 1 is the total number of vertices;

e s is the total number of edges;
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e t is the number of components I'; that are bipartite.
Then the rank of Ex (') is s — r +t.

Sketch of proof. This can be neatly rephrased as a calculation of the dimen-
sion of the cokernel of a map dr : C°(T') — CY(T') between linear spaces
spanned by vertices and edges, assigning to each vertex the sum of incident

edges in T,
dr(A) == ) e (11)

€ incident at A\

See [8] for all the details. O

Can we also write down a formula for the torsion of Fy(I') in general?
In other words: given a prime number p and n € N, can we say how many
times the cyclic group Z,» appears in the primary decomposition of the
finitely generated Abelian group Tor Ey (I')? As it turns out, this is a highly
nontrivial problem.

One can recast this problem in purely arithmetic terms, as follows. Let
us set ¢ = (ex) ko) = (1, -, ¢r) with components ¢y € Q/Z, and define

Cx(T) :=={c € (Q/Z)®"| kxcy + kyucx = 0 if 3 edge between A and pu}.

This is a group formed by the solutions of a linear system of rational con-
gruences, one for each edge in I' and with as many unknowns as vertices.

The linear system in the definition of Cy () is equivalent to the collection
of (more conventional, Diophantine) linear systems

kxz, + kyxy = 0 (modp™)  if 3 edge between A and p (12)

for all primes p and integers n € N. Solving (12) is an elementary problem?,
yielding a collection of Abelian groups (indexed by p and n) that can then be
assembled into Cy (I") via standard homological algebra on the map (11) and
the short exact sequence Z — Q — Q/Z. For instance, let us assume that
an odd prime p does not divide any of the integers k). Then the solutions of
the system (12) form a group Z;‘ﬁf , where t is again the number of bipartite
components of I'. Each bipartite component I'; contributes with a copy of

! As historical aside, we note that linear Diophantine systems such as (12) were first
discussed systematically in the mid 19th century (in work [16] published in Portuguese that
was largely ignored) by Daniel Augusto da Silva, a pioneer of discrete mathematics [19]
at a time when Portuguese mathematicians circulated less globally.
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Zyn generated by the solution obtained from extending a local solution of
the form

((I;A,Jju) = (kfj(p")_l, _kf\b(p")—l) _ (kp _pn—l_l7 _kgn_pn—l_l

" ) (modp")

(on the edge of T'; connecting the vertices A and p) across all edges of IT'; using
appropriate + signs determined by the bipartitioning, and setting z, = 0
for vertices v in other components. When p appears as factor in one of the
ky, the problem becomes more complicated. In particular, it is not easy to
understand how the properties of the graph I' are reflected in the order of
the group of solutions to (12). An effort to address this problem (keeping I'
fixed but allowing k to vary) has led to a novel type of graph cohomology [7].

If I' is bipartite and connected, we note that there is a cyclic subgroup
Ag(T") € Ck(T") generated by a solution of the form

: D
+— )
([ Ex1/ xesio(r)

where the bipartitioning is again employed to distribute the + signs along
the whole graph. In [8] we prove

Theorem 5.2. If I is connected, the linear system above determines

~ ) Cx(I)/Ax(I') if T is bipartite;
Tor Ei(I') = { Cx(T) if I' is not bipartite.

A few examples illustrating of how wildly the groups Tor Ey (T') can vary
when the charges k) are changed, for a given graph I e.g. coming from toric
data as in section 2 (see Theorem 3.1), may also be found in the paper [8].
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