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RESUMO

Introdugdo: O ensino de EquagGes Diferenciais Ordindrias (EDOs) apresenta desafios relevantes, especialmente devido a
predominancia de métodos algébricos que frequentemente limitam a exploracdo de comportamentos qualitativos. O conceito
matematico de envoltdria, entendido como o lugar geométrico descrito por uma familia de curvas, oferece uma abordagem visual
e estrutural que pode enriquecer o ensino de EDOs de forma mais intuitiva e exploratoria.

Objetivo: Este estudo tem como objetivo desenvolver uma proposta de ensino estruturada, centrada na integragdo do conceito
de envoltéria ao contexto das EDOs. Busca-se examinar de que maneira esse conceito, aliado as representagdes dinamicas
proporcionadas pelo software GeoGebra, pode apoiar e ampliar o ensino dos aspectos qualitativos das equagdes diferenciais.
Métodos: A metodologia adotada é a Engenharia Diddtica, com énfase nas duas primeiras fases: Andlises Preliminares e
Concepgao com Analise a Priori. O estudo inclui a revisdao de fundamentos tedricos, a andlise do contexto de ensino e a elaboragao
de uma sequéncia didatica. O GeoGebra é utilizado como ferramenta digital para a construgdo de representagdes graficas
dindmicas que auxiliam na abordagem conceitual do tema.

Conclusdo: O resultado esperado é a elaboragdo de uma sequéncia de ensino fundamentada teoricamente, que articule o rigor
conceitual a estratégias visuais. Embora a implementagdo ainda ndo tenha sido realizada, a proposta visa servir como base para
futuras em sala de aula.

Palavras-chave: envoltdrias; EquagGes Diferenciais Ordinarias; Engenharia Didatica (ED); GeoGebra

ABSTRACT

Introduction: The teaching of Ordinary Differential Equations (ODEs) presents significant challenges, particularly due to the
predominance of algebraic methods that often limit the exploration of qualitative behaviors. The mathematical concept of an
envelope, understood as the geometric locus formed by a family of curves, offers a visual and structural approach that may enrich
the teaching of ODEs in a more intuitive and exploratory way.

Objective: This study aims to develop a structured teaching proposal focused on integrating the concept of envelopes into the
context of ODEs. It seeks to examine how this concept, combined with the dynamic representations provided by the GeoGebra
software, can support and enhance the teaching of the qualitative aspects of differential equations.

Methods: The adopted methodology is Didactical Engineering, with emphasis on the first two phases: Preliminary Analysis and
Conception with A Priori Analysis. The study includes a review of theoretical foundations, an analysis of the instructional context,
and the design of a didactic sequence. GeoGebra is employed as a digital tool for constructing dynamic graphical representations
that assist in the conceptual development of the topic.

Conclusion: The expected result is the development of a theoretically grounded teaching sequence that integrates conceptual
rigor with visual strategies. Although implementation has not yet been carried out, the proposal is intended to serve as a
foundation for future classroom applications.

Keywords: envelopes; Ordinary Differential Equations; Didactical Engineering; GeoGebra

RESUMEN

Introduccion: La ensefianza de Ecuaciones Diferenciales Ordinarias (EDO) presenta desafios relevantes, especialmente debido a
la predominancia de métodos algebraicos que frecuentemente limitan la exploracién de comportamientos cualitativos. El
concepto matematico de envolvente, entendido como el lugar geométrico descrito por una familia de curvas, ofrece un enfoque
visual y estructural que puede enriquecer la ensefianza de EDO de forma mas intuitiva y exploratoria.

Objetivo: Este estudio tiene como objetivo desarrollar una propuesta de ensefianza estructurada, centrada en la integracion del
concepto de envolvente al contexto de las EDO. Se busca examinar de qué manera este concepto, aliado a las representaciones
dinamicas proporcionadas por el software Geogebra, puede apoyar y ampliar la ensefianza de los aspectos cualitativos de las
ecuaciones diferenciales.

Métodos: La metodologia adoptada es la Ingenieria Didactica, con énfasis en las dos primeras fases: Analisis Preliminares y
Concepcidn con Andlisis a Priori. El estudio incluye la revision de fundamentos tedricos, el analisis del contexto de ensefianzay la
elaboracion de una secuencia didactica. GeoGebra se utiliza como herramienta digital para la construccion de representaciones
graficas dindmicas que auxilian en el abordaje conceptual del tema.

Conclusion: El resultado esperado es la elaboracién de una secuencia de ensefianza fundamentada tedricamente, que articule el
rigor conceptual con estrategias visuales. Aunque la implementacién aun no se ha realizado, la propuesta busca servir como base
para futuras aplicaciones en el aula.

Palabras Clave: envolventes; Ecuaciones Diferenciales Ordinarias; ingenieria didactica; GeoGebra
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INTRODUCTION

The teaching of Ordinary Differential Equations (ODEs) presents significant challenges in the education of students in Mathematics
and related disciplines. Although ODEs play a fundamental role in modeling phenomena across various fields of knowledge, such
as Physics, Engineering, Biology, and Economics, the traditional approach—primarily algebraic and formal—often limits the
development of a qualitative understanding of the subject. Therefore, it is necessary to propose didactic alternatives that
incorporate visual representations and qualitative strategies in the teaching process.

This study is part of the development of a teaching proposal focused on introducing the concept of the envelope in the context of
ODEs. The emphasis is placed on the graphical and structural analysis of solutions. Envelopes, understood as the geometric locus
generated by a family of curves, enable the visualization of patterns and trends emerging from the solutions of a differential
equation. They offer teachers a conceptual and graphical tool to approach the subject in a more intuitive and exploratory manner.
The teaching proposal under development is based on the Didactical Engineering methodology, which provides a systematic
framework for designing and analyzing pedagogical interventions in mathematics education. This study addresses only the first
two phases of the methodological process. The Preliminary Analysis phase involves reviewing theoretical foundations and
investigating the teaching context in order to identify common difficulties and potential didactic strategies. The Conception and A
Priori Analysis phase consists of designing a teaching sequence based on the initial analysis and anticipating possible student
responses and the mathematical knowledge that may be mobilized during its implementation.

The proposal is developed using the GeoGebra software, which offers a graphical environment and dynamic tools for constructing
visual representations that support the exploration of ODE solutions. The objective is to structure a teaching approach that
integrates conceptual rigor with didactic strategies grounded in visualization and qualitative analysis, thus enhancing the
methodological repertoire for teaching ODEs. The implementation utilized GeoGebra software, version 6.0, which provided a
robust and versatile environment for the development of simulations and visual aids.

1. AN ANALYSIS OF THE ALGORITHM TO DETERMINE ENVELOPE DISCOVERY

The equations that describe the envelopes arise as solutions of ordinary differential equations that are related to the family of
curves. However, to derive the envelope equation, it is crucial to identify the condition under which the family of curves has a
singular solution.

Definition: A curve y = @(x), whose points (x,d(x)) are on the uniparametric family f(x,y,a)=0 and whose tangent at each point
is tangent to a curve of this family is called the envelope (De Figueiredo and Neves, 2018). According to Vilches (2009, p.29), the
envelope can be identified as a system solution:

f,y,4) =0 eq.(1)
d
Ly =0 eq.(2)

equation (1) consists of the family of curves through the function f, while equation (2) corresponds to the condition under which
the family of solution curves has a singular solution.

It may be that the relative envelope for a given uniparametric family of curves does not exist.

12Example: The family of straight f (x, y, 1) = xsen(1) + y cos(1) — dcos(1)sen(A) with cos(1)sen(1) # 0, and the differential
function % = xcos(1) — ysen(1) — dcos(21), solving the system:

f(x,y,4) = xsen(A) + y cos(1) — dcos(A)sen(1) =0 eq.(3)

% = xcos(A) — ysen(A) — dcos(21) = 0 eq.(4)

2 2 2
The solution of systemisx = dcos3(1) and y = dsen3(1), that the family envelope describes the asteroid x3 + y3 = d3. To better
understand this family of curves, and what the envelope would be, we will use GeoGebra to visualize these concepts, as explained
in figure 1.
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Figure 1- Representation of the envelope of the curve family the f(x,y,1) = xsen(4) + y cos(1) — dcos(1)sen(1) developed by the authors

Through this example, the geometric meaning of these solutions is illustrated, which establishes that if we have a uniparametric
family of curves that associates a curve f(x,y,1) = 0 to each 1 € R, we have a real application in the space of functions: A —

f(x,y,2) = 0. In which this application and each curve f(x,y,A1) = 0 will be held by those involved (De Figueiredo and Neves,
2018).

22Example: To support the understanding of the algorithm to determine the envelope equation, given the family of curves x? +
y2+2(a+2)y + a?, we will show how to find the equation.

x2+y?+2(a+2)y +a?=0 eq.05
dx?+y?+2(a+2)y +a?
Tty g; wra) eq.06

d(x%+y?+2(a+2)y +a?)
da
Replacing the identity found in equation 5, x2 + y2 + 2(—y + 2)y + (—y)? = 0 © x2 + 4y = 0, is the envelope equation.

Deriving the expression:

=2a+2y=0>y=—-a.
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Figure 2 - Family of curves x2 + y2 + 2(a + 2)y + a?, represented in blue with a varying from -10 to 10, generating a family of circles, and
envelope x2 + 4 y = 0 represented in black developed by Paiva et al (2024).

In Figure 2, the graph of the envelope function is presented, in which it is observed that the function is tangent to all the curves
generated by the expression x? + y? + 2(a + 2)y + a?, this visualization is presented to better understand the wraps concept.

2. METHODS

Didactic Engineering (DE) emerged in France in the late 1980s as a research methodology to operationalize the principles of
Mathematics Didactics (DM). DM, in turn, is a broad field of study dedicated to the analysis and improvement of mathematics
teaching and learning processes (Alves, Dias, and De Lima, 2018).

In the methodological scheme proposed by ED, the researcher assumes a role similar to that of an engineer who designs and builds
solutions for teaching Mathematics. ED focuses on understanding how mathematical concepts are constructed by students and
teachers, investigating the challenges and opportunities that arise in this process (Alves, Catarino & Borges, 2020).

According to Figure 3, for the teacher to understand the problems related to teaching, there must be an integration between
theory, research, and practice in training. Artigue (2020). This research methodology is composed of four dialectical phases:
preliminary analysis phase, phase of conception and a priori analysis of teaching situations, experimentation, and, finally, a
posteriori analysis and validation of all theoretical apparatus constructed with the aim of obtaining scientific knowledge about the
teaching of a subject.
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Figure 4 - Representation of the four dialectical phases of DE developed Artigue(2020)

In the first dialectical phase, the preliminary analyses, the researcher focuses on the analysis of the mathematical content to be
taught, investigating its epistemological, historical, and didactic aspects. Therefore, it is necessary to understand the environment
in which teaching will take place, considering the students, their prior knowledge, the sociocultural context, and the characteristics
of the educational institution. And so, define the objectives, based on previous analyses, that we aim to achieve with the didactic
sequence that will be developed (Almouloud, 2007).

In the second phase of DE, the a priori analyses, the researcher will produce a didactic sequence, which corresponds to a set of
articulated activities that are planned with the intention of achieving a certain didactic objective. The central objective of this
didactic sequence will be to help students overcome obstacles that may arise during the construction of the mathematical
knowledge covered (Alves, Dias, and De Lima, 2018).

The third dialectical phase, experimentation, consists of the practical implementation of the didactic sequence planned during the
previous phase. It is the moment when theoretical results are put into practice, allowing the obtaining of empirical results that
complement theoretical analysis. During this phase, the entire planned device is applied in the classroom, providing an opportunity
to verify the effectiveness of the proposed pedagogical strategies (Almouloud, 2007).

And finally, the dialectical phase of posteriori analysis and validation, a stage in which a detailed investigation takes place on the
students' production, observing their behavior during the development of the didactic sequence and using the data collected
throughout the experimentation (Artigue,1996). This phase is based on the analysis of the results obtained in the classroom,
comparing the predictions made during the a priori analysis with the data observed after implementing the activities.
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The use of systematic criteria and ED assumptions is fundamental to allow this comparison between predicted data and observed
data. This approach provides an opportunity for continuous refinement of teaching practices, allowing educators to adjust their
pedagogical strategies based on empirical evidence.

However, in this text, we only focus on the first two initial phases of DE, specifically on preliminary and a priori analyses, since the
activities have not yet been implemented. This planning phase is essential to ensure that teaching situations are carefully designed
and aligned with teaching objectives.

3. RESULTS: A BRIEF PRELIMINARY AND A PRIORI ANALYSIS OF ENVELOPES TEACHING

In the previous sections, a study was conducted on the definitions and concepts related to envelopes, highlighting the importance
of understanding concepts from Multivariable Calculus (MVC), such as differentiability, topological notions, and limits. This is due
to the mechanisms present in the algorithm for finding the envelope equation, which frequently involve the use of partial
derivatives. The relevance of MVC for the study of envelopes and Ordinary Differential Equations (ODEs) is widely recognized,
being a prerequisite for advanced courses in various fields of Science, Technology, Engineering, and Mathematics.

In agreement with the perspective defended by JAVARONI (2010), who argues that the study of the epistemic field of Ordinary
Differential Equations (ODEs) requires understanding the relationship between the derivative and the rate of change of the
function of a family of curves, it is necessary to comprehend how the derivative relates to the function's rate of change and how
this affects differential equations. In ODEs, one starts from a relationship between the function and its derivatives to deduce the
original function, which contrasts with differential calculus, where one starts from the function to find its derivatives.

In the Preliminary Analysis phase, theoretical surveys and investigations about the teaching context are carried out with the
objective of identifying the main difficulties and the teaching strategies that can be adopted.

The studies by HENDRIYANTO et al. (2024) and PRABOWO et al. (2022), as well as the doctoral thesis by ARSLAN (2005), indicate
that students who do not master MVC concepts may face difficulties in visualizing and interpreting differential equations and,
consequently, envelopes, which limits their ability to apply this knowledge in more advanced mathematical contexts. These studies
suggest that obstacles in teaching ODEs can be ontogenetic (gaps in prior knowledge), didactic (teaching methods), and
epistemological (incomplete knowledge in specific contexts) in nature. A lack of understanding of prerequisite calculus concepts
is a significant factor for these difficulties. Moreover, differentiability itself, a central concept, may be a source of misconceptions
for students (KERTIL & KUPCU, 2021) and even for prospective mathematics teachers.

Thus, in addressing these epistemological difficulties in teaching envelopes, the aim is to overcome obstacles by providing a solid
foundation in the concepts of differentiability and derivatives, assisting students in relating these concepts to envelopes in a clear
and meaningful way. Overcoming these challenges requires not only a strong conceptual foundation but also the adoption of
different teaching strategies that promote collaboration and contextualized instruction. The lack of proficiency in differential and
integral calculus is frequently cited as a reason why solving Ordinary Differential Equations (ODEs) problems ends up being treated
as a mere algorithmic application, without adequate comprehension of the underlying concepts involved. Subsequently, the phase
of Conception and A Priori Analysis consists of proposing the development of a didactic sequence based on the previous analyses,
accompanied by the anticipation of the possible results of the classroom intervention.

The curves adopted in this proposal were carefully selected to enhance students’ understanding of the concept of envelopes. The
selection was guided by the intention to create situations in which key elements, such as parameter dependence, the behavior of
the family of curves, and the construction of the envelope, could be clearly and meaningfully visualized. This choice is consistent
with the second phase of Didactical Engineering and aims to foster the articulation between analytical and geometrical aspects of
the concept. In doing so, it supports student learning and helps address the conceptual difficulties frequently encountered in the
study of envelopes within the context of Ordinary Differential Equations (ODEs).

32Example: It is the family of straight lines defined by the equation
fya)=y—ax— 1/

Here, x and , y are the independent and dependent variables, respectively, and « is the parameter that defines each member of
the family of curves.
The core of the envelope algorithm involves differentiating the family's equation with respect to its parameter and setting the
result to zero. This step identifies the condition under which the tangent lines of the family coincide with the envelope.
Differentiate f(x, y, @) with respect to a:

of _ay—ax—1g) _

0
Ja Jda
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Applying the rules of differentiation:

Express the Parameter in Terms of Variables: From the differentiated equation, isolate the parameter a in terms of x (or y if
applicable). This expression will be crucial for eliminating the parameter from the original family equation.

From —x + iz=0 > S =x >a =lsa=+ —
a a X
The final step involves substituting the expression for a (obtained in the previous step) back into the original equation of the family
of curves. This eliminates the parameter, resulting in an equation that describes the envelope.
The original equation is:
y— ax — 1/a=0=>y:ax+ 1/0_,.

Substitute a = + \/i} into this equation:

Sl- =

=
I+

Simplify the terms:
x
y=1 =+Vx=>y=+$2Vx
Vx

To express this in a more standard form, can square both sides:
y? = (*2Vx)? = 4x

Therefore, the equation y? = 4x represents the envelope of the family of curves y = ax + 1/a- This derivation demonstrates
how the envelope algorithm systematically leads to the singular solution that is tangent to every member of the given family of

1
/ 1 2

e Z

Figure 5 - Representation of the envelope of the curve family the y = ax + 1/a

In Figure 5, a dynamic visualization of the family of curves y = ax + 1/a is displayed in green, and its envelope y? = 4x in red.

Through the visualization provided by the GeoGebra software, it is understood that the envelope of the family of curves ax +
1/ais a parabola that is sufficiently larger to touch at least one point, all curves generated by this family.
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2 2
42Example: Find the envelope of the family of ellipses % + 2’—2 = 1 having the same area. The area of an ellipse is

S = mab.
Then the equation of the family of curves can be written as
2 2 2 20,242
< y2=10r%+n§2a =1 (eq.09)

G

where the semi-axis a is a parameter. By differentiating a equation 09 with respect to a:

2x?  2m?y?a x n2y2a
- <2 =0 = = = = x282 = 1T2y2a4 = 5|X| — 7T|y|a2.
2 _ sl
mlyl’
. 2 . 2 24242
Replacing, a® in the expressmn;+ o= 1
. Ixliyl | wlxllyl il
* lyl mixllyl  mixlly |x||y
+ =1= =1=2———=1>=2n|x =S
S T 52 S 5 5 x|
|yl
ly| = ——
yi= 2m|x|’

this equation consists of 4 hyperbolic branches and describes the envelope of the family of ellipses.
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Figure 6 - The envelope of the family of ellipses = + = 1, having the same area(left), and on the right, the description of the envelope of the

aZ
family of these ellipses.

Thus, through examples, other epistemological obstacles, which may be developed as highlighted by Javaroni (2010), within the
perspective of Didactic Engineering in teaching EDOs, such as the difficulty in understanding a basic concept: the differentiation of
concepts of general solution, singular solution, and their specificities.

Accordingly, Bisognin E. and Bisognin V.(2011) complement this view by highlighting that students with difficulties in relating the
analytical and graphical representations of the derivative are often unable to demonstrate understanding of the concept of
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derivative and its various interpretations. And this difficulty in understanding the differentiability of functions and the relationship
between analytical and graphical representations of the derivative has direct implications for teaching envelopes.

Furthermore, Macudcua, Catarino & Soares (2024, p. 7) state that “the use of computer simulations aims not only to motivate
students to participate in learning but also to make it easier to visualize more complex phenomena”.

Thus, the use of computer simulations in the development of didactic sequences planned with Didactic Engineering, as carried out
in Geogebra, proves to be an effective strategy for motivating and involving students in learning abstract concepts. This visual
approach promotes understanding of complex specifics.

CONCLUSION

The investigation conducted in this study has elucidated the epistemological complexity inherent in teaching the concept of
envelope curves within the framework of Ordinary Differential Equations (ODEs). The analyses, grounded in the principles of
Didactic Engineering (DE), revealed that this concept encompasses a mathematical structure requiring prior knowledge of
differentiability, partial derivatives, and the behavior of parameterized families of curves—elements that may constitute
substantial learning obstacles.

The identified difficulties extend beyond the abstract nature of the content, arising also from the predominantly algebraic approach
prevalent in traditional teaching materials, which impedes the development of a deeper understanding and the integration of
multiple representations. In response, the methodological approach proposed herein aimed to provide alternatives that support
overcoming such challenges by leveraging visual resources, constructing interactive simulations, and emphasizing didactic
strategies that synthesize analytical and geometric perspectives on the envelope concept.

The study further highlighted the critical need to address epistemological, ontogenetic, and didactic obstacles that hinder the
acquisition of advanced mathematical concepts within the domain of ODEs. In conclusion, this teaching proposal, framed by
Didactic Engineering and supported by digital technologies, presents a pertinent methodological alternative for constructing
learning environments conducive to students’ conceptual development, especially concerning the understanding of envelopes and
their relationship with differential equations. Future research may focus on extending these resources to more complex curve
families and integrating empirical assessments to evaluate the effectiveness of such educational interventions on student learning
outcomes.
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